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Abstract. Matchbox manifolds SOT are a special class of foliated spaces, which includes as special 
examples the weak solenoids, and tiling spaces associated to aperiodic tilings with finite local com- 
plexity. They have many properties analogous to those of a compact manifold, but the additional 
data inherently encoded in the pseudogroup dynamics of its foliation T represent fundamental 
C 3 , groupoid data. As such, they are a rich class of mathematical objects to study. The special cases 

^N| ' of weak solenoids and tiling spaces have an additional structure, that of a transverse foliation, 

, .. ' consisting of a continuous family of Cantor sets transverse to the foliated structure. The pur- 

» •\ ^ pose of this paper is to show that this transverse structure can be defined on all equicontinuous 

Q, matchbox manifolds, as well as on special foliated subsets. This follows from the construction 

i of uniform Voronoi tessellations on a dense leaf, which is the main goal of this work. From this 

f^^ ' we define a foliated Delaunay triangulation of 9Jt, adapted to the dynamics of T . The result is 

fvj highly technical, but underlies the study of the basic topological structure of matchbox manifolds 

in general. Our methods are similar to some prior results in the literature |30l I34| , though are 
unique in that we give the construction of the Voronoi tessellations for a complete Riemannian 
^yy ' manifold L of arbitrary dimension, while the constructions in the literature apply only to the case 

^\ ' where the manifold L is Euclidean space R". Thus, these technical results have interest in their 

^i , own right, and have various further applications. 
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1. Introduction 

A continuum is a compact, connected, and non-empty metrizable space. An n-dimensional foliated 
space 2R is a continuum which has a local product structure; that is, every point of 9Jl has an 
open neighborhood homeomorphic to an open subset of M" times a compact metric space (the local 
transverse model). The leaves of the foliation T oidJt are the maximal connected components with 
respect to the fine topology on 9Jl induced by the plaques of the local product structure. Precise 
definitions are given in section [21 

A matchbox manifold is a foliated space 971 with local transverse models that are totally disconnected, 
and the leaves have a smooth structure. This terminology was introduced in [D [3l [4] , and is based 
on the intuition that a 1-dimensional matchbox manifold 2Jt has local coordinate charts U which are 
homeomorphic to a "box of matches" , and for n > 1 the "matches" are n-dimensional. The notion 
of a lamination in the literature is essentially the same as that of a matchbox manifold, assuming 
that the transversals to the lamination are totally disconnected. Definition 12 .41 below of a matchbox 
manifold makes precise various technical conditions imposed. 

The classical solenoids modeled on S^ are 1-dimensional matchbox manifolds, and generalized 
solenoids with base an n-dimensional manifold, as in |261 135[ 141) , are examples of n-dimensional 
matchbox manifolds. The tiling space associated to an aperiodic tiling of R" with finite local com- 
plexity provides another large class of examples. See [TH Chapter 11] and [?. [TTl [T^ [TOl ?IU[ [^ I5S] 
for a variety of further examples. 

For the special cases where 93T is a weak solenoid or tiling space, there is a natural inverse limit 
structure for 971 over a compact base M. The base M is a manifold in the case that 93T is a weak 
solenoid, and M is a branched manifold in the case that 9Jl is a tiling space. In both cases, there 
is given a continuous family of local transversals to the foliation T on 97t. The collection of these 
transversals define a transverse Cantor foliation % of 9JI, whose "leaves" are themselves Cantor sets. 
This concept is made precise in Section El 

The question we address in this paper, is when does a matchbox manifold 9Jt admit such a transverse 
Cantor foliation T-Ll This is true in the two cases considered above. Our first result answers this 
question in the case of equicontinuous foliated spaces. 

THEOREM 1.1. Let 971 be an equicontinuous matchbox manifold. Then there exists a transverse 
Cantor foliation H on DJl such that the projection to the leaf space 971 -^ 97t/H = M is a Cantor 
bundle map over a compact manifold M . 

This is a fundamental result required for the work |18j . 

A fundamental result for the study of flows in several of the works of Aarts, Fokkink and Oversteegen 
[25l Lemma 5.2]; also, see the prior works [1] [2l [SI [26] , is the "Long Box Lemma", which states that 
every connected orbit segment K in a 1-dimensional matchbox manifold is contained in a bi-foliated 
open neighborhood ^k which is the "long box" neighborhood of K. Our next result generalizes this 
lemma to n-dimcnsional matchbox manifolds, for n > 1, and has a variety of applications [T9 l l20 j . 

THEOREM 1.2 (Big Box). Let Tl be a matchbox manifold, L^ C M the leaf through x eVJl, and 
Lx the holonomy covering of L^. Let K d L^ be a connected compact subset such that the composition 
Lx'-KGLx^LxdOJlis infective with image K. Then there exists a clopen transversal 14 C 97t 
containing x, and a foliated inclusion ^k ~ K x Vx Offl such that the images {{y} x 14 | y e K} 
form a continuous family of Cantor transversals % to T\'yiK- 

Moreover, if there is given a transverse foliation T-L' which is partially defined on '^Ik, then modulo 
regularity assumptions, the foliation T-L can be chosen to extend %' . 

That is, the set T\^k is a bi-foliated neighborhood of K, so is a "Big Box" neighborhood of K. 
Note that in the case of the Long Box Lemma for flows, it is assumed that K is an orbit segment, 
so it has no holonomy. The requirement that K contains no loops with holonomy is essential. 
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If we consider the smooth analog of Theorem 1 1.21 where K is a. compact subset without holonomy of 
a leaf in a smooth foliation of a manifold M, then the assertion analogous to Theorem II. 2 1 is simply 
a version of the Reeb Stability Theorem, and the existence of a product structure follows almost 
trivially from the existence of a transverse exponential map to the leaves. 

However, for a matchbox manifold, there is no transverse exponential map, though one can try to 
create one. Candel and Conlon [14, Theorem 11.4.4] show that the foliated space 971 admits a smooth 
embedding / : 9Jt -> R^ for A^ ^ sufficiently large. If one can show the existence of a foliation 
T-l defined on an open neighborhood of the image /(3Jl) C R^ which is uniformly transverse to the 
images of the leaves of 9Jl, then the approach use for smooth foliations can be applied. In fact, this 
suffices to give an alternate proof of Theorem 11.21 However, the proof of the existence of such a 
transverse foliation satisfying the required continuity condition on all of DJl seems to require a very 
detailed analysis of the "local geometry" of the embedding of *Xt into a Hilbert space. 

The proof of Theorem 11.11 given in this work use only "elementary methods" , but are quite technical 
and involved due to a number of factors. The idea of the proof is straightforward enough. For each 
foliated coordinate chart, Ui C 2t, there is a natural "vertical" foliation whose leaves are the images 
of the vertical transversals defined by the coordinate charts. The problem is that on the overlap 
of two charts, these vertical foliations need not match up, as the requirement on a foliation chart 
for J^ is that the horizontal plaques match up. The exception is when 9Jl is given with a fibration 
structure, then the coordinates can be chosen to be adapted to the fibration structure, and so the 
fibers of the bundle are compatible on overlaps. 

For the general case, the idea is then to subdivide the horizontal plaques into small enough regions, 
and restrict the diameters of the transverse model space for the chart, so that the vertical leaves 
become sufficiently close on overlaps, so that they can be made compatible on overlaps. More 
precisely, one constructs a uniform triangulation of the leaves of J^ on 9Jl so that the triangles have 
sufficiently small diameter and in "general position" , so that they are stable in transverse directions, 
for small perturbations. The vertical foliations are then perturbed, using barycentric coordinates 
based on each simplex in the triangulation, so that their definitions are coordinate free, hence are 
globally defined. 

A uniform triangulation of the leaves, satisfying required stability conditions, is constructed as the 
Delaunay simplicial complex associated to a Voronoi tessellation of the leaves, where the underlying 
net has sufficiently small spacing and as chosen to satisfy estimate imposed by the requirements of 
general position for the associated triangulation. The proof that all this can be done is quite tedious, 
and uses only "elementary techniques" , along with effective estimates in each stage of the process. 

One reason for the technicalities encountered, is that we give effective estimates for the construction 
of Delaunay triangulations in the case where the leaves of J-" are general Riemannian manifolds, and 
are not assumed to be Euclidean as in [34j |30] for example. Another reason, and more unexpected, 
is that the construction of "stable" Delaunay triangulations, as required by the foliation product 
structure, is fundamentally more subtle in dimensions greater than two. This leads to the most 
technically detailed aspects of this work. The authors present this construction in full detail, as it 
does not seem to be dealt with in the literature, yet is the foundation for a variety of other results. 
We note that our methods are related to the methods used by T. Giordano, H. Matui, I. Putnam, 
and C. Skau in their study of affability for Z'^-Cantor minimal systems [30j |34], which develop a 
theory of Delaunay triangulations for higher dimensional Euclidean spaces. The methods of this 
paper are more geometric and so apply more generally, and hence of independent interest. 

The results of this paper first appeared as Appendices A and B of the preprint |17| , submitted for 
publication in June 2010. At the editor's suggestion, the Appendices were removed from that work, 
and the results they contain on constructing foliated Delaunay triangulations for equicontinuous 
matchbox manifolds have been extended to a broader context in this work. Thus, this work is an 
essential companion to the paper |18| . 
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The structure of the paper is as follows. In Part I give basic concepts and dynamical properties of 
matchbox manifolds. The proofs of results in Part 1, Sections [2] through Section |6l are generally 
either omitted, or when necessary for later development, they are briefly outlined, as the full proofs 
can be found in the companion paper [18] . 

Section [2] gives definitions and sets notations. Then Section [3] introduces the holonomy pseudogroup, 
and gives some basic technical properties of holonomy maps. Section |4] recalls important classical 
definitions from topological dynamics, adapted to the case of matchbox manifolds, and gives several 
results concerning the dynamical properties of matchbox manifolds. The notion of a transverse 
Cantor foliation "H of 971 is defined in Section [5j Finally, we conclude Part I of the paper with 
a discussion of the Reeh Stability Theorem, for matchbox manifolds in Section |6l which is a basic 
concept in all study of foliation dynamics. 

In Part II, Sections [7] and |8] give the classical constructions of Voronoi and Delaunay triangulations 
in the context of Riemannian manifolds. In Section [HI we extend these concepts from a single leaf, 
to a "parametrized version" which applies uniformly to the leaves of a matchbox manifold 93t. 

In Part III, Sections [10] and [Tl] consider Euclidean Voronoi and Delaunay triangulations and their 
manipulations that are required in the subsequent constructions in the Riemannian context. 

In Part IV, Sections W]\ and [T51 are the most technically demanding sections. The adaptation of the 
Voronoi tessellations, from a flat Euclidean structure to general Riemannian manifolds, requires the 
introduction of many painstaking estimates. 

Finally, in Part V, Sections [T4l and ITSl establishes the existence of the transverse Cantor foliations, 
completing the proof of Theorem 11.11 In Section [16] we show how these constructions can be used 
to prove Theorem [L^ and thereby establish a version of local Reeb product structure for matchbox 
manifolds. 



Part I - Matchbox manifold dynamics 

In this part, we discuss the basic concepts of foliated spaces. Further discussion with examples can 
be found in [Ml Chapter 11], [38l Chapter 2] and the first two authors' papers [16l[T8]. We give here 
precise definitions and formulate some of their basic geometric and dynamical properties. When 
appropriate, the reader is referred to the paper |18j for proofs, as their is significant overlap between 
the material in Part I, Sections [2] to [5] below, and the development given there. 

2. Foliated spaces 

DEFINITION 2.1. A continuum 9Jt is a foliated space of dimension n if there exists a compact 
separable metric space X, and for each a; € 2t there is a compact subset 1x C X, open subset Ux C VJl, 
and homeomorphism defined on its closure ipx- Ux ^)- [—1, 1]" x Tx such that tpxix) = {0,Wx) where 
Wx € int{1.x)- The subspace 'Zx of X is called the local transverse model at x. 

Let Tix '■ Ux — > Tx denote the composition of (px with projection onto the second factor. 

For w ^ 1x the set Vx{w) — tIx^{w) C Ux is called a plaque for the coordinate chart ipx- We adopt 
the notation, for z & Ux that Vx{z) = Vx{t^x{z)), so that z £ Vx{z). Note that each plaque Px{w) is 
given the topology so that the restriction ipx '■ Vxiw) -^ [—1,1]" x {w} is a homeomorphism. Then 
mi(P,H)=^-i((-l,l)"xM). 

Let Ux = intiUi) = (^^^((-1,1)" x mt(Ta;)). Note that if z e UxHUy, then int{Vx{z))r\int{Vy{z)) 
is an open subset of both Vx{z) and Vy{z). The collection of sets 

V = Wx^{y X {w}) |xG9JI, w^Ix , V ^ (-1, 1)" open} 

forms the basis for the fine topology of 371. The connected components of the fine topology are called 
leaves, and define the foliation F of 971. For x S 971, let L^; C 971 denote the leaf of F containing x. 
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Note that in Definition 12.11 the collection of transverse models {1x \ x G 9Jt} need not have union 
equal to X. This is similar to the situation for a smooth foliation of codimension q, where each 
foliation chart projects to an open subset of R"^, but the collection of images need not cover W^. 

DEFINITION 2.2. A smooth foliated space is a foliated space 9J1 as above, such that there exists 
a choice of local charts ifx'-Ux^ [—1, 1]" x l^ such that for all x,y G dJl with z G Ux H Uy, there 
exists an open set z Q Vz C Ux C\ Uy such that Vx{z) n V^ and Vy{z) fl Vz are connected open sets, 
and the composition 

i^x^y-z = Vy^ O ^x ■ VxiVxiz) n Vz) -)■ ipy{Vy{z) H Vz) 

is a smooth map, where (px{Vx{z) n Vz) c M" x {w} ^ R" and <fy{Vy{z) n Vz) C R" x {w'} ^ R". 
The leafwise transition maps 'il'x,y:z o,re assumed to depend continuously on z in the C°° -topology. 

A map / : 9H — > R is said to be smooth if for each flow box ipx'- Ux -^ [—1,1]" x 1x and w £ 1x 
the composition y i-^ f °fx^{y^ '"') is a smooth function of ye (—1, 1)", and depends continuously 
on w in the C°°-topology on maps of the plaque coordinates y. As noted in [38] and [HI Chapter 
11], this allows one to define smooth partitions of unity, vector bundles, and tensors for smooth 
foliated spaces. In particular, one can define leafwise Riemannian metrics. We recall a standard 
result, whose proof for foliated spaces can be found in [Mj Theorem 11.4.3]. 

THEOREM 2.3. LetWl be a smooth foliated space. Then there exists a leafwise Riemannian metric 
for T , such that for each x £ DJl, Lx inherits the structure of a complete Riemannian manifold with 
bounded geometry, and the Riemannian geometry depends continuously on x . D 

Bounded geometry implies, for example, that for each x G dJt, there is a leafwise exponential map 
exp^ : TxT — > Lx which is a surjection, and the composition exp;^ : TxJ^ — ^ L^, C 971 depends 
continuously on x in the compact-open topology on maps. 

DEFINITION 2.4. A matchbox manifold is a continuum with the structure of a smooth foliated 
space 93t, such that for each x £ dJl, the transverse model space Tx 'Z X is totally disconnected. 

2.1. Metric properties. For the rest of this paper, all foliated spaces are assumed to be smooth 
with a given leafwise Riemannian metric. The study of the dynamics of a foliated space 9Jl requires 
generalizing various concepts for flows, and group actions more generally, about the orbits of points 
in 9Jl, to the properties of leaves L of a foliation F. On a technical level, it is very useful in developing 
these generalizations to have a strong local convexity property for the leaves, generalizing the local 
convexity of the orbit of a flow. 

Another nuance about the definition of foliated spaces, and matchbox manifolds in particular, is 
that for given x E 2t, the neighborhood Ux in Definition 12.11 need not be "local". As the transversal 
model Tx need not be connected, the set Ux need not be connected, and a priori its connected 
components need not be contained in a metric ball around x. The following technical procedures 
ensure that we can always choose local charts for 9JI to have a uniform locality property, as well as 
other metric regularity properties. 

Let drxR : 9Jl X 93t — > [0, oo) denote the metric on 9Jt, and dx- X x X ^ [0, oo) the metric on X. 

For X & dJl and e > 0, let D<xii{x,e) = {y e 93T | dmix,y) < e} be the closed e-ball about x in 9Jl, 
and B<xn{x, e) = {y G COT | d'rffi{x, y) < e} the open e-ball about x. 

Similarly, for w e X and e > 0, let Dx{w, e) ~ {w' € X \ dx{w, w') < e} be the closed e-baU about 
w in X, and Bx{w, e) — {w' e X \ dx{w, vu') < e} the open e-ball about w. 

Each leaf L a DJt has a complete path-length metric induced from the leafwise Riemannian metric. 
That is, for x,y E L define 

djr{x, y) = inf { II7II | 7 : [0, 1] ^ L is piecewise C^ , 7(0) = x , 7(1) = y , -/{t) £ L VO<f<l} 

and where ||7|| denotes the path length of the piecewise C^'^-curve 7(i). If x,y E VJl and are not on 
the same leaf, then set djr{x,y) = 00. 
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For each a; e 971 and r > 0, let Djr{x, r) = {y £ Lx \ dj-{x,y) < r}. The Gauss Lemma imphes that 
there exists A^ > such that Djr{x,Xx) is a strongly convex subset for the metric dj^. That is, for 
any pair of points y, y' € Djr{x, Xx) there is a unique shortest geodesic segment in Lx joining y and 
y' and it is contained in Djr{x,Xx) (cf. [221 Chapter 3, Proposition 4.2]). Note then, that for ah 
< A < Aj; the disk Djr{x, A) is also strongly convex. 

LEMMA 2.5. There exists Ajf > such that for all x G 9H, Djr{x, Xjr) is strongly convex. 

Proof. 97t is compact and the leafwise metrics have uniformly bounded geometry. D 

If J-" is defined by a flow without periodic points, so that every leaf is diffeomorphic to M, then the 
entire leaf is strongly convex, so Ajf > can be chosen arbitrarily. For foliations with leaves of 
dimension n > 1, the constant Xjr must be less than the injectivity radius for each of the leaves. 

2.2. Regular covers. We next define what will be called a "regular covering" of 9Jl by foliation 
charts. This will be a finite collection of foliation charts which are well-adapted to the metrics dm 
on 9Jt and dx on X, and for the leafwise metric djr. 

LEMMA 2.6. There exists ejr > such that for all y £ 9Jt, there exists a compact set U d DJl 
such that DtxnilJiSejr) c int{U), and for each leaf L of T, each connected component of LOU is a 
strongly convex subset of L. D 

Next, we choose a set of coordinate charts so that they have diameter at most ejr. For each x G 971, 
we can assume (see [THl Section 3]) there are given e'^,5x > 0, Wx E X and a foliation chart 
fx'-Ux ^ [~1)1]" ^ "^x such that Ux C Bm.{x,ejr)^ and the plaques of ipx are leafwise strongly 
convex subsets with diameter 25x < Ajf/2. The collection of open sets 

{Ux = int{Ux) = ^x^ ((-1, 1)" X Bx{wx,e,f^)) | x G 971} 

forms an open cover of the compact space 971, so there exists a finite subcover "centered" at the 
points {xi, . . . ,Xv} where ifxi(xi) = x Wx^ for Wx^ G X. Set 

(1) (^J = minlJj;^ , . . . , 4 J 

Each open set Ux can be covered by a finite collection of foliation charts with leafwise radius <5^. 

We simplify notation as follows. For 1 < i < v^ set Ui — Uxi, Ui = Ux^, and e^ = e".. Let 
U = {Ui, . . . ,Ui,} denote the corresponding open covering of 971. Then there are corresponding 
coordinate maps 

^^^^x,■.U^^[-l,l^y■% , ^T^^^Txr■U^^1^ , A, I U, ^ [-1, 1]" 

For z G Ui, the plaque of the chart (pi through z is denoted by Vi{z) = 'Pi{7ri{z)) C Ui. Note that 
the restriction A^ : Vi{z) — > [— 1. 1]" is a homeomorphism onto. Also, define sections 

T,:1,^U^, defined by t,{^) = (Pi^{0 x ^) , so that n,{Ti{()) = ^ 

Let Ti denote the image of r^ and letT = 7iU---U7I/C97l denote their union. 

Let 1■^, — liU ■ ■ ■ U%u C X; note that T* is compact, and if each %i is totally disconnected, then 
T* will also be totally disconnected. 

DEFINITION 2.7. A regular covering of a smooth foliated space 971 is a covering by foliation 
charts satisfying locality - each Ui C Bm{xi,ejr) - and local convexity. 

We assume in the following that such a covering W of 971 has been chosen. If J^ is a smooth foliation 
of a compact manifold M, and 971 C M is a closed saturated set, then the restriction to 971 of a 
regular covering for J^ on M (see [HJ Chapter 2]) defines a regular covering of the foliated space 971. 

LEMMA 2.8. Suppose that z G UiO Uj then Vi{z) Vj{z) is a strongly convex subset of Lx. □ 
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2.3. Foliated maps. A leafwise path, or more precisely an J-'-path, is a continuous map 7: [0, 1] — )■ 
3H such that there is a leaf L oi T for which 7(t) G L for all < t < 1. 

LEMMA 2.9. Let DJl be a matchbox manifold. A continuous map 7: [0, 1] — >■ 9Jt is a leafwise path. 

Proof. Let a < c < b and chose a local chart (pi: Ui —?' (—1, 1)" x "Xi with 7(c) € C/^. The image path 
TTi{'y{t)) e 1i must be constant for t near to c, as Ti is assumed to be totally disconnected. Thus, 
by standard arguments, 7(t) lies in the leaf Lx of J-" containing the initial point x = 7(a). D 

COROLLARY 2.10. Let Wt be a matchbox manifold, X a path connected topological space, and 
/i: X — > 2Jt a continuous map. Then there exists a leaf Lh C 9Jl for which h{X) C L^. 

Proof. Let x G X and L^ be the leaf of J^ containing h{x). Then apply Lemma [2.91 D 

COROLLARY 2.11. Let DJl and 9Jl' be matchbox manifolds, and h: 9Jt' — > 93t a continuous map. 
Then h maps the leaves of T' to leaves of T . 

Proof. The leaves of T' are path-connected, so their images under h are contained in leaves of J- . D 
COROLLARY 1.V1. A homeomorphism h: St — > 9H of a matchbox manifold is a foliated map. D 

2.4. Local estimates. We next introduce a number of constants based on the above choices, which 
will be used throughout the paper when making metric estimates. 

Let eiY > be a Lebesgue number for the covering U. That is, given any z G Hfi there exists some 
index 1 < iz < i' such that the open metric ball Bmiz, eu) C Ui^ . 

The local projections Wi: Ui -^ 1^ and sections r^ : T^ — ?► Ui are continuous maps of compact spaces, 
so admit uniform metric estimates as follows. 

LEMMA 2.13. There exists a continuous increasing function p^^ (the modulus of continuity for 
the projections iTi) such that: 

(2) y 1 <i <iy and x,y eUi , d<xii{x,y) < p-^{e) => dxi'!Tt{x),Tri{y)) < e . 

Proof Set p^(e) = min {e, min {^^(a::,?;) \ I < i < v , x,y G Ui , dx{'!ri{x),Tri{y)) > e}}. D 

LEMMA 2.14. There exists a continuous increasing function pr (the modulus of continuity for 
the sections Ti) such that: 

(3) \/ 1 <i <v and w,w' G Ti , dx{w,w') < Pr(e) ==^ drffi(Ti{w),Ti{w')) < e . 

Proof. Set Pt{^) — ramie, imn{dx{w,w') \ I < i < v , w,w' G %i , d-oniTiiw) , Ti{w' )) > e}}. D 

Finally, we introduce two additional constants, derived from the Lebesgue number e^ chosen above. 
The first is derived from a "converse" to the modulus function pj^. Set: 

(4) ej = max {e I V 1 < 1 < I/, V x e U^ , D^ix, eu/2) C 17, , DxiM^), e) C it, {D^{x, eu/2))] . 
Note that ej > pritu/i). 

For y € 9Jl recall that Djr{y, e) is the leafwise closed ball of radius e. Introduce a form of "leafwise 
Lebesgue number" , defined by 

(5) e^ = min{ej(y) | y y e M} , e^iy) == sup {e | V y G OT , D^{y,e) C Dm{y,eu/8)} 

Thus, for ah y £ M, Djr{y,e^) c Dmiy,<^u/8)- Note that for all r > and z' e Djr{z,e^), the 
triangle inequality implies that i3grjt(z',r) C B<xii(z,r + eu/S). 
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3. HOLONOMY OF FOLIATED SPACES 

The holonomy pseudogroup of a foliated manifold (M, F) generalizes the discrete cascade associated 
to a section of a flow. The holonomy pseudogroup for a matchbox manifold (93T, J^) is defined 
analogously, although there are delicate issues of domains which must be considered. 

A pair of indices {i,j), ^ l£ i,j "£ v, is said to be admissible if the open coordinate charts satisfy 
t/j n Uj ^ 0. For {i,j) admissible, define 1)ij = TTi{Ui H Uj) d 1^ C X. Then the closure Tl^j = 
'KiiUi n Uj). The hypotheses on foliation charts imply that plaques are either disjoint, or have 
connected intersection. This implies that there is a well-defined homeomorphism hj^i : Tiij — > Tfj^i 
with domain D{hji) = Tii^j and range R{hj^i) ~ '^j,i- The map hj^i admits a continuous extension 
to hj^i-. T)i,j ^- 2)j,j. 

The maps Qjr = {hj^i \ {i,j) admissible} are the transverse change of coordinates defined by the 
fohation charts. By definition they satisfy hi^i = Id, h~j = hj^i, and if Ui r\ Uj (1 Uk 7^ then 
hk,j o hj^i = hk^i on their common domain of definition. The holonomy pseudogroup Qjr of T is the 
topological pseudogroup modeled on X generated by compositions of the elements of Q-p ■ 

A sequence T — (ig, ii, . . . , Iq) is admissible, if each pair (if_i, ii) is admissible for 1 < ^ < a, and 
the composition 

(6) hi^hi^,i^_^o---ohi^,i„ 

has non-empty domain. The domain D{hi) is the maximal open subset of S)io,ii C Ti„ for which 
the compositions are defined. 

Given any open subset U C D{hx) we obtain a new element hx\U G Qjr by restriction. Introduce 

(7) g*jr = {hx\U 1 1 admissible k U C D{hi)} C Qjr . 

The range oi g — hx\U is the open set R{g) = hx{U) C 1^^ C X. Note that each map g G Gjr admits 
a continuous extension g: D{g) — U —> T^^. 

We introduce the standard notation for the orbits of the pseudogroup Qj^, where for w G X, set 

(8) 0{w) = {g{w) \geg},we D{g)} C 1, . 

Given an admissible sequence I = (ig, ii, . . . , ia), for each < i < a, set Ii = (iq, ii, . . . ,ie) and 

(9) hxt = hi^^i^_^ o • • • o hi^i^ . 

Given ^ G D{hx) we adopt the notation ^i ~ hx^i^) G 1i^. So ^0 = C ^'^d hx{C) — £,a- 

Given ^ G D{hx), let x ^ x^ ^ '''10(60) G Lx- Introduce the plaque chain 

7'l(6 = mo(eo),^nte),---,^.JCa)}. 

For each < ^ < a, we have int{Vi^ {^e)) n int{Vii^i {^(+1)) ¥" ^- Moreover, each Vi^ {^e) is a strongly 
convex subset of the leaf L^ in the leafwise metric djr. RecaU that Vi^{xe) = Piti^e), so we also 
adopt the notation Vx[x) = VxiO- 

Intuitively, a plaque chain Vx{0 is a sequence of successively overlapping convex "tiles" in Lq starting 
at xo = Tio(6o)j ending at x^ = Ti„(Ca)i ^-^d with each 'Pii{^i) "centered" on the point Xf = Ti^{^i). 

3.1. Leafwise path holonomy. A leafwise path is a continuous map 7: [0, 1] — >■ 9Jl with image in 
some leaf L of F. The construction of the holonomy map h^ associated to a leafwise path 7 is a 
standard construction in foliation theory ([40], [31], [13], [T4j Chapter 2]). We describe this in detail 
below, paying particular attention to domains and metric estimates. 

Let T be an admissible sequence. We say that (I, w) covers 7, if there exists a partition Q — sq < 
si < • • • < Sq = 1 such that for the plaque chain Vx{w) ~ {Vi„ {wo),Vi^ {wi), ■ ■ ■ , Vi^ (wa)} we have 

(10) Ji[si,Si+,])c^nt{V^,{wi)) , 0<£<a, k i{l) £ int{V^^{wa,)) 
It follows that Wo = 7rjo(7(0)) G D{hx). 
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Now suppose we have two admissible sequences, X — (io, ii, . . . , ia) and J = (jo, Ji, ■ • • , j^), such 
that both (Z, w) and {J, v) cover the leafwise path 7 : [0, 1] — >■ DJl. Then 

7(0) e mi(7',„K)) n int{Vj„M) , 7(1) e ««t(^.„K)) n zntCT'j.lt;^)) 

Thus both (io,jo) and {iaiijs) are admissible, and wq = hjg^ig{wQ), Wa — hi^j^{vi3). 

PROPOSITION 3.1. The maps hx and hi^j„ o hj o /ijQ.io agree on their common domains. D 

3.2. Admissible sequences. Given a leafwise path 7: [0, 1] — > 971, we next construct an admissible 
sequence T — [iq, ii, . . . , i^) with w S D{hx) so that (I, w) covers 7, and has "uniform domains" . 

Inductively, choose a partition of the interval [0, 1], = sq < si < • • • < Sq = 1 such that for each 
< £ < a, 7([s£,S£+i]) C Djr(^Xi,e^) where xi = 7(5^). As a notational convenience, we have let 
Sa+i = Sq, so that 7([sq, Sq+i]) = Xa. Note that we can choose s^+i to be the largest value of s > s^ 
such that djr{'j{si),j{si+i)) < e^. Thus, we can assume the estimate a < 1 + ||7||/ejJ holds. 

For each < ^ < a, choose an index 1 < i^ < i^ so that Br)yi{xi,eu) C C/i,. Note that, for all 
Si <t < S£+i, Brgi{"f{t),eu/2) C C/ij, so that xe+i G U^^ n U^^^^. It follows that I^ = (io, Ji,- . ■ ,««) 
is an admissible sequence. Set hj = hx ■ Then h-y{w) = w' , where w = '!Tig{xQ) and w' = tt;^ (xq). 

The construction of the admissible sequence Xy above has an important special property. For 
< £ < a, note that xi+i € £'jr(x^+i, ej) implies that for some si < s'f,^ < se+i, we have that 
l{[s'i+i,se+i]) C Djr{xi+i,e^). Hence, 

(11) Sot(7(0, ^u/2) C U^, n t/,,+, , for ah 4+^ < t < s^+i . 

Then for all s'^,-^ < t < Sf+i, the uniform estimate defining ej > in Q implies that 

(12) 53e(7r»,(7(i)),eJ)cD.,,,,+, & Bxi7T„^Alit)),^u) (^ ^^i^^M ■ 

For the admissible sequence Tj = {io,ii, . . . ,ia), recall that x^ — 7(5^) and we set wg = ^.^^(xi). 
Then by the definition (|6|) of hx the condition (fT2|) implies that Dx{we, ej) C D{he). 

That is, /ij is the composition of generators of G^ which have uniform estimates on the radii of the 
metric balls contained in their domains, where ej is independent of 7. 

There is a converse to the above construction, which associates to an admissible sequence a leafwise 
path. Let X = (io,ii, . . . ,10) be admissible, with corresponding holonomy map hx, and choose 
w € D{hx) with X — Tig{w). 

For each 1 < £ < a, recall that Xi = (zq, ii, . . . , ig), and let ft-i^ denote the corresponding holonomy 
map. For £ ~ Q, let Xq = {io, io). Note that hx^ — hx and hxg —Id: To — ?> Tq. 

For each < £ < a, set wg = hxi,(w) and xi = Tij(i«£). By assumption, for £ > 0, there exists 

z<! e 'P£_i(wc_i) n7'('(w£). 

Let 7£ : [{£ — l)/a,£/a] — > X^;;, be the leafwise piecewise geodesic segment from xi-i to zi to xg. 
Define the leafwise path 7^ : [0, 1] — >■ Lxg from a;o to Xa to be the concatenation of these paths. If we 
then cover 7^ by the charts determined by the given admissible sequence X, it follows that hx — h^ ■ 

Thus, given an admissible sequence X = (io, ii, . . . , ia) and w e D{hx) with w' = hx{w), the choices 
above determine an initial chart tpi^ with "starting point" x — Tig (w) G Ui^ C 971. Similarly, there 
is a terminal chart (/j^^ with "terminal point" x' = ti^ [w') e Ui^ C 971. The leafwise path 7^ 
constructed above starts at x, ends at x' , and has image contained in the plaque chain Vx{x). 

On the other hand, if we start with a leafwise path 7: [0, 1] — >■ 971, then the initial point x = 7(a) 
and the terminal point x' = 7(6) are both well-defined. However, there need not be a unique index 
jo such that x e Ujg and similarly for the index j^ such that x' e C/,^ . Thus, when one constructs an 
admissible sequence J^ = (jo, . . . , j^) from 7, the initial and terminal charts need not be well-defined. 
This was observed already in the proof of Proposition 13. 1[ which proved that 

hx\U = hi^^j^ ohjo hj„^i„\U for U = D{hx) n D{hi^j^ ohj o hj„^i„) . 
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We introduce the following definition, which gives a uniform estimate of the effect of this ambiguity. 
LEMMA 3.2. There exists a continuous Junction k: ]R+ — > [l,oo) such that for all admissible {i,j) 

(13) dx{hj,i{w),hj^i{w')) < K{dx{w,w')) ■ dx{w,w') , for all w ^ w' (£ 'Si.j ■ 

Proof. For {i,j) admissible, the holonomy map hj^i extends to a homcomorphism of the closure of its 
domain, hj^i : "Dij — > S)j,i. Thus, for r > 0, the product map hj,i x hj,i restricts to a homcomorphism 
of the compact set S[ ~ {{w,w') \w,w' & T)ij , dx{w,w') — r}. Define 

(14) K{r) = ^^^f^l!h:lMlh2l!i!!Dl I (,,j) admissible , {w,w') € ^\ . 

Since hi^i is the identity map, the estimate (J13p follows. D 

We conclude this discussion with a trivial observation, and an application which yields a key technical 
point, that the holonomy along a path is independent of "small deformations" of the path. 

The observation is this. Let I — {io,ii, . . . , ««) be admissible, with associated holonomy map hx- 
Given w,u G D{hx), then the germs of hj at w and u admit a common extension, namely hx- Thus, 
if 7, 7' are leafwise paths defined as above from the plaque chains associated to (X, w) and (X, u) 
then the germinal holonomy maps along 7 and 7' admit a common extension by Proposition 13.11 
This is the basic idea behind the following technically useful result. 

LEMMA 3.3. Let 7,7': [0,1] -^ M be leafwise paths. Suppose that x = 7(0), x' = 7'(0) G Ui and 
y = 7(1), 2/' = 7'(1) G Uj. If d'riyi{'^{t),j'(t)) < eu/4: for all < t < I, then the induced holonomy 
maps h^, h-yi agree on their common domain D(h-y) n D{h^i) C T^. 



3.3. Homotopy independence. Two leafwise paths 7, 7' : [0, 1] — > 9Jt are homotopic if there exists 
a family of leafwise paths 7^ : [0, 1] — > SDt with 70 = 7 and 71 =7'. We are most interested in the 
special case when 7(0) = 7'(0) = x and 7(1) = 7'(1) = V- Then 7 and 7' are endpoint-homotopic 
if they are homotopic with 7s (0) = a; for all < s < 1, and similarly 7s (1) = y for all < s < 1. 
Thus, the family of curves {js{t) | < s < 1} are all contained in a common leaf Lx- The following 
property then follows from an inductive application of Lemma [ 



LEMMA 3.4. Let 7,7': [0,1] — > 9Jt 6e endpoint-homotopic leafwise paths. Then their holonomy 
maps hy and hji agree on some open subset U C D{hy)nD{h-yi) C T*. In particular, they determine 
the same germinal holonomy maps. D 

The following is another consequence of the total convexity of the plaques in the foliation covering: 

LEMMA 3.5. Suppose that 7,7': [0,1] — > DJt are leafwise paths for which 7(6) — 7'(0) = x and 
7(1) = 7'(1) = x', and suppose that dmhit),-f'{t)) < eu/2 for alla<t<b. Then 7,7': [0, 1] ^ M 
are endpoint-homotopic. D 

Given g G Q'^ and w e Dig), let [g]^ denote the germ of the map g at w. Set 

(15) r^,„ = {[gU \geg*^, we Dig) , giw) = w} . 

Given x £ Ui with w = TTiix) £ T*, the elements of Fjr ^, form a group, and by Lemma l3. 41 there is a 
well-defined homomorphism hjr^ : niiLx, x) — )■ FjF^m which is called the holonomy group of J^ at x. 

3.4. Non-trivial holonomy. Note that ii y E L^ then the homomorphism hjr y is conjugate (by an 
element of G^) to the homomorphism hjr x. A leaf L is said to have non-trivial germinal holonomy 
if for some x £ L, the homomorphism hjr^ is non-trivial. If the homomorphism hjr^ is trivial, then 
we say that L^ is a leaf without holonomy. This property depends only on L, and not the basepoint 
X € L. The foliated space 9JI is said to be without holonomy if for every x € M, the leaf L^ is 
without germinal holonomy. 
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LEMMA 3.6. Let DJt be a foliated space without holonomy. Fix a regular covering for 971 as above. 
Let I, J be two plaques chains such that w G Dom{hx) H Dom{hj) with hi(w) — w' = hj{w). 
Then hx and hj have the same germinal holonomy at w. Thus, for each w' G 0{w) in the Q^ orbit 
of w, there is a well-defined holonomy germ /iiL,,m'. 

Proof. The composition g — hj o hx satisfies g{w) = w, so by assumption there is som.e open 
neighborhood w G U for which g\U is the trivial map. That is, hx\U = hj\U. D 

4. Dynamics of matchbox manifolds 

We first recall several important classical definitions from topological dynamics, adapted to the 
case of matchbox manifolds. Then we recall several results concerning the dynamical properties of 
matchbox manifolds, which are established in the paper [18] . 

DEFINITION 4.1. The holonomy pseudogroup Qjr of J- is equicontinuous if for all e > 0, there 
exists (5 > such that for all g G Q'^, if w, w' G Dig) and dx{w, w') < S, then dx{g{w), g(w')) < e. 

DEFINITION 4.2. The holonomy pseudogroup Qjr of J- is distal if for all w,w' G 2*, if w ^ w' 
then there exists 5w,w' > such that for all g G G'^ with w, w' G D[g), then dx{g{w), g{w')) > Sw^w' ■ 

Distal and equicontinuous pseudogroups are closely related [3 HI [23l [281 123]) while the following 
notion is their direct opposite. 

DEFINITION 4.3. The holonomy pseudogroup Qjr of J- is expansive, or more properly e-expansive, 
if there exists e > such that for all w,w' G T*, there exists g G Gj^ with w,w' G D{g) such that 
dx{9{w),g{w')) > e. 

Equicontinuity for Qjr gives uniform control over the domains of arbitrary compositions of generators. 

PROPOSITION 4.4. Assume the holonomy pseudogroup Gjr of T is equicontinuous. Then there 
exists 6^ > Q such that for every leafwise path 7 : [0, 1] — >■ dJl, there is a corresponding admissible 
sequence Ij — {io,ii, ... ,ia) so that Bx{wo,5y) d D{hx^), where x — j{0) and wq — nif^{x). 

Moreover, for all < ei < ej there exists < (5i < (5j independent of the path 7, such that 
hx-,{Dx{wo,Si)) C Dx{w',ei) where w' = 7rj„(7(l)). 

Thus, Q'^ is equicontinuous as a family of local group actions. D 

We next recall several results concerning minimal matchbox manifolds. First recall: 
DEFINITION 4.5. A foliated space 2Jt is minimal if each leaf L C 971 is dense. 

The following is an immediate consequence of the definitions: 

LEMMA 4.6. A foliated space 971 is minimal if and only if for some regular covering of DJt, the 
holonomy pseudogroup Qjr of T is minimal; that is, for all lu G T,, the Qjr orbit 0{w) of w is dense. 

The following result is, at first glance, very surprising. It has been previously shown for flows |T] 
and E"-actions [15j. The proof of it is given in detail in [18, Section 4.1], and fundamentally uses 
the conclusions of Proposition 14.41 

THEOREM 4.7. //971 is an equicontinuous matchbox manifold, then 971 is minimal. D 



One of the main technical results of the work [18] is a much stronger version of Theorem 14.71 that 
not only is an equicontinuous matchbox manifold minimal, but it admits finite codings of its orbits 
with arbitrarily fine equivalence classes. The proof of the following is given in [18, Section 6]. 
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THEOREM 4.8. Let 3Jl is an equicontinuous matchbox manifold, and wq G T* a basepoint. Then 
there exists a descending chain of clopen subsets 

• • • c Vi+i c y^? c • • • T4) c 1* 

such that wq ^ Vi and diainx{Vi) < <Jj/2^ for all £ > 0. 

Moreover, each V( is Qjr -invariant. That is, if ^ is a path with initial point 7(0) G V^, then the 
holonomy map h^ satisfies Vi C Dom{h-y), and if h-y{Vi) HVe ^ 0, then h-y{Vi) ~ Vi. D 

It follows that the collection of subsets of 1, {hj{Vi) \ 7(0) g V^} forms a finite clopen partition of 
the transverse space 1*. Moreover, these sets are permuted by the local action of the holonomy 
pseudogroup. 

The domains of arbitrary compositions of generators for the holonomy of an expansive foliation 
typically do not admit uniform estimates as in Proposition 14.41 However, one can give an estimate 
on the size of the domain of a particular map, based on the number of compositions used to define 
it. This result is fundamental for the proof of Theorem 1 1.2 1 

PROPOSITION 4.9. For each e > and r > 0, there exists (5(e, r) > e so that for any piecewise 
smooth leafwise path 7: [0,1] — > 971 with \\^\\ < r, then there exists an admissible sequence I = 
(jg, *i, ■ • • , ia) such that (I, w) covers 7 with: 

(1) wo = TT,,{j{Oj) e D{hx) and Dx{wo,S{e,r)) C D{hi); 

(2) hx{Dx{wo,S{e,r))) C Dx{w',e) where w' = 7r,J-f{b)). 

Proof. By the arguments of Section [3?2j there exists an admissible sequence I = (iq, ii, . . . , ia) with 
w e D{hx) and a < 1 + !|7|l/eJ < 1 + r/ej where ej > is defined by ([5]). 

We estimate the size of the domain D{hx). For each < ^ < a, we have 7([sf, s^+i]) C Djr{xi, ej) 
where xi — jisi). Moreover, for the associated admissible sequence X.y — («o, ii, • . • , ia), we have 
that for all < t < 1, Bm{l{t), j^u) C Ui,. 

The proof will be by downward induction. Let wi = TTi^^xg) and set Tg = (zq, ii, . . . , i^) with 
corresponding holonomy map hxe. Then hx^iwo) = wg. Let kg = hi^^-^,i^ so that hi o hx^ — ft-i^+i- 

For every admissible pair (i, j) the holonomy homeomorphism hjj is uniformly continuous as it has 
compact domain. Since there is only a finite number of distinct non-empty intersections Ui D Uj , for 
every e > there exists a < (Se < e such that for every admissible pair (?, j) if w, w' G D{hjj) and 
dx{w,w') < Si then dx {hj,i{w),hj,i{w')) < e. 

Recall ej > as defined by ^. Given e > 0, if e > ej set £„ = eJ/2, and otherwise set £„ = e. 
Now proceed by downward induction. For < £ < a assume that ei has been defined. Then denote 
Se = Sei and e^-i = Si as defined using equicontinuity as above. 

By the choice of the covering of the admissible sequence I, we have Dx{wi,elf) C D{hi) and so 
Dxiwe,Si) C D{hi), and by the choice of Si we have Dx{wi,Si) C D{hi o h(+i o • • • o ha). Then 
i5(e, r) = Si satisfies the required conditions. D 

Finally, we recall a basic result of Epstein, Millet and Tischler [5^ for foliated manifolds, whose 
proof applies verbatim in the case of foliated spaces. 

THEOREM 4.10. The union of all leaves without holonomy in a foliated space 931 is a dense Gg 
subset ofDJl. In particular, there exists at least one leaf without germinal holonomy. D 
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5. Transverse Cantor foliations 

As noted in the introduction, the generalized solenoids with base an n-dimensional manifold, as 
in [26l [35l [41] , and the tiling spaces associated to a aperiodic tilings with finite local complexity 
[21 [Til [HI mi [2Q] have a naturally given continuous family of local transversals to the foliation T 
on ^. In this section, we introduce the notion of a Cantor foliation H transverse to J-, a concept 
which generalizes the properties of these transversals to an arbitrary matchbox manifold DJt. 

Recall that we assume there is a fixed regular covering {Ui \ 1 < i < i^} of DJl by foliation charts, 
as in Definition 12.71 with charts (pi: Ui — )■ [—1,1]" x Ti where 1i C X is a clopen subset. By 
construction, each chart admits a foliated extension ipi : Ui — > (—2, 2)" x T; where Ui C Ui C X is 
an open neighborhood of Ui and (pi\Ui = (pi. 

DEFINITION 5.1. Let 2H &e a matchbox manifold. We say that DJl admits a Cantor foliation "H 
transverse to J^ if there exists an equivalence relation ^ on DJl such that: 

(1) for a; € 93T the class H^ = {y € DJl \ y ~ x} is a Cantor set; 

(2) for each x & Ui with w = ni(x) £ Ti there exists a clopen neighborhood w £ Vx d ^i 
and a homeomorphism ^x'- ["I)!]" x T4 — > f/^ such that, for each ^ G [—1,1]", the image 
^x{{^} X Vx) CUi is a complete equivalence class. 

The leaves of the "foliation" % are defined to be the equivalence classes of ~ . 

We call Vx the model space for % at x. For a standard foliation, the space Vx would be homeomorphic 
to (—1, 1)", while for a Cantor foliation, it is a homeomorphic to a Cantor set. 



Condition 15. Il l implies the leaves of H are Cantor sets, and Condition l5.1l 2 states that these leaves 
are "vertical" segments for a regular coordinate chart, after reparametrization by the maps ^x- 
In other words, every point a; e 9Jl admits what is sometimes called in the foliation literature, a 
"bi-foliated neighborhood" , where the leaves of F correspond to the "horizontal" Euclidean slices of 
[—1,1]" X Vx, and the leaves of Ti. correspond to the "vertical" Cantor set slices. 

The functions ^x are the adjustments to the local vertical foliation defined by the foliation coordi- 
nate system, so that the leaves of % are coordinate independent, hence are globally defined. The 
requirement that the images of the maps '^x be allowed to take values in the open neighborhood Ui 
is due to the fact that on the boundary points of Ui, the leaves of the foliation % need not have 
constant horizontal coordinate Xi. 



6. Foliated microbundles and Reeb Structure Theorem 

The Reeb Stability Theorem [T31 HH HOI 111] is one of the fundamental results of foliation theory. 
It states that for a compact leaf L C M in a foliated manifold M with finite germinal holonomy 
group, there exists an open neighborhood L C U so that [/ is a union of leaves of J^, and each leaf 
of J^\U is a finite covering of L. In particular, for a foliation defined by a flow, if the holonomy of 
a periodic orbit is finite, then nearby orbits are also periodic and have bounded length. This result 
has been generalized in various ways since then, with the most general version stated in terms of 
the concept of the "foliated microbundle" associated to the holonomy covering of leaf in a foliated 
space. See Milnor 37 for a discussion of the concept of foliated microbundles. In this section, we 
give the construction of the foliated microbundle associated to a leaf in a matchbox manifold, and 
introduce the spaces on which we construct a transverse foliation H in the following sections. 

Recall that we assume there is a fixed regular covering for 971, as in Definition l2.7l Let wq G int{1i) be 
a fixed base-point. Let xq = ti(wq) e Ui and Lq be the leaf through xq . het hyrx^: 7ri(Lo,a;o) — > Gj^° 
denote the holonomy homomorphism of Lq, whose kernel .Sq C 7ri(_La;„, xq) of hjr xq is a normal 
subgroup. Let 11: Lg ~^ -^o be the normal covering associated to ^ and choose xq € Lq such that 
n(xo) = xq. By definition, given any closed path 7: [0, 1] — ?► Lq with basepoint xq — 7(0) — 7(1), 
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the image of 7 in Lq has trivial germinal holonomy as a leafwise path in 971. It follows that the 
holonomy map defined by a path 7 in Lq starting at xq is determined by the endpoint 7(1). 

We next select a collection of points in Lq which are sufficiently dense to capture all of the holonomy 
defined by the leaf io- 

DEFINITION 6.1. Let {X, dx) be a complete separable metric space. Given < ei < 62, a subset 
M C X is a (ei,e2)-net (or Delone setj if: 

(1) N is ei-separated: for all y ^ z <E Af, ei < dx{y, z); 

(2) M is e2-dense: for all x G X , there exists some z €z M such that dx{x, z) < €2- 

For example, given a leaf L C 9Jt, the intersection L n T is a countable set of points which satisfies 
the density condition (|6.1I 2) but need not satisfy the separation condition (16.11 1). 

Our first step is to construct a net in the given leaf Lq which satisfies the required net estimates for 
appropriately chosen ei and 62- It is elementary that given a separable, complete metric space X 
and any 62 > 0, there exists < ei < 62 and a (ei, e2)-net N d X. Recall that ej defined by ^ 
was chosen so that every leafwise disk of radius ej is contained in a metric ball of 9JT of radius eii/2. 
That is, for all y G 9Jl, D^{y, ej) C Dsn{y. eu/2). 

Let 62 = eJ/4, then choose A/q C Lq an (ei, e2)-net for Lq for some < ei < eJ/4. We can assume 
without loss of generality that xq G Nq. Condition (J6.1I 2) implies that the collection of leafwise 
open disks {_Bjr(z, ejJ/2) | z G Mq} is a covering of Lq. 

For each z G A/q, choose an index \ < iz <v so that B<xn{z, eu) C Ui,. Without loss, we can assume 
that B<x!i{xo,en) C Ui. Then note that for all z' G Djr{z,ey), we have z' G Brfft{z,eu/2) so the 
triangle inequality implies that 

(16) D^{z',eZ) C B^{z',eu/2) C Bm{z,eu) C C/,, 

LEMMA 6.2. The collection {Ui^ \ z G A/q} is a subcover for 9Jl, with Lebesgue number e^^/S. 

Proof. Let y G 3Jl, then Lq is dense so there exists y' G Lq with d<xrt{y,y') < ew/6. Let z G 91o with 
djr{y\ z) < eJ/2. Then y' G Bm{z, eu/2) by dSJ, hence y G Bw{z, eu) C Ui^ by dUl). In fact, for ah 
y" e -Bgji(y, eu/3) this shows that y" G Bm{z, eu) C C/i^ so that B^iv, f-u/i) cUi^. D 

Let A/q = n^^(A/o) which is a (ei,e2)-net for Lq with the Riemannian metric lifted from Lq. The 
points of Ao are denoted by z, where n(z) = z G Wo. In particular, xq G Aq as n(xo) = xq G Wq. 

For each z G Ao, let z = n(z) and set U^ = Ui^ x {i}. For (x,z) G C/? define 11: C/^ -> C/i^ by 
n(a;, i) = a;. For z 7^ z ' G Ao with n(z) = n(z') = z, the sets L% and C/p are disjoint by definition, 
though their projections to 971 agree. 

For z G Ao and y = (x, z) G U^, let Vz{y) = Vi^ {x) x {z} denote the plaque of U^ containing y. If 
X G T'i^ (z) then we abuse notation and identify Vz{y) with the plaque of Lq containing z. Note that 
Bj^ (z, e^) C Vziz) for each z G Ao, so the collection {Vziz) \ z G Ao} is a covering of Lq. 

One thinks of the plaques ■pj'(z) as "convex tiles", and the collection {Vz(z) \ z G A/q} as a "tiling" 
of Lo- The interiors of the plaques need not be disjoint, so this is not a proper tiling in the usual 
sense (for example see [7l[9l[27], or [H §11. 3. C]). 

The foliated microbundle of Lq is the space 

(17) ^0- U C/?/~ 

zeSfo 

where y € Uz and y' G Uz' are identified if n{y) ^ U{f) and Vzi^ n Vz'iz') 7^ 0. 
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For each 'z S A/q, let Tz — 1i^ x {2^}- The composition ipz = fi^ o 11: £/?—>■ [—1,1]" x Tj- defines a 
coordinate chart on *Jto, making it into a foliated space with foliation denoted by J-. Let tt^ : t/^ — >■ T? 
be the normal coordinate, and Ay: C/^ — > [—1, 1]" be the leafwise coordinate. 

Given z G A/q, subset V C 1z and ■? G [^1, 1]", we obtain a local section for J^ by 

(18) r^,i- v^u^, ??,eH = ^~'(e,H - (V'r/(e,ii'),?) 

The usefulness of the foliated microbundle concept as constructed, is that it provides a uniform 
setting for all of the holonomy maps for paths in the leaf Lq. 

A path 7: [0, 1] — > Lq is said to be nice, if there exists a partition a — sq < si < ■ ■ ■ < Sa — b such 
that for each < £ < a, the restriction 7: [s£,S£+i] — > Lq is a geodesic segment between points 
Z£ = j{si),zi+i = 7(s<'+i) e A/q with djr(2'<;,2'<!+i) < ej. Then I = {iz„, ■ ■ ■ ,«?„) is an admissible 
sequence for both J- and J- , and so defines holonomy maps hx for J- and hx for J^. Clearly, hx 
is just the lift of hx-, and /ii is the holonomy map for the leafwise path 7 = 11 o 7 constructed in 
Section[3l As before, we note that hx depends only on the endpoints of Z. For z e Aq let h^ denote 
the holonomy along some nice path 7^ from xq to z, considered as a transformation of the space 
T, which is the disjoint union of the local transversals Tj-. Let h-^ denote the holonomy along the 
projected path, 7j = H o 7^. 

If 9Jl be an equicontinuous matchbox manifold, then by Theorem 14.81 for any e > 0, there exists a 
^jr-invariant clopen subset Wq G ^ <^ 'J* satisfying diam3e(y) < e. For h^ £ Q"^ with V C Dom(hj), 
set V-y — hj{V). For z G A/q there is a nice that path 7^ from zq to z which defines a holonomy map 
denoted by h^ = h^^ . Then for z E Ao define 

(19) V~ = /i?(l/) c T,, , V? = /i?(y) == 14 X {?} c 1,, . 

The union of the sets Vj is the saturation of V under the action of the pseudogroup G^, and hence 
is forms a clopen partition of "J*. Introduce the local coordinate chart saturations of these sets: 

(20) il^ = TT-' iV^) c m, , il^ = ili- X {2} c C7., . 
Then ii~ is the union of the plaques in Ui^ through the points of Vj. 

DEFINITION 6.3. The Thomas tube associated with V is the subset of the microbundle ^q, 

(21) miv) = [j ii^ 

zGAfo 

The image U{^{V))^(Z M is the saturation by J" of the clopen set V, hence U{^{V)) = M. Note 
that each leaf L of J-" in 9t(y) has no holonomy and is properly embedded by construction, though 
the projection L of L in 9JI is recurrent by minimality. 

The assertion of Theorem 11.11 follows if we show that for V with sufficiently small diameter, then 
there exists a transverse Cantor foliation on ^{V) which defines a fibration map ^{V) — > io and is 
equivariant with respect to the map 11 : ^(V) — ?► SDT. 

Next, let Lq C VJl he a leaf, and K C L a. connected compact subset of the holonomy covering 
11: Lq — ^ Lq, and set K — Il{K). We assume that ii' is a union of plaques for convenience. Assume 
also that the restriction of the covering map, II: K -^ Lq, is an injection. Then the set K D J\f is 
finite, and the image J^k = n(KnA/') C T* is a finite set of points. Choose a basepoint zq G {KCif^) 
and set zq — n(zo). We say that a clopen neighborhood zq G T^ C T, is ii'-disjoint if the images 

{v^ = h^{V)\IeKnN} 

are disjoint. The Reeb neighborhood of K is then defined by 

(22) miK,v) = ii{miK,v)) , miK,v) = (J n~'m c mo 

zeiinKf 
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Note that each leaf of the restricted foHation T\'yi{K, V) is a properly embedded compact subset, 
and the holonomy hiy along any closed loop 7 contained in ^{K, V) is trivial. Then the same holds 
for each path component of ^{K, V). Thus, the dynamics of J^ restricted to *Jt(i^, V) is trivial. 



The assertion of Theorem II. 21 is that for V with sufRciently small diameter, there exists a transverse 
Cantor foliation H on ^{K, V) which defines a fibration map Vt{K, V) — > K. 

The spaces ^{V) in ([21]) and 9^(i^, V) in ([22l) are the unions of coordinate charts for the foliation 
J- on 9^0- Each of these covering charts naturally has a product structure, and thus a transverse 
foliation, but these product structures need not coincide on overlaps of the charts. The construction 
of a global transverse foliation requires that these local transverse foliations be "perturbed" to match 
up on overlaps, so that they define a global transverse foliation. As the phrase goes, this is easier 
said than done. That is, we must give coordinate independent definitions of transversals in each 
flow box. For this purpose, we next introduce leafwise Voronoi tessellations and Delaunay simplicial 
complexes, and study their properties. 



Part II - Foliated Voronoi and Delaunay structures 

The concept of a Voronoi cell decomposition (or tessellation) of the plane, or of a Euclidean space 
more generally, is extraordinarily useful for applications of geometry to a variety of problems, and 
is thus very well-studied. For a nice historical discussion of this concept, and a good discussion of 
such applications, see the Introduction of the book [39]. In Part II, we develop the basic concepts 
of Voronoi tessellations and Delaunay triangulations, as needed for our application studying the 
topological structure of matchbox manifolds. 

7. Voronoi tessellations 

Let 9Jl be a matchbox manifold, and L C 9Jt a leaf with induced leafwise Riemannian metric d^. 
We recall the notion of a Delaunay set for L. 

DEFINITION 7.1. Given < di < d2, a subset M C L is a {di,d2)-net (or Delaunay setj if: 

(1) A4 is di-separated: for all y j^ z (z A4, di < dL{y, z); 

(2) A4 is d2-dense: for all x G L, there exists some z € M such that ^^(a;, z) < d2. 

Given a net A4 C L, one can associate to it the Voronoi tessellation of L, which is a partition of 
the space into compact star-like regions, called cells. The cells can be thought of as a tiling of L, 
although there is no assumption that there is only a finite number of isometry types of cells. Thus, 
we are considering a very general form of tiling. 

Let Xjr > be a constant such that for all x E L, the closed disk Dl{x, Ajt) C L is strongly convex. 

We assume there is given a (di, d2)-net, A4 C L, which satisfies d2 < Ajr/5 

Introduce the "leafwise nearest-neighbor distance" function 

(23) KL{y)=^mi{dL{x,y)\xeM} 

Note that kl (y) = if and only if y € M. For x £ Ai, define 

(24) €{x)={yeL\dL{x,y) = KL{y)} 

That is, £(a;) consists of the points y £ L which are closer to x in the leafwise metric than to any 
other point of Ai . We say that £(a;) is a Dirichlet region or Voronoi cell in L defined by the net At . 

LEMMA 7.2. For each x € Ai, DL{x,di/2) C €{x) C BL{x,d2). In particular, €{x) has diameter 
at most 2d2 ■ 
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Proof. Note that for all y G L, we have KL{y) < <i2 as there exists z E A4 such that dL{y, z) < d2- 
Hence, for x € M, €{x) C BL{x,d2)- On the other hand, for all x ^ y E M we have x ^ BL{y,di) 
and thus BLix, di/2) n -Bl(z/, di/2) = 0. The inclusion £'l(2^, di/2) C €{x) follows as a result. D 

LEMMA 7.3. For each x G A^, i/ie sei £(a;) is star-like with respect to x. 

Proof. Let y G £(a;) and let crj;.y : [0, 1] — ^ Dl{x, Ajf) c L be the geodesic segment with ax,z{0) = x 
and cra;,i/(l) = y- Fix < s < 1 and let z = crx.y{s). We must show that z e €{x). 

Let u G A^ with u ^ x, then dL{y,x) < dL{y,u). The strong convexity of BL{x,Xjr) implies that 
dL{x, z) = s ■ dL{x, y) and ^^(z, y) = (1 — s) • ^^(a;, y). Then the triangle inequality implies that 

dL{z,u) > dL{y,u) -dL{z,y) = dL{y,u) - (1 - s) ■ dL{x,y) > dL{y,x) - (1 - s) • dL{x,y) 

so dL{x,z) < dL{u,z). n 

The following is an immediate consequence of the definitions and Lemma l7.31 and implies that C{M) 
is a "generalized" tiling of the metric space L. 

PROPOSITION 7.4. The collection C{M) = {£(?/) | y G M} defines a closed covering of L. The 
interiors of the cells are disjoint, star-like open sets. D 

Given x G A^, introduce the vertex-sets 

(25) V{x) - {y G A4 I €{y) n £(x) ^ 0} ; K (j) = {y G F (a;) \y^x} 

Note that y(x) is a finite set by the net condition on A^, and y G X4(a;) if and only if x G T4(y)- 
The "star-neighborhood" of ^{x) is the set 

(26) &{x)^ U e:(y) 

yGV(a;) 

LEMMA 7.5. For eac/i a; G M., &{x) C ^^(x, 3d2) C BL{x,\jr), hence &{x) is contained in a 
strongly convex subset of L^ . 

Proof. Suppose that £(a;) n €{y) ^ 0. As €{y) has diameter at most 2A^/5, the claim follows. D 

Next we investigate the structure of the Voronoi cells £(x). For y G V^,{x) set 

(27) H{x,y)^{zeDL{x,X^) | di(x, z) < di(y, z)} 

One thinks of each H{x, y) as the "half-plane" defined by the set of points in the closed disk 
Dl{x, Ajt) which are closer to x than to y. Clearly, each H{x, y) is closed, and the total convexity 
of Dl(x, Ajt) implies that 

€{x)= fl H{x,y) 

Note that y G V^^x) if and only if the intersection 

L{x,y)^Hix,y) n H{y,x) ^ 

For example, if L is isometric to Euclidean space K^, then indeed H{x, y) is a half-plane restricted 
to the disk Dl{x, Xj^), and L{x,y) is a line segment. In general, one has: 

LEMMA 7.6. Let y G Vf{x), then L{x,y) is a codimension-one closed submanifold. 

Proof. We have x, y G D]^{x, Xjr) and the metric d^ is strongly convex when restricted to D]^{x, Ajr). 
Thus the functions fx{z) = dL{x,zY and fy{z) = dL{y,z)^ are both regular on Di(x, Ajr) away 
from X and y, which implies that L(x, y) is a codimension-one closed submanifold. D 
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Let Vr{x) C 14 (x) be the subset corresponding to the open faces of the boundary of £(x). That is, 
y G Vr{x) if and only if the closed face dyC{x) — £(x) n L{x,y) has non-trivial interior, as a subset 
of the submanifold L{x,y). Then the topological boundary d€{x) is the finite union 

(28) d€(x) = [j dyCix) 

8. DELAUNAY SIMPLICIAL COMPLEX 

We next introduce the Delaunay simplicial complex of L obtained from a net Ai , using the "inscribed 
sphere" characterization of the simplices. 

Let < r < A jr. Then the leafwise sphere of radius r centered at z is 

SL(z,r) = {yeL\ dL{z,y) = r} = DL{z,r) - BL{z,r) 

Note that if Bl(x, r) n A1 = then r < ^2 by the definition of d2. 

The Delaunay complex A(A^) of L derived from the net Ai is defined by specifying the subsets of Ai 
which form the vertices of the simplices in A(A1). Denote by A'^'^)(A^) the collection of fc-simplices. 

DEFINITION 8.1. For each zq e M, the set A(zo) = {zq} is a 0-simplex in A(°)(A^). 

For k > 0, a (k + \)-tuple {zg, . . . , z^] C Ai forms a k-simplex A(zo, . . . , z^) G A*^'^-'(A^) if there 
exists z Cz L and < r < ^2 such that Bi(z, r) n Al = 0, and {zq, . . . , zj.} C Sl{z, r) (1 Ai. 

If A(zo, . . . , Zk) e A*^'^)(A1), then every subset of (i + l)-points, {zi„, . . . , z^^} C {zq, . . . , z^}, yields 
an ^-simplex A(ziQ, . . . , Zi^) G A(^^(A^), as the inscribed sphere condition holds for all subsets. In 
particular, we have well-defined face and boundary operators defined on A(A^). 

Note that if the manifold L is Euclidean, then given a /c-simplex A(zo,...,Zfc) € A('^^(A^), the 
convex hull of the set of vertices defines a geometric fc-simplex in L. For a non-Euclidean manifold, 
one must choose a procedure for "filling in" the geometric simplex spanned by a set of vertices. For 
a 1-simplex A(zo,zi), this can be done canonically using the geodesic between zi and zq, which 
is unique due to the strong convexity of Bl{zq, Xjr). For the higher-dimensional simplices, our 
approach is to inductively fill in the faces using the geodesic cone from each successive vertex. If the 
manifold L is not flat, then the resulting geometric simplex will typically depend on the ordering of 
the vertices. As this construction is used several times in the following, we give it explicitly. 

Define the standard fc-simplex A*^ in M'^+^ by the barycentric coordinate approach, 

A'= = {(to,...,ifc) \ti>0 , to + ---+tk = l} 

The vertices of A'^ are the coordinate vectors e^ = (0, . . . , 1, . . . , 0) where the unique non-zero entry 
1 is located in the £ + 1 coordinate position. 

LEMMA 8.2. Let A(zo, . . . , Zfe) e A('=)(A1) be given, so that {zo, . . . , Zfe} C Bl(zo, A.f). Then 
there exists a diffeomorphism ak- A*^ — > L such that ak{ee) = zi, and the maps at are natural with 
respect to the face operators. 

Proof. The map a^ is defined inductively on the faces of A'^. First, set CTfc(ei) = z^. 

Given a string I — io < ii < ■ ■ ■ < i^, with < io and i^, < k, define the /-face 9/ A*' to be the subset 
consisting of points where the only non-zero entries are in the coordinates appearing in the string. 
For < J^, let /' = «o < *i < ■ ■ ■ < "iv-i- By induction, we may assume that the map Cfe : dj'A'' — > L 
has been defined. 

Note that each point v E djA'' can be written as (1 — s) • w' + s • e^^^ where v' £ djiA'' and < s < 1. 
The point z' = crk{v') G L is defined by the inductive hypothesis, and so there exists a unique 
geodesic segment t: [0, 1] — > ^^(zo, Ajr) such that t(0) = Zi^ and t(1) = z'. Then set crfe(u) = t(s). 
The resulting map on all of A*^ satisfies the requirements of the Lemma. D 
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The Voronoi cell decomposition and Delaunay triangulation of L are closely related. For Euclidean 
space, one says that A(7W) is dual to the Voronoi tessellation. For the general case of a Riemannian 
manifold with bounded geometry, this statement becomes problematic, as discussed for example in 
[2T1|32]. Here is a basic result, whose proof follows almost immediately from the definitions. 



PROPOSITION 8.3. For zo & M, let {zi, . . . , Zk} C K-(zo). Then L{zo, zi)n ■ ■ ■ f] L{zo, Zk) ^% 
if and only if A{zo, . . . , Zk) G A^^'^M). 

Proof. Let x G L{zq,zi) n ••• n L{zQ,Zk) and set r — dL{x,ZQ). Then d]^{x,Zi) — di(a;, zq) = r 
for each 1 < i < k. Thus, {zq, . . . ,zi^} C SL{z,r) and by the definition of the Voronoi cells, 
BL(x,r)r\M =0. This implies A(zo, • • ■ , ^fc) G AW(A^). 

Conversely, if {zq, . . . ,Zk} C SL{x,r) and BL{x,r) H M — 9, then x G L{zo,Zj) for all 1 < i < k 

hence L{zo, 2:1) n • • • n L{zo, Z/t) 7^ D 

A point X € 9£(zo) is extremal if the distance function dL{zo,y) has a local maximum on €{zq) at 
y — X. For Zi € Vr{zo), the boundary component 9z;£(zo) = C^(^o) H L{zo^ Zi) has codimension one, 
thus a point x € 9£(zo) is extremal exactly when there is {zi, . . . , z„} C Vr{zo) with 

iu(zo,---,-z«) = L(zo,zi) n ••• nL(zo,z„) 

and cj(zo, . . . , Zn) is the center of an inscribed sphere containing {zq, . . . , z„} with radius 

r(zo,...,z„) = (ijr(z£,a;(zo,...,z„)) , <£ <n 

It is possible that A(A^) contains (n + l)-simplices, where some collection of {n + l)-hyperplanes 
satisfy L(zo, zi) n • • • n L(zo, z„+i) 7^ 0. This is a degenerate condition, as typically every collection 
of (n + l)-hyperplanes in Dl(zq, Xjr) should have empty intersection. This motivates the definition: 

DEFINITION 8.4. The simplicial complex A{M) is regular i/ A("+i)(A^) = 0. We say that the 
net Ai is regular if A{M) is regular. 

Much of the technical work in the following is to give conditions on a regular net A4 , such that for 
a net M' sufficiently close to M, then A{M') will again be regular. 

9. Foliated Voronoi structure 

We extend the construction of the Voronoi cell decomposition and the dual Delaunay triangulation 
for a single leaf, to a "parametrized version" which applies uniformly to the leaves of a smooth 
matchbox manifold 971. This requires the choice of a uniform regular transversal for J^ which satisfies 
appropriate regularity hypotheses. 

A closed subset A" C OT is a standard transversal for J^ if A" = A'lU- • -UXp^ where for each I < £ < p^, 
there exists a foliation chart (pi^, closed subset Xg C Ti, and basepoint vg E (—1, 1)" such that 

The transversal X = Ai U • • • U Xp^ is invariant if for every leafwise path 7: [0, 1] — > DJl with 
Zq = 7(0) € Xj and zi ~ 7(1) G Xk the induced holonomy map satisfies h^{Xj) — Xk. 

Let 9T C cot be a subset which is a union of coordinate plaques as in ([21]) or (|22|) . 

The transversal X is (di, d2)-uniform on a subset 91 C 371 if there exists Q < di < d2 < Ajr/5 such 
that for each a: € 9t, with K^ the path connected component of '\R containing x, then the intersection 
M.{Kx) — Kx n A" is a {di,d2)-net for the metric space Kx with the leafwise metric djr. If 91 = 971 
then we let M{x) = M{Lx) = LxH X. 

The transversal X is regular uniform for 91 if it is (di,d2)-uniform for some {di,d2), and for each 
X S 91, the Delaunay simplicial complex A{A4{Kx)) associated to M{Kx) is regular. 
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Assume there is given a regular uniform invariant transversal X for 51. The nearest-neighbor distance 
function kl extends to a leafwise function 

(29) Kr{y)^yni{dr{x,y)\x(.X} 

For X & X define 

(30) <l{% x) = {y e L, n 01 I d^{x, v) = K^(y)} 

That is, £(91, x) is the Voronoi cell in L^; n 91 defined by the net M.{x), and consists of the points 
y € La; n 91 which are closer to x in the leafwise metric than to any other point of Ad [x) . 

If 91 = 9}T, then we suppress the notation 91. For example, we write €.{x) — £(9Jt, x). 

For 1 < £ < p* define the Voronoi cylinder by £^(91) ~ M £(9t, x). We obtain the Voronoi 

decomposition 91 — £o(9I) U • • • U €.p^ (91) associated to X. 

For each cylinder £^(91) define its "star-neighborhood" 6^(91) — I J 6(91, x). We assume that 

x£Xi 

&c{% C U^, for each 1 < ^ < p*. 

A transversal X is said to be nice if it is regular, uniform, invariant and satisfies this condition. 

Now let A" = Afi U • • • U Xp^ be a nice transversal for 91 C 971. 

Define the leafwise simplicial complex /S.jr[X) associated to the nice transversal X as follows. A 
fc-simplex A(zo, . . . , z^) £ Ajr{X) if {zq, . . . , Zk} C L^g n X, and there exists z G Lz„ and r > such 
that Bjr{z,r)nX = 0, and {za,...,Zk} C Sjr{z,r)nX. Thus, A(zo,...,Zfc) e A(A^(2o))- 

Let A(zo, • • • 7 ^^fe) G Ajr(A') be given. Let 1 < jo,---,jk < P* be indices such that zi G Xj^ for 
< ^ < fc. Then we have that zq e Aj^ C C/i so zq G T'i (zq)- The assumption that X is normal 
and the condition di/2 < r < d2 < Xjr implies that we also have Zi G Vi- (zq) for 1 < £ < fc, as the 
plaque has radius AJr. That is, all of the vertices of the simplex A(zo, ■ • ■ , Zk) are contained in the 
same plaque. In particular, this implies that for £ ^ i' the sets Xj^. are Xj^, are disjoint. 

Also recall that the star neighborhood &ko (91) C C/i . , so for each 1 < ^ < n, we have that Xj^ C Ui- . 

Let Zq G Xk„- Let Vi^ {zq) denote the plaque of Ui^ containing Zq. For each 1 < ^ < n, let 
z'g = Xig n Vi^. {£,'q) be the unique point of Xi^ contained in the plaque defined by Zq. Observe that 
the points z^ depend continuously on Zq G Xkg . 

DEFINITION 9.1. A nice transversal X is stable if for each k-simplex A(zo,...,Zfc) G Ajr(A') 
and Zq G Xkg, we have A(zo, . . . , z^) G Ajf(A'). 

PROPOSITION 9.2. Let X he a nice stable transversal for VI C 971. Then X induces a transverse 
foliation % on 91. 

Proof. Let A(zo, . . . , z„) G Ajr(A') be given, with zi G Xi^. Then as {zg, . . . , z„} C Bjr{zQ, X'^) we 
have £ ^ £' implies that i^ ^ i^/ . Without loss of generality, we assume that £ < £' implies ie < it . 

For each Zq G Ai^ let z^ = Vi^ (zq) n Xi^, . The stable hypothesis implies that A(zq, . . . , z^) G /S.jr{X). 

By Lemma lS^ there exists a geodesic filling map an^z' '■ A" — >■ Vi„ (zq) C L^' associated to A(zq, . . . , z^ 
which is natural with respect to the face maps. 

For V G A" and Zq,Zq G Xi^ we identify cr„^2' (w) ~ cr„^2"(t/). This equivalence relation defines the 
leaves of "H. 

Every point x G 91 lies in the image tT„_2o(A") for some A(zo, . . . , Zn) G Ajr(A'), as Ajr(A') defines a 
triangulation of each leaf of J^|91. Then by the naturality property of the geodesic filling maps, the 
equivalence relation « is well-defined on all of 91. D 
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We make some remarks about this construction. First, for each 1 < i < p* and z,z' £ Xi then 
z ~ z' . That is, each transversal Xi is a "leaf" of the foliation H on OT; defined by «. 

Second, for each 1-simplcx A(2o,2^i) G ^J^{'^) the equivalence relation w identifies points with 
the same barycentric coordinate on the unique geodesic ray joining z[ to Zq where A{zq,z[) is the 
transverse transport of the given 1-simplex. Thus, « is uniquely defined on the 1-skeleton of the 
leafwise triangulation A^(A'). If iF is an orientable foliation by 1-dimensional leaves, that is, it 
is defined by a flow, then we are done, and the equivalence relation « depends canonically on the 
choice of the uniform transversal X , but is independent of its ordering. 

If the leaves of F have dimension n > 1, then the "spanning geodesic procedure" in the proof of 
Lemma 18.21 may well-depend upon the ordering of the vertices in each simplex. However, this local 
ordering of the vertices in simplices is determined by the choice of the transversal A" = A"! U • • • U Xp^ . 
Thus « is well-defined, given the choice of the transversal X with its ordering. 

It remains to show the existence of a nice stable transversal A" for DT C 9Jt. Our approach is to develop 
effective estimates on the process of defining the Voronoi tessellation for a net and its associated 
Delaunay triangulation. 



Part III - Euclidean structures 

In Part III, we consider the special case of R" with the standard Euclidean metric d^-n and associated 
norm || ■ || . The definition of the Delaunay simplicial complex in Definition 18 . 1 1 can then be expressed 
in terms of linear equations and estimates. We establish several key technical estimates on the center 
and radius of an inscribed sphere, in terms of the defining points in a net. 

10. Delaunay simplices in R" 

We consider each x G M" as a column vector, and let x uy — x^ ■ y denote the "dot-product" of two 
vectors, where x* denotes the matrix transpose of y, and x* • y denotes the standard matrix product. 

Given a collection of n vectors, {ai, . . . , a„} C M", let A denote the nx n matrix with these vectors 
as rows. Denote the operator norm for A by 

||A|| = max{||A-f|l | f € R" , \\x\\ = 1} 

The Cauchy-Schwartz inequality then yields the estimate 

(31) ||A||2 < ||ai||2 + ... + ||a„||2 

We assume given a collection of vectors {yo, ■ ■ ■ ,yn} C M" which admit an inscribed sphere with 
center a;(yo, ■ • • ,27n) and radius r{ijo, . . . ,yn)- For each 1 < fc < n, set Uk = (j/fe-i — y-a)- Then 
\\uk\\ < 2 r(yo, • ■ • , yn) as all vectors yi are contained in a set with diameter 2 r(j7o, . . . , ?/«)• 

Let U denote the n x n matrix whose rows are the transposes of the vectors Uk- Let |U| denote the 
absolute value of the determinant, which equals the volume of the parallelepiped in M" with edges 
{mi, . . . , Un}, or equal to n! times the volume of the simplex in M" with vertices {yo, . . . , i/n}- 

Suppose there exists constants < ei < 62 and s,6 > such that 

(1) ei < ||y,: — yj\\ for all < i ^ j < n 

(2) ei/2 < r(yo, • • ■ , fn) < 62 and hence Wy., ~ yj\\ < 2e2 

(3) |U| > S 

Our goal is to obtain effective estimates for the inscribed sphere for a small perturbation of a given 
net, so also assume we are given vectors {zq, . . . ,Zn} C M" such that 

(4) \\yi - fill < e for all < i < n 
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We determine values of the constants e,S > such that the points {zq, . . . ,Zn\ admit a unique 
inscribed sphere with center u){zo^ . . . , Zn) and radius r(zo, . . . , £„), and obtain estimates for 

\\uj{zo,...,Zn)-uj{yo,...,yn)\\ and |r(zo, . . . , Zn) - r(yo, • • • , j7n)|- 

The hyperplancs L(j//j_i, y„), for 1 < k < n, are described by the equations 

L{yk-i,yn) = {f gM" I (yfe_i -y„)» (f- (j7fe_i+j7„)/2) = 0} 

= {x e R"- \ Uk • X = 1/2 -Uk^Uk + Uk^ Vn} 

(32) = {i + yn\uk*i^l/2-\\ukf] 

where ^ ^ x — i/n represents the coordinates for L{yk,yn) with i/n translated to the origin. The 
center uj{yo, . . . ,yn) G K" is thus the solution of the system of equations 

(33) U-e = ^•A(U) so cJ(yo,...,y„) = ^ • {u-^ • A(U)} + y„ 

where A(U) — (||miJP, . . . , ||m„||^)* is the column vector with entries ||ua:|P- 

Similarly, let V denote the nxn matrix whose rows are the transposes of the vectors Vk — Zk~i — z„ 
for 1 < ^ < n, and set A(V) = (||wi|p, . . . , ||wn|P)*- Assuming that V^-^ exists, then ior (^ — x — Zm 
the solution of the matrix equation 

(34) V-C = i-A(V) , cJ(zo,...,z„) = 1.{v-i.A(V)}+z„ 
is the center for an inscribed sphere containing the points {zo, • • • , Zn\. 

Our next goal is to obtain an effective estimate on || w(zo, . . . , Zn) ~ w(j/o, • • • , yn)\\- This will be 
based upon obtaining effective estimates for the matrix norms ||U||~^ and ||V^^||. 

Let W = V - U so V = U + W, and set Q = WU^i. 

LEMMA 10.1. Assume that ||Q|| < 1/2, then\-^ exists, and ||V"^|| < 2||U"^||. 

Proof. Since V = (/ + Q)U, and we assume that U^^ exists and ||Q|| < 1, its inverse is given by 

(35) V-i = \]-\l + Q)-i = U-i(/ - Q + Q2 - q3 ± • • • ) 

Hence, estimating the norm of the infinite sum using the triangle inequality inductively, we obtain 

(36) ||V-i|| < ||U-1||.||(/-Q + Q2-Q3±...)|| < ||U-i||/(l - ||Q||) 

As 1/(1 — IIQII) < 2 this completes the proof. D 

Next, the triangle inequality and our given data yield the following estimates, where 63 = 62 + e, 

(37) \\vk-Uk\\ < 114-1 -yfe-ill + 114 -J/nll < 2e 

(38) ei - 2e < \\uk\\ - \\vk - Uk\\ < \\vk\\ < \\uk\\ + \\vk - Uk\\ < 2e2 + 2e = 2e3 

(39) |||wfe|p- NfclPI = \{vk - Uk) • (vk + Uk)\ < IWk - UkW ■ {\\vk\\ + \\uk\\) < 42(62 + 63) 
We then have the matrix norm estimate, 



(40) ||W|| = ||V-U|| < ^\\vi-uiP + --- + \\vn-UnP < 2eV^ 

We next estimate the norm ||U^^||. Our colleague Shmuel Friedland suggested the use of the 
Hadamard determinantal inequality in the proof of the following general estimate: 

LEMMA 10.2. Let A be an nx n-matrix whose determinant has absolute value |A| > 0, and such 
that each column of A has norm at most C. Then 

(41) ||A-i|| < n-C-VlAI 
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Proof. For an invertible n x n matrix C, let < |ct„(C)| < • • • < |(Ti(C)| denote the singular values 
of C, ordered by their norms. RecaU that ||C||2 = IJC* • C|| = |o-i(C)|2. 

Thus, ||A^^|| = l/|o-i(A^^)| = 1/|(T„(A)| where |cr„(A)| > is the smallest singular value of A. 

Let adj(A) denote the adjoint of A. Since A^^ = m • adj(A) it follows that the singular values of 
adj(A) are all the {n — 1) products of the n singular values of A. Hence the largest singular value 
for adj(A) is 

cri(adj(A)) = cri(A)---CT„_i(A) 
Each entry of adj(A) is an (n — 1) minor of A, and thus its absolute value is less or equal to C"~^ 
by the Hadamard detcrminantal inequality. 

Now if B = [bij] e M"^" is such that the absolute value of each entry is bounded above by a > 0, 
then ||B|| < na, since each L^-norm of the column of B is bounded by a^/n and we apply pip . 

Thus |cri(adj(A))| = |cri(A)...cr„_i(A)| < n ■ C""\ and the claim gl]) follows. D 



COROLLARY 10.3. Let {ui, . . . , u„} C M" satisfy \\uk\\ < 2e2 for 1 < k < n, and |U| > S. Then 
(42) ||U-i|| < n(2e2)"-V|U| < n ■ (2e2)"-V^ 



The estimates ^ and ^ yield 

IIQII = 1|W . U-i|| < ||W|| . ||U-i|| < {2e^^} • ||U-i|| 

(43) < {2£V^}-{n(2e2)"-V^} = e-2'V/2(e2)"-V'5 

COROLLARY 10.4. Assume that e < 6/2''+hi^/'^{e2T~\ then ||Q|| < 1/2 and so V^i exists. 
Moreover, we have the estimate ||V^"'^|| < n ■ 2"(e2)"^^/(5. 



Proof. This follows from Lemma 110.11 and Corollary 110.31 

We next estimate the remaining terms in the equations p3l) and (IM)) . By ([55)) and ([M]) . 
(44) ||A(V)|| < (263)2 , ||A(V)-A(U)|| < 4^(62 + 63) 

We now return to the task of estimating ||w(zo, . . . , z„) — uj(jjo, . . ■ , yn)\\- Consider: 
2 ||a;(zo,---,^„) - ^(yo, • ■ • ,2m)|| 

{v-i.A(V)}+24 - {u-i.A(U)}-2y„| 

2{zn~yn) + {u-\l + Q)-'-HV)} - {u-i.A(U)} 



n 



< 2||z„-y„| 



iu-i| 



(45) 



(/ - Q + Q2 - Q^* ± . . . ) . A(V) - A(U) 

< 2||z;-y„|| + ||U-i||.{||A(V)-A(U)|| + ||(-Q + Q^ - Q^ ± • • • ) • A(V)||} 

< 2||z;-y„|| + ||U-i||.{||A(V)-A(U)|| + ||A(V)||.||Q||/(1- IIQII)} 



Assume that e < 5/2"+in3/2(e2)"-\ hence ||Q|| < 1/2 by Corollary [TUH and so ||Q||/(1 - ||Q||) < 1 
and thus V~^ exists. We use the more accurate estimate ||Q|| < e2"n'^/^(e2)"~^/(5 from (|43p . which 
combined with the previous estimates ||j7„ — z„|| < e, (l42|) and (|44|) . then ([45]) becomes 

2 \\u}(zQ,...,Zn)-oj{yo,---,yn)\\ 

< 2||z„-y„|| + ||U-i||.{||A(V)-A(U)|| + ||A(V)|| • ||Q||/(1 - ||Q||)} 

< 2e+{n- (262)"- V-^} • {4e(e2 + 63) + (263)' • 2e ■ 2"n3/2(e2)"-V<5} 
Then using that 63 = 62 + e > 62 we have 

(46) ||^(zo,...,z„)-^(yo,...,y„)|| < e-{l + n2-+'ie,r/S + 2n^/^ 2^^ {e^f^ /S'} 



VORONOI TESSELLATIONS FOR MATCHBOX MANIFOLDS 25 

It is important to note that the ratios (ea)"/^ and (e3)^"/(5^ are "dimensionless" , so the estimate 
(|46|) is scale invariant, in that the expression in brackets on the right hand side is unchanged by 
scalar multiplication on M". 



We next give an estimate for S, the constant in (|46p which is a lower bound on the absolute value of 
the determinant of U, based on the geometry of the column vectors Uk of U*. Recall that |U| equals 
the volume of the parallelepiped P{yQ, yi, . . . , ?/„) with edges {ui, . . . , m„}. The next definition is a 
natural geometric condition, which can be alternately formulated in terms of the angles formed by 
the vectors {ui, . . . , Un}, although for our purposes, the following is the preferable notion. 

DEFINITION 10.5. Let p> and I <m<n. A collection of vectors {yo, . . . , ym} C K" is said 
to be p-robust if for each < k < m, the distance from the point yu+i to the ajfine suhspace spanned 
by the vertices {yo, • • • , yk\ is at least p. 

The significance of this definition is seen from an elementary estimation, whose proof follows by 
induction and standard Euclidean geometry. 

LEMMA 10.6. Given a p-robust collection {yg, . . . , yn} C M", the parallelepiped P{yo, yi, . . . , y„) 
has volume at least p""^^ ■ \\yi — yo||. D 

This volume estimate can be improved when the vertices are lattice points on an inscribed sphere: 

LEMMA 10.7. For < ei < 62, there exists V2(ei, 62) > such that given {j/q, ■ • ■ , lln} C K", and 
< r < 62 satisfying: 

(1) ei<\\yk-yj\\forQ<j^k<n, 

(2) \\yk\\ ^r for alio <k< n, 

(3) {yo, . . . , y„} is p-robust. 

Then the parallelepiped P{yo, yi, . . . , j/n) has volume at least V2(ei, 62) • p"~^. 

Proof. First, note that the vectors {yb, 2/1,2/2} C M" cannot be coUinear, as they lie on a sphere of 
radius r < 62- Also, the vectors ui = yi — yo and U2 = 2/2 — yo have lengths greater than ei by 
(|10.7I 1). and thus define a non-degenerate parallelogram P[yQ,yi,y2). The minimum for the area 
over all such parallelograms must be positive, as these conditions define a compact set of such, all 
of which have positive area. Let V-ziei, 62) > denote this minimum. 

Next, the vector 2/3 lies at distance at least p from the plane spanned by {2/012/152/2} by the p-robust 
assumption. As 2/0 lies on this plane, ua = 2/3 ~ Vo must also lie distance at least p from it. Thus, the 
parallelepiped ^(2/0,2/1, 2/212/3) with edges by {ui,U2, U3} has volume bounded below by V2(ei, 62) -p. 

Continuing by induction, one has that the parallelepiped P(jjo, 2/1, • ■ • , 2/fe) with edges {ui, . . . , Uk} 
has volume bounded below by V2(ei, 62) • p'^^^ for all 2 < fc < n. D 

Lemma 110.71 hints at a fundamental difference between the study of Delaunay triangulations in 
dimension 2, and the theory for dimensions greater than two: the estimate for the volume of simplices 
in dimension two admits a uniform lower positive bound depending only on the constants < ei < 62- 
While for higher dimensions, there is an additional restriction required to obtain such an estimate, 
the robustness of the vertices. The robustness can also be defined in terms of the interior angles of 
the simplex, in which case some form of this observation is almost certainly folklore. 

We combine the above results to obtain the final form (l47l) of the desired estimate: 



PROPOSITION 10.8. Let {2/0, . . . ,yn} C M" be p > robust, and admit an inscribed sphere with 
center uj{yo, . . . , yn) and radius r(2/o, . . . , i/n)- For < ei < 62 set 6 — V2(ei, 62) • p"^^, and let 
£ > 0, then suppose that 

(1) ei < Will - 2/j II for alio <i^ j <n 

(2) ei/2<r(yo,...,y„)<e2 
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/?) P < A/9"+lr,3/2('p ^"-1 < ^2(61,62) -p"'^ 

(3) e < 5/2 n (e^) < 2„+i^3/2(e^)„-i 
-Let {zq, . . . , Zn} C M" satisfy 

(4) Wi/i — -?i|| < e /or all < i < n, 

then {zq, . . . , z„} /las an inscribed sphere with center a;(zo, . . . , z„) so f/iaf for 63 = 62 + e , 

(47) |M(zo,...,z„)-c^(yo,...,y„)|| < e ■ {l + n2^+' [e.r /6 + 2^^/^ 2^" (ea)^"/^'} 

11. Inscribed spheres via inequalities 

There is an alternative approach to showing the existence of an inscribed sphere for points {zq, . . . , z„}, 
based on being given an "approximate solution" to the problem defined by a system of inequalities. 
This approach is advantageous when considering perturbations of a given triangulation, and we 
develop some key estimates which are used later. 

Given vectors {zq, . . . , z„} C M", let V denote the n x n matrix whose rows are the transposes of 
the vectors Vk = Zk-i — Zn for 1 < ^ < n, and A{V) = {||t/i|p, . . . , ||i'ra|P)*- Assuming that V is 
invertible, the first result gives an estimate on the distance between an approximate center for the 
points and the actual center. 

PROPOSITION 11.1. Suppose that we are given vectors {zg, . . . , z„} C M", w G R" and constants 

< Ci < r and C2 > such that 

(1) r-Ci<\\zk-uj\\<r + Ci for all < k < n, 

(2) ||V-i||<C2. 

Then {zq, . . . , z„} has an inscribed sphere with center Ci;(zo, . . . , z„) such that 

(48) \\Lo~Lo{za,...,z^)\\<2y/^-rCiC2 

Proof. The existence of the inscribed sphere follows as before, given that V is invertible. The center 
u){zq, . . . ,Zn) lies in the common intersection of the hyperplanes 

L{zk-l,Zn) = {f eM" I (Zfe-l -2n)» (:?- (4-1 +Zn)/2) =0} 

where C, = x — z„. Thus, the solution of the matrix equation (j34p . 

(49) v-c = i-A(v) , cJ(z'o,...,z;) = i.{v-i.A(v)} + z; 

is the center for an inscribed sphere containing the points {zo,...,z„}. We must estimate \\uj'\\ 
where w' — lj ~ a;(zo, . . . , z„). 

As r — Ci > 0, the vector oj satisfies the inequalities 

(50) {r^Cif <\\zk-Lo\\'' <{r + Cif 

Make the change of variables v^ = Zk-i ~ •z'n and (. — ^ — z^, then expand to obtain 

(51) r2 - 2rCi + C^ < ||4 - Cf < r^ + 2rCi + Cf 

Note that Vn+i = Zn — Zn = 0. Subtracting the inequalities (j50p for k ~ n + 1 from those for 

1 < k < n and expanding and canceling terms then yields 

-ArCi < {vk - C) • (vk - C) - (vn+i -()• (w«+i - C) < 4rCi 
-4rCi < {vk'Vk^2vk>C + C'0-':'C < ^rCi 

-4rCi < Vk»vk- 2vk • C < 4rCi 
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Condition (|ll.ll l) and the above implies that C == cj — z„ is a solution of the matrix inequality 

(52) V-C-^A(V)GS(0,2V^-rCi) 

The equation (j49p implies that w(io, . . . , z„) — £„ is a solution to the equation 

(53) V . c - lx(y) = 

Thus, uj' = Ld — i^{zo, . . . , Zn) is a solution of the matrix inequality 

(54) V-w'e S(0,2^^•rCl) 

We are given that ||V^^|| < C2 hence we obtain the estimate pS)) . D 

The stability of the Delaunay triangulation associated to a net M C M" under perturbation of M 
is equivalent to the stability of the inscribed spheres for the vertices of a simplex. The following 
result shows the existence of inscribed spheres based on estimates which are almost "stable under 
sufficiently small" perturbation. 

PROPOSITION 11.2. Let {zq, . . . , Zn} C M" be p > robust, and suppose there exists constants 
< ei < 62 and < C'l < r < ei. Assume that there exists uj € R" such that 

(1) ei < ||£i — Zjll < 2e2 for all < i ^ j < n 

(2) r-Ci<\\zk-uj\\<r + Ci for all < k < n, 

Then {zq, . . . , Zn} has an inscribed sphere with center lj{zo, . . . , z„) so that for 

(55) \\uj-uj{zo,...,z,,)\\ < Ci-n3/2(2e2)"-Vp""' 

Proof. Lemma fl 0.61 implies that the volume of the parallelepiped P{zo, . . . , z„) with edges {vi, . . . , «„} 
is bounded below by eip"^^, and hence |V| > eip"~^. Thus by Corollarv ll0.31 we have 

(56) ||V-i|| < n(2e2)"-V|V| < n ■ (2e2)"-Veip""' 

Then ([55)) follows from estimate (|15)) of Proposition 111. II and the hypotheses r < ei. D 

Propositions 110.81 and 111.21 show the importance of the robustness condition in Definition 110.51 for 
estimating the stability of solutions for the equations (1331) . Our next result gives a stability estimate 
for the robustness of a vertices in a Delaunay triangulation. 

PROPOSITION 11.3. Let I < m < n, and assume that {j/o, ■ • • ,2/™} C M" is p-rohust. Let 
{zo, . . . , Zm} C M" be also given, along with the constants < ei < 62 and < £ < ei/4 such that 

(1) ei < Wiii — VjW < 2e2 for all < i y^ j < m 

(2) Wvi - fill < e for allO <i <m. 

Then {zq, . . . , z^} is pm-robust, for pm — Pm{p, £, ei, 62) as defined below. Moreover, Pmifi, e, ei, 62) 
is monotone increasing in 62 and p, and monotone decreasing in ei and e, and is scale-invariant. 
That is, for s > 0, p,„(s • p, s • e, s • ei, s • 62) = s • /3„(p, e, ei, 62). 

Proof. Set e[ — ei — 2£, 63 = 62 + e and 64 = 4(e2 + ei). Then for all < i 7^ j < m, 

ei/2 < e']^ < ||zi — Zjll < 2e2 < 64 

For each Q < k < m,\et Span(?7o, ■ ■ ■ ,yk) C M" denote the affine subspace spanned by the vectors, 
and let ^k e Span(j7o, . . . ,yk-i) be the point closest to yt- Then p < ||yfe - ^k\\ < Wvk ~ 27o|| < 2e2. 

Similarly, let Span(zo, . . . , Zfc_i) C K" denote the affine subspace spanned by the vectors, and 
Cfc G Span(zo, . . . , ife_i) be the point closest to z^. Then ||zfe — Cfc|| < II-?*: — Zj|| < 2e2 for j < A; — 1. 
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The triangle inequality yields a lower bound 

dM^{zk,Span{zo,...,Zk-i)) ^\\zk- Ck\\ > Wvk - £,k\\ - ||4-j7fc|| - ||6-Cfc|| 

(57) > p - e - iia-aii 

Thus, it suffices to give an upper bound estimate for ||^fc — Cfc||. 

For the case fc = 1, note that Span(zo) = {-?o} is just the single point, so ^i = yb and Ci = zq, and 
lICi — £.i\\ = ll-?o — ybll < £, so in terms of the estimate (|57)) we have dm™ (zi, Span(zo)) > p —2e. 
Set (5i = 2, then pi — p ~ s ■ Si. If ttt, = 1, then we are done. 

For fc > 2, the equations yielding an upper bound estimate on ||^j. — (^^W a-re more delicate. 

We are given that y}, Zj e DRn{yk, 2e2 + e) for each < j < m. Since the distance from ijk to S,k is 
at most that from i/k to j/o we also have S,k G D-Bji{yk, 2e2). The analogous estimate is true for Qk 
and since Ijyfc — Zfc|| < £ we have that ^k G D^n{yk, 2e2 + e). Thus, all of the points in consideration 
lie in the closed disk Ds,n(iik,ei) with diameter 64. This compactness estimate is fundamental. 

Let Span^(yo, ■ ■ • , Vk-i) — Span(yo, ■ • • , Vk-i) H Dr" (t/jt, 2e2). Note that we showed above that 
{yo,---,27fc-i,6,---,6} C Spanj^^(yo,...,2/fe_i). 

For the case fc = 2, note that ||j/i — yo|| > ei and |jii — zq\\ > e[ > ei/2, and using that the disk 
£'Rn(j/2j 262) has diameter at most 64, we have 

(58) Span2(2;o, Vi) C {yo + ti{y1 - yo) \ -64/61 < h < 64/61} 

(59) Span2( 20,2*1) C {zo + 51(^1 - ^o) I -64/61 < si < 64/61} 

LEMMA 11.4. Given z G Span2(zo, zi), there exists y ^ Span(2/o, j7i) so that 

(60) ||z-y|| <e-(l+ 464/61) 

Proof. The point z G Span2(zo, zi) can be written as z = zq + si • {zi — zg) G Span2(zo, zi). 
Then for y = j/o + Si ' (yl - ?7o) e Span2(yo, j/i) we have 

ll^-y|| = \\{zo + si ■ [zi - zq)} - {yo + si ■ [yi - yo)}\\ 

< ||^o-?7o|| + killK^l -zo) - (yl -yo)|| 

< e + |si|(£ + e) < e • (1 + 64/6^ • 2£) < e • (1 + 4e4/6i) 

Thus, every point of Span2(ib7 zi) has distance at most e-{l+Aei/ei) from a point of Span(yo, J/i)- D 

Lemma [11 .41 implies that ||^2 ^ C2II < £ • (1 + 4e4/ei), hence ||z2 — C2II > P2 by (|57p . where 

(61) p2 = p- e- {2 + 464/61) = p - e • (52(/5, 61, 62) 

Note that (52(p, 61, 62) = (2 + 464/ei) depends only on the constants ei and 62, and as the ratio 64/61 
is scale invariant, thus p2 is also scale invariant. If ttt, = 2 then we are done. 

Next, consider the case fc = 3. The estimate ps in this case is obtained from ((57)) by subtracting 
from p a term which involves linear combinations of y2 with points of the line Span(yo, yi), and the 
closer that y2 lies to this line, the larger the possible error, and likewise for Span3(zo, zi, Z2). 

As seen before for k — 2, the strategy is to estimate the parameters used to describe the planar 
region Spaug (yb, yi, 2/2) as in ([55)1 . and similarly for Span3(zo, ^1, ^2) as in 



Recall that S,2 S Span(yo,yi) is the point on the line closest to y2, and p < ||y2 — ^2!! < 262 < 64. 
Likewise, the point C2 G Span(zo7^i) closest to £2 satisfies p2 5: ||-?2 ^ C2II 5: 262 < 64. 
Now let ^2 G Span(yo, yi) be the point closest to (2- Then ||y2 ^ C2II ^ II2/2 ^ C2II > P > P2- 
Furthermore, from the case fc = 2, we have that ||^2 " C2II < £ • <^2(p, 61, 62). 
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The key idea is to bound the space Spang (yo, yi, 2/2) using hnear combinations with {y'2 — ^2) ^-nd 
parameter bounds invoking p and p2'- 

Spang (2/0,2/1,2/2) C {yt) + ti{y{ - 2/0) + ^2(^2 - C2) I -64/61 < ti < 64/61, -64/^ < ^2 < 64/^} 
Span3(zo, 21,2*2) C {ib + si(zl - ib) + S2{z2 ~ C2) I -64/ei < si < 64/61, -64/P2 < S2 < 64/^2} 
As in the proof of Lemma 111.41 every point of Span3(zoi ^i, £2) thus hes a distance at most 

e-{l + 264/ei • (1 + 1) + 2e4/p2 • (1 + 52)} 
from a point of Spang (yb, yi, 2/2), and in particular this estimate holds for ||^3 — Call- Set 

(62) (5,3 - <53(p, 61, 62) = 2 + 464/ei + {\ + 52)- 264/P2 

Note that the ratio 64/^2 is scale-invariant, as is 82, and thus 5j, is scale-invariant. 
Then for p3 = p — e • (Js by (|57|) we have ||i*3 — Csll ^ Pa- 
Continuing in the way, given pk and 5k for 2 < k < m, define inductively 

(63) 4+1 = l + {l + 2-2e4/6i-K(l + 4)-2e4/p2 + --- + (l + 4)-264/pfe} 

(64) pfe+i = p- £ ■ 4+1 

Then we have ||i^fe+i — Cfc+ill ^ Pfc+i- Continuing until fc -I- 1 = tti, we obtain 

' (1 + 4)64 



(65) 4i(p,ei,62) = 2 + 4e4/ei + 2 '^ 



^2 ^'^ 



(66) p„(p,£,6i,62) = p-e-<5m(p, 61,62) 

for which ^r™ (z^, Span(zo, - - - ,^m-i)) = Ij^m - Cm|| > Pm(p, e, ei, 62). 



Observe that by the inductive definition (|64p . the values p > pi > • • • > pm arc monotone decreasing. 
Furthermore, by an inductive argument, for each 1 < k < m the value of pk is a monotone increasing 
function of 62 and p, and monotone decreasing for 61, and thus each term (1 -I- 4)64/pfc in the sum 
(j65p is also monotone increasing, hence the same holds for p,„(p,e, ei, 62). Also note that each 
additional term (1 + 4) • "^(^i/ Pk in (EH) is scale-invariant, so the sum (155)) is scale- invariant. D 



Part IV - Micro-local Riemannian geometry 

In Part IV, we discuss the "micro-local Riemannian geometry" of a matchbox manifold SlJt. The goal 
is to extend several key concepts of Part III to the leaves of SH. This requires a sequence of estimates, 
the result of which is that the leafwise disks of a fixed radius can be assumed to be "e-approximately 
Euclidean", and vary in the transverse direction by a controlled amount. While the development in 
Section [T2] is a bit tedious, the material in Section [T3] is without doubt difficult to get through. The 
reader can omit both these sections on first reading, but their inclusion is justified by the need to 
provide full details of the construction. 

12. Micro-local foliation geometry 

Recall that for each \ < i < v the coordinate chart ipi-. Ui ^ [—1, 1]" x Ti and for x G Ui, Vi{x) 
is the plaque for the chart (pi containing x. Moreover, we define Ai : Ui — > [—1,1]" by setting 
ipi{x) = {Xi{x), Wx) e [—1, 1]" X Ti. The map A^ defines the smooth structure on each plaque Vi{x). 



Also, recall that Ajr > was chosen in Lemma 12.51 so that for all x G 9Jt, the closed leafwise disk 
Djr(x, Xjr) is strongly convex, and the constant 6^ is the fixed radius of the plaques in the foliation 
covering, and satisfies S^ < Aj^/4. 

For X € Ui define the transversal section, for X C 1i 

(67) eix,i,X) = ^ri {K{x),X) ; e{x,i) = ip-' (A,(x),T,) = Ar^ o X,{x) 
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As a special case, for r > 0, define the compact "disk section" 

(68) eix, i, r) = ^l^ {\,{x), Dxiw,,r) n T,) C U, 

The local coordinate charts (pi : Ui -^ [— f , 1]" x Ti are used to define a local "vertical translation" 
between plaques, which will be fundamental in the following. For x' € ©(a;, i), define 

(69) Mx,x')■.V^{x)^V^{x') , ^ = (l){x, x')iO = &{t i) (^ ^ix') 

When expressed in coordinates, the map (f>i becomes ipi o (f>i{x,x')(f~ {Xi{x),Wx) = {Xi{x),'Wx'), 
which is just the constant map in the first coordinate. Thus (j)i{x' ,x") o (j)i(x,x') = 0i(x,x"), and 
the maps (f>i{x, x') are homeomorphisms which depend continuously on x' £ Ti in the C°-topology. 

The construction of a stable nice transversal for 'Vl is based on the construction of nice Delaunay 
triangulations of all leaves, which have strong invariance properties with respect to the maps 0i(a;, x') 
for all coordinate charts on 9Jt. The construction we give in the Section [TJ] requires very fine control 
on the metric distortions of the transverse translations <j)i{x, x'). 

We introduce estimates on the leafwise metric distortions of the maps (j)i{x,x'). First, compare the 
Riemannian distance functions induced on differing plaques in the same chart Ui by defining; 

var{i,r) = raa^ {\djr{x,y) - djr{x' ,y')\ \ x G Ui, x' e6{x,i,r), yeViix), y' = (l){x,x'){y)} 

(70) = max{{\djr{y,z) - djr{(pi{x,x'){y),(p.i{x,x'){z))\} \y,z eViix), x' E &{x,i,r)} 

Note that var{i,r) depends continuously on r, that var{i,0) = 0, and var{i,r) < 2e^ as Vi{x) is a 
disk in L^ of radius 6y . 

There is another measure of the metric distortion between plaques, this time in terms of the variation 
due to differing coordinate systems. For z E UiD Uj and i ^ j, we obtain two transversals &{z, i, r) 
and &{z,j, r) through z in 971. Define the divergence between these two transversals by 

(71) div{z,i,j,r) ^ max{d:F{x' ,y') \ x' e e{z,t,r) , y'e6(z,j,r) , V^{x') nVj{y') ^ d)} 

The assumption 6^ < Ajr/4 implies that div{z,i,j,r) < Xjr. Note that div{z,i,i,r) = and that 
div{z,i,j,0) = 0. Define 

(72) div{z,r) — max {(iw(z,i, j, r) | z G C/^ n C/j} 

The condition 'Pi{x')r\Vj{y') 7^ is closed in x',y', and hence div{z,r) is an upper semi-continuous 
function of both z and r. In terms of the transverse translation maps (j)ij for ^ = div{z,r), the 
condition (JTS]) implies that the compositions <j)i{x',z) o (f)j{z,y') are e-close to the identity on the 
appropriate domains. 

Finally, we consider the distortion in sufficiently small leafwise disks for geodesic coordinates. 

Let e = {ei, . . . , e„} denote the standard orthonormal basis of M". A point x £ M" is then written 
in coordinates as a = (ai, . . . , a„), where x = e ■ a = aiCi -f • • • + a„e„. Recall that the closed ball 
of radius A about the origin in the standard metric is denoted by Z?r.i(A), or just D{X) when there 
is no chance of confusion, and that || • || = || ■ ||r" denotes the standard norm. 

For X G 9Jt, and coordinate system tpi with x G Ui then e defines a framing e^ of Tg(— 1, 1)" x {w} for 
each w € %i hence defines a framing Cx for TxJ^ at each x € Ui. Note that e"need not be orthonormal 
for the leafwise Riemannian metric. The linear isomorphism TxJ- = M" induced by this framing is 
just a formal expression of the usual map induced by coordinates. 

The leafwise Riemannian metric on TJ^ induces on each plaque Vi (w) of Ui a family of inner products 
on the tangent spaces to (—1,1)" x {w}, whose matrix in terms of the framing Cx at x € Vi{w) 
is denoted by gjk{x)- By Theorem 12.31 the tensor gjk{x) varies continuously in w e 1i for the 
C°°-topology on functions on Vi{w). 

Given an orthonormal frame u = {ui, . . . , u„} C TxJ^ for the leafwise Riemannian metric, adopt the 
"matrix notation" u- a = aiUi + • • • + a„u„ G TxT. Via the coordinate isomorphism TxJ^ = M", the 



VORONOI TESSELLATIONS FOR MATCHBOX MANIFOLDS 31 

vectors Uk form an orthonormal set for the inner product gjk{x), and in this sense, u ■ a is precisely 
a matrix product. Define a linear isomorphism 

(73) Fe:M"^T,^9^R" , i^s(ai, •• •,««)- u- a 

Let II • II 2 denote the norm on TxJ- = M" induced by the inner product gij{x), then Fq is a linear 
isometry between {R", || • ||} and {M", || • ||s}. 

Recall that exp;^ : TxJ- — > Lx is the leafwise geodesic map at x. Given an orthonormal framing u of 
TxT and < A < Ajr, the leafwise geodesic coordinates at x are defined by 

(74) ^^ jj : i?R„ (A) ^ D^{x, X) C Lx , y^^ g(a) = expf (?? • a) 

Assume that Djr{x, A) C Ui, and let x — Xi{x) G R". Then we have a second coordinate system on 
the neighborhood Djr{x, A) of x, which is also "adapted" to the leafwise Riemannian metric on the 
disk Dj^{x, A). Define Tg: R" — > R" by Ts{y) ~ y + x. Then compose Tg with the framing map Fq 
to obtain 

(75) ipl.^Q=ipr'^{T3oFit,Wx): D{X) ^Vt{x) , ipl^^iy) :^ lp^{x + u- y,Wx) 

which is just the geodesic coordinates for the fiat metric on Vi{x) associated to the framing u. 

We compare the affine geometries defined by these two sets of coordinates, using the coordinate 
system ipi to transfer the task to a problem of differential equations on M" . 

Let Di{x, A) — (pi{Djr{x, A)) C (—1, 1)" x {wx} be the image of the geodesic disk ip^ ~{D{X)). 

Let d denote the distance function on Di (x, A) defined by the leafwise metric djr via the coordinates 
<^i. That is, for j7, z e Di(^, A), d(j7, z) = djr{ip:r'^[y^Wx),(pY^{z,Wx)). 

Let g denote the metric tensor on Di{x, A) in the coordinates (pi. Note that the image under ipi of a 
geodesic segment for g is a. geodesic segment for g, and as Djr{x, A) is strongly convex for A < Ajr, 
the same holds for the region Di (x, A) with the metric g. 

Let exp J denote the geodesic map associated to g, centered at x = A^ (x) . Then for the orthonormal 
basis u of M" we set 

(76) e^s,u- DiX) -^ A(f, A) , e^^^i^) = e^s(" ' «) 

Recall that we also have a linear map Tg o F^, which is a linear isometry between {R", || • ||} and 
{R", II • lis}, and satisfies Tg o Fa(0) ^ x ^ exp^ -(0). Let g" = {Tg o Fu)*{g) denote the metric g 
near x pulled back to D{X) via the isometry Tg o F^. Then g"j^{d) — 5ji^ for a = by definition of u. 

DEFINITION 12.1. Let x e M and < X < Xjr/2. Assume that Djr{x, A) C Vt{x), and let u be 
an orthonormal frame for TxF . For e > 0, we say that 93^ g: D{X) — > Djr[x, A) is £-approximately 
Euclidean if the following hold (in the coordinate system ipi): 

(1) For allde D{X), 

(77) \\9%{a)-5,k\\ < e/n' 

(2) For allde D{X), 

(78) d(S5,-a(a),T5oFe(a)) < e-||a|| 

(3) For a geodesic a: [0,1] — > Di{x,X) in the d metric, with cr(0) — j/o and cr(l) = yi, set 
7^(0 = * • (j/i - j7o) + j7o; then 

(79) d{a{t),T{t)) < e ■ d{yo,yi) , for all < t < 1 

(4) For s < X, the Riemannian volume of leafwise disks satisfies 

(80) |Vol(i:»(s)) - Volj(L>g(f,s))| < e • s" 
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where Vol denotes the Euclidean volume and Volg the volume form for the metric g. More 
generally, given an open set U C D(s), for s < X, we require that 

(81) |Vol([/) - Vo% i^s.uiU)) I < £ • s" 

Conditions (|12.1I 1) and ()12.1I 4) concern the continuity of the metric tensor g, while conditions 
()12.1l 2-3) concern the behavior of geodesies for the metric g, so also require control on the first and 
second order derivatives of g. The condition ()12.1I 3) is simply that the geodesies for the metric 
g and the flat metric defined by u "stay close". The conditions (|12.1l l-5) are closely related, but 
are stated separately in the form they will be cited later in the text. We mention one immediate 
implication of condition (112.11 1). 

LEMMA 12.2. Assume that y^^^'- D(X) — > Djr(x,X) is e- approximately Euclidean. Then 

(82) |d(z, j/) - II z- j/llsl < e-\\z-y\\s for all y,zeDi{x,X) 
Thus, conditions hl2.1\ l) and il2.l[ 2) yield, for all a e D{X), 

(83) ||S5j^a(a)-rjoi^a(a)||a < 2eX 

Proof. Condition (|12.1I 1) and the estimate ([3T|) imply the bound || t;" — (5||s: < e on the matrix norm, 
from which (1821) follows. Condition (l83l) then follows, as || a || < A. D 



PROPOSITION 12.3. Lete > 0. Then there exists Xe > 0, so that for all x G M with Djr{x,Xe) C 
Ui and frame u ofT^T, the chart ip^ ~: -D(Ae) — >■ L^ is e- approximately Euclidean. 

Proof. The claim is that exp^, jj is well-approximated by the affine map Tg o Fq for A sufficiently 
small. This follows from standard facts about the geodesic charts for smooth metrics. (For example, 
see [m Chapter 5].) The only novelty is that we use the continuity of the Riemannian metric and 
its derivatives as functions of cc € 9K to obtain uniform estimates. We briefiy sketch the arguments. 

Let h — hjk{^) denote the Riemannian tensor on D{X) induced from g by the geodesic map exp^ q. 
Note that geodesic coordinates have the property that hjk{0) — Sjk, the Dirac 5- function. Moreover, 
the Riemannian Christoffel symbols T^ji^i^) of the metric h also vanish at the origin. 

The tensor r^j,(f) is C^~^-continuous as a function of the metric tensor in the C^ topology, for 
£ > 1, so the first derivatives of L^ (^) vary continuously with the metric in the C^ topology, hence 
its curvature tensor R(^) varies continuously in the C^ topology as well. Thus, by choosing A > 
sufficiently small, we can assume the quantities \\hjk{£,) — 6jk\\ and |r^j,.(f)| are arbitrarily small on 
the disk -D(A), and moreover its curvature tensor |i?(f)| is uniformly bounded. 

Standard results of Riemannian geometry show that the second derivatives of the geodesic map 
exp^ 2 at the origin are bounded by the norms of the Christoffel symbols r^^(^), their derivatives 

and the curvature terms R{^). (For example, see [22] Chapter 5, Remark 2.11].) Thus, given e' > 0, 
there exists Xx,e' > such that exp^ - is e'-close to its linear approximation T^o Fji in the Euclidean 
norm on M". This yields ^. 



The condition ([7^ also follows, given that the local expressions of the Christoffel symbols F^^, are 
sufficiently small on D{X) and the quantities |r^^| are uniformly bounded. Conditions (|12.1I 1) and 
(|12.1l 4-5') follow from the continuity of the metric tensor g, as noted above. 

DEFINITION 12.4. For each e > 0, choose A^ > so that the conditions of Definition \12.1\ holds 
for all X & dJl and any choice of orihonormal frame. 

Thus, for each e > 0, there exists an A^ > 0, so that the conditions of Definition 112.11 holds for all 
a; G 971 and any choice of orthonormal frame. 
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The only subtlety here is that the error estimates ([781) and (|79|) are in terms of the leafwise distance 
function dj=, while the error e' above is in terms of the Euclidean norm || • || on D{X). Introduce the 
constant 

„, „ \ dAvlM<d^)) \\h-d\\ , ^^ . ^ .r.nrx ^1 

a-F- — max < , xGUH, u , a ^ b £ OiXjr) > 

Given e, let e' = e/\\djr\\ and choose Ac as above. By the compactness of 971 and the continuity of 
the metric properties used, given e > there exists an A^ > 0, so that for all < A, a; G 93t and 
1 <i <v with Djr{x, A) C Viix), the estimates ([75]-[Sni) of Definition 112.11 are satisfied. D 

If the leaves of J-" are isometric to Euclidean space M" , such as in the case where J-" is defined by a 
free action of R", then X^ may be chosen arbitrarily large. Otherwise, if the leaves of T have large 
sectional curvatures and s is small, then A^ may be quite small. One consequence of A^ <^ Ajr is 
that it means the points in the leafwise nets constructed in section FHl will be very closely spaced. 



13. Setting the constants 

We next fix various constants which appear later in calculations, and then draw some implications 
of these choices. First, we set 

10"! 10"! 10"! 10"! 



(84) Cn 



1! (10" - 1)! 2! (10" - 2)! n\ (10" - n)\ {n + 1)! (10" -n- 1)! 



Given a finite subset il C L'jr(^, AJr) with cardinality bounded above by 10", then C„ is an upper 
bound for the number of distinct subsets of fl consisting of at most {n + l)-distinct points. In 
particular, C„ is an upper bound on the number of distinct n-simplices, defined by (n + l)-vertices 
in n. Thus, C„ is an upper bound on the number of inscribed spheres for the set Q. 

Now introduce four "dimensionless" constants. The purpose of these choices is briefly indicated, and 
their precise roles will be apparent later. The constants are deflned now, as it is fundamental that 
these can be chosen independent of later choices. In particular, the constants are scale-invariant, 
and are multiplied by the scale A^r deflned in (|92|) below in applications. 

The width of the annular regions appearing in Lemma 114.21 is deflned by 

(85) £i == l/(C„-1000n-100") 

The thickness of the rectangular regions appearing in the robustness condition ()130p is defined by 

(86) 62 = l/{Cn ■ 2000 • 2") 

The constant £3 first appears in the statement and proof of Proposition 115.21 and is the basic 
estimate of the translation distance of the centers of inscribed spheres for perturbed vertices. We 
use repeatedly that £3 < £i/4 and so set 

(87) £3 =£1/10 

The constant £4 is the error of the affine approximation introduced in Proposition 113.41 The value 
of this constant determines the recursive decrease in the robustness estimates in Propositions lll.3[ 
113.71 and 115.21 Proposition 111.51 gives a recursive definition for the functions Pm(p, £, ei, 62) for 
1 < m < n. As noted there, the function pm(p, £, ei, 62) is monotone increasing in 62 and p, and 
monotone decreasing in ei and £, and satisfies pm{s ■ p,s-s,s-ei,s- 62) — s ■ Prn{p, £, ei, 62) for s > 0. 
Moreover, for all 1 < tti < n, Pm{p, 0, ei, 62) = p. 

For the normalized values ei = 1, 62 = 2, 64 = 4(e2 + ei) = 12, and p = po, define functions Pm{poi £) 
recursively by 

Po(po,e) =Po , (^i := 2 , pi{po,e) = po - 2e , 62 ^ 50 , p2{po,£) = p-50e 
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and for 1 < to < n, by 

(88) Pm{Pf),e) ^ po-e-6^ , (5„, = 50 + 24 • V ^-^ 

Note that each pmis) is a polynomial function of e, so is continuous in s. Also, for fixed {pQ,e), the 
sequence of functions are monotone decreasing in to,: 

Po = Po{po,£) > Pi{po,£) > P2(po,£) > ••• > Pn{po,£) > 
For each < A; < ti, set pfc = (18 - 2A;/3?i) • e2 and p'j. = (18 - (2fc + l)/3n) • £2- Then we have 

(89) 18^2 ^ PO > P'o > Pi > P'l > ■ ■ ■ > Pn > P'n > Pn+1 > p'n+1 > 15^2 

Now, choose < £4 sufficiently small so that the following 2n + 2 inequalities hold: 

(90) pk > Pnipk, 10£4) > p'k + £2/100 , Pk > Pn{p'k. 10e4) > Pfe+1 + £2/100 ; l<k<n+l 

The full set of these inequalities are used in the proofs of Propositions llS.ll and 115.21 where they are 
multiplied by the scale s = AJr/lO. 

Finally, £o is the "basic error" appearing in almost every transverse translation calculation and 
estimate, so is restricted by multiple conditions. The following constructions might be informally 
summarized by saying "it is intuitively clear that there exists £o sufficiently small so that all of these 
conditions are satisfied" . The following specification of £o makes this precise, as well as offering an 
argument that none of the details are particularly intuitively clear, except when the leaves are 
1-dimensional. We list the requirements: 

(1) £o < 1/2000 - used in equations (fTSTj) and (fT32)) 

(2) £o < 50n (2/5)"£i - used in equation (|T23l) 

(3) £o < £2/2000 - used in equations ()128p and (|129|) and in proof of Proposition ll5.1l 

(4) £0 < £3/4 - used in equations ()135|) . (|156|) . (|163|) and in proof of Proposition 115.21 

(5) £0 < £1/2 < £1 - 2£3 - used in p75)) 

(6) £0 < £3/2(1 + 35^3/2 . (4/15£2)""^} - used in equation ([T551) 

(7) £0 < £4/20 - used in Proposition 113.41 

(8) £0 < (5„(£4)/100 for 6n defined in Lemma [13.51 

(91) Choose £0 > to satisfy the 8 conditions above. 

Recall that A^^ was defined in Dcfinition ll2.4l so we introduce the fundamental "leafwise" constant: 

(92) A> = min{^J,A^/5,A,„,l} 

which is the basic distance scale for all of our subsequent constructions, chosen so that the leafwise 
balls Djr{£^, AJr) are "£o- approximately Euclidean". For example, if the leaves of J-" are isometric to 
Euclidean space M", then AJr = unn{5^, Ajr/5, 1}. Otherwise, if the leaves of J^ have large sectional 
curvatures, then AJr may be quite small. 

Recall the definitions of the functions var in (I7n|) and div in ([7^ . and choose the "transverse" scale 
constant r, > so that div{z, r*) < £oA5r for all z € 9Jl, and also var{i, r*) < EqA^t for alll < i < i/. 

We next give several applications of these choices to the study of the "micro-local geometry" of a 
matchbox manifold. The following notion and estimates will be used frequently. 

DEFINITION 13.1. Let {X,dx} and {Yjdy} be metric spaces, and e > 0. ^ homeomorphism 
into (j): X ^Y is said to he an e-isometry if 

(93) dx{x,x')-e < dy {(t){x) , (i){x' )) < dx{x,x') + e for allx,x' e X 

LEMMA 13.2. For x G 9H and orthonormal frame u for T^T , the geodesic normal coordinate map 
f^xu'- -C'R"(A3r/2) — > Djr(x,\*jr/2) is an Eq X'^-isometry from the metric || • || to the metric djr. 
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Proof. The disk _DRi.(A3r/2) has diameter AJr, so it follows from the estimate ||g" — 6\\u < eo as in 
the proof of Lemma [12.21 D 



LEMMA 13.3. Let x E Ui and y £ Viix) D Uj for some 1 < i,j < v. Assume that x' E &{x,i,r^) 
and y' = G{y,j,r^,) nVi{x'). Then 

(94) d^(a:,2/)-2£oA> < d^x'^y') < d^{x,y) +2eoX'r 
If either i = j or x — y, then a more strict estimate holds: 

(95) d^(x,2/)-£oA> < d:F{x',y') < dr{x,y) + eoX*jr 

Proof. Let y" — &{y,i,r^) r]Vi{x'). Then djr{y',y") < Eq X'^ by the definition of the divergence 
((72| and of r*. Thus, \djr{x',y") — djr{x',y')\ < Eq AJt by the triangle inequality. 

Then by the definition of the variation ([70| and r* we also have \djr[x' , y") — djr{x, y)\ < Eq AJt. The 
estimates iMl) and &B then follow. D 



Finally, a more delicate estimate compares the local affine geometry of geodesic coordinates in 
nearby plaques. Let x E Djr{x, \*-p) C Ui and y E Djr{x, \*jrl2) so that Djr{y, A3r/2) C Djr{x, AJr). 

Let x' E &{x, i, r*) and set y' = 4>i{x, x'){y). Choose orthonormal frames u for T^J- and v' for Ty/J^, 
with corresponding geodesic coordinates ip^ ~ and ^^ , ~, . Consider the composition 

(96) K,y' ^ {vl,,^,)-^o^,{x,x') o ^l^oT^: i?„„(A» ^ M" 

where ^ = ((/3^ a)^^(2/)i and T^ : M" — > M" denotes the afhne transformation defined by T^{a) = a + f . 
Then 

*;.,,'(o) - {vi>^^r' o Mx, x') o vi^ii) = {ifi,^^,)-' o ux, x'){y) = {^i,^^,r\y') - o 

Thus, the map ^^ , compares two coordinate systems about the point y': one is the translate of the 
coordinates Lp^ ~ centered at x but restricted to a neighborhood of y in its domain; and the other 
is centered at the translated point y' . The next result shows that '^x.y' can be made "almost the 
identity" by the proper choice of v' . 

PROPOSITION 13.4. There exists a choice of orthonormal frame v for Ty'T so that 

(97) *,,,, ^ i^l,,^)-' o ^,{x,x') o ^l^ o T^ : D{\*:,/2) ^ M" 
is ei\*jr-close to the identity, for £4 defined by JffOj) . 



Proof. The idea of the proof is simple, in that we express both maps ip^ - and Lp^ , -, in the local 
coordinates (/3i, as in the proof of Proposition 112.31 Then the transverse translation map (f)i(x,x') 
becomes the identity map, and the issue becomes simply how to choose the new framing v and 
obtaining an estimate for the error. 

Let ip,{x) = {x,Wx) and ipi{y') = (jj',Wy') for Wx,Wy> E Tj. Then y' = 4)i{x,x'){y) implies y' = y. 

Set ^2 = AJr/S. The restriction (j)i{x, x') : Djr[x, \*jr/2) — > Vi[wyi) is an eo-isometry by Lemma [l3.21 
and thus <f)i{x, x){Djr[x, 2^2)) C Djr{y' , \^/2)), so the composition (jOTj) is well-defined. Let 

A(5?,A>/2) = ip,{D^ix,X*^/2))(li~l,irx{w,} 
b[{y', A>/2) = ^.(i?^(y', A>/2)) C (-1, 1)" x {wy,} 

Recall that d denotes the distance function on Di{x,\*-p/2) defined by the leafwise metric djr via 
the coordinates (/s^, and g denotes the induced Riemannian metric on Di{x,\*jr/2). The geodesic 
coordinates associated to g and u, centered at •?, are denoted by expjjj^ D{\*-p/2) — > Diix, \*jr/2). 
For i = ((^ls)~Hy) then y = exp£5j(0 and we have ipiijj) = y. 
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Similarly, d' denotes the distance function induced on D[{y' ,Xy-/2), and g' denotes the induced 
metric tensor on D'^{y', \*jr/2). The geodesic coordinates associated to g' and v' , centered at y' , are 
y.^^, : Z?(A>/2) ^ b[{v', A>/2). Then ^,^y, = SJ)^,' 



denoted by expj^, p, : D{\*-pl2) -^ D[{y' , A3r/2). Then "^x.y' = expj^/p, o exp^g o T^ and we have: 



T, J- = M" D i?(A>/2) ^^ A(5, A>/2) c (-1, 1)" x {w^} ^ T'.K) 

(98) *,,j,a =i i<i3r{x,x') 

Ty,F^W^^D{\y/2) ^" i^Ky',A>/2)c(-l,l)"x{u;,,} ^ T'.KO 

Set 7 = a; + u • ^ so that T^ o Fq{d) — Tg o Fy;{a + ^). 

By condition ([78]) of Definition I12.1[ and using that AJr < Aeg, for all a G D{\*jr/2) we have 

(99) d(S5pj^a(a + 0,r5 o Fu{d)) < eoA> , d' {^y,^^,id),Ty, o Fff,(a)) < £oA> 
Set a = in the first estimate of ([M]) . then by Lemma [12.21 we obtain 

(100) lly - 7l!s < rf(y,7) + £oA> = rf(S$5^,a(O,r^(0)) + £oA> < 2eoA> 

The obvious next step is to replace the orthonormal framing v' for M" for the norm || • ||p/ with 
the new framing v = u, as the claim of Proposition 113.41 would then follow easily. However, u need 
not be an orthonormal framing the norm || • ||p/, so it is necessary to adjust the framing u using 
the Gram-Schmidt orthogonalization process. This introduces additional errors, which depend on 
the "distance" from u to v' in the Lie group GL{W^). We formulate this error as follows, using an 
elementary fact from linear algebra about continuity of the Gram-Schmidt orthogonalization process. 

LEMMA 13.5. Let M" have the standard Euclidean inner product with norm \\ ■ \\. There exists 
e„ > and a monotone continuous function i5„ : [0, en] — > [OiCn] with Sn{0) = 0, such that given 
< e < e„ set S — (5„(e) > 0, then for any basis {/(, . . . , /^j C M", whose vectors satisfy 

(1) l-<5< 11411 <l + 5,forl<j<n, 

(2) \fi»f'j\<5,forl<i^j<n, 

then there exists orthonormal vectors {/i, . . . , /„} such that ||/j — /'|| < e. □ 

Recall that e = {ei, . . . , e„} is the standard orthogonal basis for R". Scale these unit vectors by a 
factor of ^2 so they lie in the domain of '^x.y'i and set i} = Fq{d2ej). Note that ||zj||s ~ ^2- 

Then d2ej + ^ e Di{x, \*jr/2), and set z-, = ex\ig:^{d2ej + C) ^ A(^, A5r/2). Then by Lemma fT3?2t 

(101) \d{zj,y) - d2\ = \d{zj,y) -\\zj\\:ii\^\d{zj,y) -\\u- {d2ej+y)-u-y\\rs\ < eaX}r 

(102) \d(zj,Zk) ~V2d2\ = \d{zj,Zk) -\\u- {d2ej +y) -li- {d2ek + y)\\u\ < eoAJ^ 

The estimates (jlOip and (|102p imply that the set {(zi — y)/d2, ■ ■ ■ ,{zn — y)/d2} is an "almost 
orthonormal" collection for the metric d. 

By Lemma |13.3[ the map <f>i{x^x') is an SoAJr-isometry, and as (f)i{x,x') is the identity map in the 
coordinates ipi, we have the corresponding estimates to (jlOll) and (|102p for the metric d', 

(103) \d'{I,,y)-d2\ < 2£oA> =^ \\\^,-y\\v,~d2\ < 3£oA> 

(104) I d'{lj,zk) - V2d2 I < 2eoA> =^ 1 1| Zj - Ik h' - V2d2 \ < SeoX*jr 
where the implications follow from estimate (j82|) of Lemma 112.21 

Define Zj — expy, yi{zj). Then by estimate (|83l) of Lemma [12.21 and noting that Zj g F>i{y' , X^/2), 

(105) \\I,-Ty,oF^,iz^)\\^, = \\^y,^^,iz^)~Ty,oFv,{z^)U, < £oA> 
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Then by (I103|) and (I104|) , and using that the map Tyr o Fg/ is an isometry from the norm 1 1 • 1 1 to the 
norm || • H^j', we obtain for the Euchdean norm on R", for 1 < j 7^ fc < n, 

(106) \\\zi\\-d2\ < 3eoA^ 

(107) |||£,'-4'||-\/2d2| < 3eoA> 

Set /' = Zj/d2, and observe that ()106|) imphcs the collection {/{, . . . , //j} satisfies hypothesis (f ) of 
Lemma [13.51 for 6 = ISeq- 

It remains to estimate |/j • f'k\ ior 1 < j ^ k < n. Write /^ = /j j, + J^^, where /jj, is coUinear with 

/j and /]. iX,fe = 0. Then l/j . iXI = l/j • /^,fel = ll/^llll4.J|. 

Note also that Wf;^ = ll/^.JP + II^IP hence H^Jp = (Wf^r ll/^'.JP). 
By PU7)) we have 

(108) V2-15eo < ll/;'-/ll|-||(/;'-/;',fc)-/lfell < V2 + 15eo 
After squaring and using the orthogonality of the vectors, we obtain 

2 - 30V2eo + 225e2 < \\{f; - fl^W + Wflj^ < 2 + 30V2eo + 225£2 
Then note Sq < 1/10,000 implies 2 - lOOeo < 2 - 30V2£o + 225eg. Also, /j' and /j,/c are collinear, 
hence \\f^ - f]^,r = ll/jlP - nfjW ' 11/;, fell + Wflkf- Thus, we have 

2-100£o < ll/;'ll'-2||./;;'M|/;',,|| + ||/;',,.|P + ||/mP < 2 + lOOen 
From the identity H/^IP = (H/^lp - H/j Jp) one derives lii;' . /t|| - H/j^JI < lOOeo- 

Thus, the the collection {/{, . . . , //j} satisfies both hypotheses of Lemma 113.51 for 5 — IOOeq- We 
assume that Eq < £4/20 in (pij) so that £4 < £5 = 2£4 — 20£o. By choice of £0 in (|?T|) . we have 
100£o < Snies) so we obtain the orthonormal framing / — {/i, . . . , /„} of R" satisfying Wfk — fkW < £5 

Define Vj — Fyr{fj), then v — {wi, . . . , u„} is an orthonormal frame for the norm || • ||jr' so defines 
an orthonormal framing of TyiF. Note that Fy — Fgr o Ft and calculate: 

llr^! o Fitid2ej) - Ty, o Fis{d2e.j)\\y: 

< \\{T^ o Fg{d2e.j) - Zj\\g, + \\z.j - Ty, o Fg{d2e.j)\\vi 
= \\T^ o Fu{d2ej) ~ Zj\\y, + \\zj - Ty, o Fy,{d2fj)\\v, 

< \\T^o Fs{d2ej) - I,\\y, + \\zj - Ty, o Fg,{d2f))h, + \\Ty, o Fy,{d2f;) - Ty, o Fg,{d2fj)\k, 

< 3eo\*jr + eoX*jr + 2d2e5 ^ 4eo\*jr + 2e^\*jr/^ 

where we use successively the definitions of the quantities involved, Lemmas 112.21 and 113. 2[ the 
estimate (|99| . the estimate ()105p . and Lemma [13.51 

Then by the approximations ([M)) and Lemmas 112.21 and 113. 2[ we have for all a e D{2X*jr/^) that 

(109) d(S$2^s(a + e),S$^^^-(5)) <7£oA> + 2£5A>/5 
Hence by Lemma [13.21 and our choice £5 = 2£4 — 20£o, we obtain 

(110) ||*^,y(a)-a|| = ||S$~/p, oS55;_s°r?(a)ll < 8£oA> + 2£5A>/5 < £4A> 
completing the proof of Proposition ll3.4l D 



The fine control of the affine structure of geodesic coordinates provided by Proposition 113.41 is used 
in establishing robustness criteria for leafwise Delaunay triangulations in the next section. We define 
a "non- linear" form of the robustness criteria in Definition 110.51 and Proposition 111.31 

Recall that Span(-?o, • ■ • , Wfe) C M" is the affine span of the vectors {vq, . . . ,Vk}- 
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DEFINITION 13.6. Let p > and x eUr such that Djr{x, X*jr) C Vtix). Let 1 < m < n. A set 
{yo, • ■ • ,2/m} C Djr(x,\*jr/2) is /9-robust if the following leafwise metric conditions hold, for each 
1 < k < m: 

(1) Fix an orthonormal frame u — {ui, . . . , -«„} C Ty^J- with geodesic coordinates ^^ -~; 

(2) for each 0<j<k, set Vj = (v^,,s)"^(yj); 

(3) Set H{yQ,...,yk;yk) = (^^^ ^ {Spaii(uo, . . . , 4) n DR«(A3r)}. 

Then the point yk+i lies at distance at least p from the submanifold H{yo, . . . , j/^; y^) 

We now show that the robustness condition for points in Definition 113.61 imphes the robustness 
condition Definition 110.51 holds for their vector coordinates in geodesic normal coordinates. 

PROPOSITION 13.7. Given constants 

(111) X*jr/10 = di<di+ 2eoX*jr < ei < 62 < da - 2eoA> < da = 2A>/10 

and < pq < di, let x £ dJl and suppose {j/o, ■ • ■ , Vm} C Djr[x, A^/2) satisfy 

(1) ei < djr{yj,yk) < 2e2 for < j ^ k < m 

(2) {yo, ■ • • , Vm} is Pa-robust. 

Given an orthonormal frame u of T^T , set Wj — {'4^^^ q)~^{yj) G D{\*jr/2) for < j < m. Then 
{wq, . . . , Wm} C M" is pm-robust, where pi — pi{pa,eiX'^, ^1,^2) is defined by [83\) for I < £ < m. 

Proof. We proceed by induction. Fix x e dJl. By assumption, <ijr(yo,yi) > ei > di + SqX^, so by 
Lemma I13. 21 we have ||it;i — zwoll ^ di ^ Po — 2£4A^ = pi. 

Now assume that the collection {wq, . . . ,W£} is p^-robust, for each 1 < £ < m. We show that 
{wq, . . . , wi+i} is pf+i-robust. 

Let Ui be a coordinate chart such that Djr{x, A^r) C Ui. 

Let T^j : R" -^ R", T^^{x) — x + we be translation by Wi. Define the composition 

*^ ^ (<,«)"' ° <u ° T^e ■■ D{2d2) ^ i^(A>/2) 

for an orthonormal frame v — ve oiTy^F as provided by Proposition ll3.4l so that |l^£(2i') — x|| < £4 AJr, 
where £4 is defined by (|90l) . This is possible by our choice of £0 in (|9T1) . (In this application of 
Proposition [TX31 '^e take y' — y^ £ Pi(x) which is on the same plaque as x.) 

For < J < TO, define Zj = (cp^ v)~^{yj)j ^-nd also set Wj = Wj — w^. Then ^^ (tUj) = Zj. Using that 
^e is £4A5r close to the identity, we have that each \\zj — Wj\\ < £4A5r. 

Note that {wq, . . . , wt} is p^-robust if and only if the collection {w'q, . . . , w'^} is p^-robust. 

By the definition that {yo, ...,?/„} is po-robust, the point ye+i lies at distance at least po from 
the submanifold tp^, g{Speia{zo, . . . ,zi)). So by Lemma 113.21 the vector zi+i lies at distance at 
least Po — £oA5r > pt from the linear span Span(zo, . . . , Zi). Thus, we also have that the collection 
{zo, . . . , Zf+i} is p£-robust. 

It is given that ei < djr[yj, y^.) < 62 for < j' 7^ fc < rn, so by Lemma 113.21 we have 

di < ei - 2£oA5r < \\zj - Zfell < 2e2 + 2£oA3r < 2^2 

for all < j 7^ fc < m. We can thus apply Proposition 111.31 for e — ei,X*jr to the collection 
{zo, • ■ • , Z(^\\ to conclude that Span(wo, . . . , w^+i) is p^+i-robust. D 
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Part V - Constructions of transverse foliations 

In this last Part V, we give the construction of a nice stable transversal X, for all of 9Jt in the 
equicontinuous case, or on *Jl in the "Big Box" case. The main theorems then follow by Proposi- 
tion 19.21 We first consider the equicontinuous case, where the transversal is inductively defined in 
Section [Ml and it is proven to be stable in Section [151 The modifications of these arguments in 
Sections [TH and [151 required to show Theorem 11.21 arc considered in Section [161 

14. A NICE stable transversal 

Recall that the constant e^ is the "leafwise Lebesgue number" defined in equation ([S]), so that for 
all y GdJl, Djr{y,e^) C D^{y,eu/2). Fix a basepoint wq ej£i^, set xq = ti{wo) = (p^^{0,wo) e Ui 
and let Lq be the leaf through xq with holonomy covering Lq. 

Recall from section [3 that JVq C Xq is a net for Lq which is eJ/4-spanning, and that xq G Aq. The 
lift of A/q to Lq defines a net Ao containing the lift xq of xq to the constant path. 

Recall that the constant AJr was defined by (|92p . and r» determined by this choice. Define a sequence 
of constants based on the scale AJr. 

.,,„^ di = .10-A^, d'i-.ll.A>, d'/ = .12.A^ 

Note that 

AJ./10 = di < d[ < d'l < 4' < 4 < 4 = A>/5 

For each z € Ao, the index 1 < iz < i^ is chosen so that Bfxf\.{z,eu) C Ui^. For z = Xq we take 
ixQ = 1, so B<yyi{xQ, tu) C Ui- For z G A/o with projection z = n(z), we set iz — iz- 

Recall that for z S Ao then hz denotes the holonomy along some nice path 7 from xq to z, considered 
as a transformation of the transverse space T* C X. 

Now assume that the pseudogroup Q*jr acting on T* is equicontinuous, and let 5^ denote the constant 
of equicontinuity for Q^ for e = r*/2. Then by Theorem l4.8l there exists a t/jr-invariant clopen subset 
Wo G \^ C T* satisfying dia,uYx{Vz) < Sj for ah z S Nq. For aU z g A/q, we then have 

VzCBxiwz,r,/2)cT^, 

Hence, for any w G Vz we have Vj C Bx{w, r»). 

For each z e Ao, define the compact sets 

(113) 11^ = tt;\Vz) c [/,, , ill' = ill' X {?} c ;/,, 

For X G il-, define a standard section by 

(114) 6(x,ij,-l/) = <^-i(A,,(a;),F?)cil^Cit|' , 6ix,iz,V) = &ix,iz,V) x {^ 

The following concept will be used in the inductive construction of X. 

DEFINITION 14.1. Given a leaf L C 971, a subset Y C L, and R> 0, define the penumbra ofY 
of thickness R by 

(115) Pen^(y, R)^{yeL\ d^{y, Y) < R} 

That is, Penjr(Y, R) is the closed subset of L consisting of all points within distance R ofY. 

The translates of the set V are indexed by the points z G Nq. We introduce a trick to simplify the 
presentation below somewhat. By Theorem 14.101 the leaves without holonomy form a dense subset 
of 3Jl. Thus, we can assume the basepoint wq € V corresponds to a leaf Lq without holonomy. 
That is, the covering map Lq -^ Lq is a diffeomorphism. Then each point z G A^o corresponds to a 
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unique point z e A/q , so by an abuse of notation, we can index the holonomy maps hz — h^ and the 
translates Vz = V^ by the points z £ A/q . 

The construction of a nice stable transversal X proceeds by inductively choosing a net in the leaf 
io- The net points ^fc G Lq must satisfy appropriate net and general position conditions, and then 
we let X be the union of the standard transversals X^ = 6(^fe, J^^jF) through these points. The 
procedure for making these choices is rather straightforward, though we utilize the constants and 
estimates from previous sections. These choices ensure that our inductive procedure does not halt 
prematurely, and when complete, satisfies the stability condition. 

We will construct a net in the unbounded complete manifold Lqj so it is necessary to have a "stopping 
criterion" . This is provided by the following remarks. The leaf Lq is dense in COT, so there exists 
i?i > sufficiently large so that Djr{xQ,Ri) = Penjr({a;o}, i?i) contains a plaque from every chart 
in the finite collection {U^ | z e A/q}. 

We now begin the inductive construction oi X = Xi U ■ ■ ■ U Xp^ C OT. Set 

(116) ^^=xo , Si = {^i} , zi = a;o , Ai = {^i} , 6*1 = i^^ = 1 

Define Xi = 6(^i,6'i, V^) C M. Then xq e Xi C il^^. 

Set Mi{xo) ^ XiDLo and Mi{xo) = Il^^{Mi{xo)). 

Note that for ^ 7^ ^' e A^i(xo), ^,C lie in disjoint plaques of Lq, hence djr{£_,^') > 2S^ . It follows 
that A^i(xo) is a net for Lq which is i?i-dense, and whose points are 25^-separated. 

Now let p > 1, and assume we are given: 

(h) Ap = {2:1, . . . , Zp} C A/q such that (j e Bjr{zj,ey/2). 
(iii) 0j = izj for 1 < j < p 
(iv) X,^&{^,,0„£o)ioTl<j<p. 

Then set Xp — Xi U ■ ■ ■ U Xp and A4p = XpO Lq. Assume that 

(v) For all y ^ z e Mp, then dj^(j/, z) > (![. 

For n > 2, to ensure that we obtain a transversal X which is regular and stable, we require two 
additional requirements for the inductive choice of ^p+i, and thus of of Xp^i, which will ensure that 
the n-simplices of the triangulation associated to the nets Ai{x) satisfy uniform distribution and 
stability conditions. 

Let Ajr(A4p) denote the partial leafwise simplicial complex oi Aip. This follows the definition of the 
Delaunay triangulation given previously, but with a key restriction. A (fc + l)-tuple {yo, . . . , yk} C 
Mp defines a fc-simplex A{yo, . . . , yk) £ Ajr{Mp) if there exists uj £ Lq and < r < d'2 such that 
Bj^{uj,r)nXp = and {yo, ■ ■ ■ ,2/fc} C Sjr{uj,r)r]Xp. Even though the net Mp need not be dj-dense, 
we still restrict the inscribed spheres to diameter at most dj. 

Let A(yo, • ■ • , J/n) G Ajr(A/Jp) be an n-simplex, then by Proposition l8.3l the collection of hyperplanes 
{L(i/Q,yi) I 1 < i < ri} in DjriijQ, \jr) have non-trivial intersection; 

(117) w(yo,-- •,?/«) ^ L{yo,yi)r\---nL{yo,yn) 

The point a;(j/o, ■•-,?/«) G Lo is the center of the associated inscribed closed disk with radius 
r{yo,...,yn) = djr{y^,uj{yo, . . . ,yn)) for all < £ < n. 

The transversal Xp is then assumed to satisfy: 

(vi) For all A{yo,...,y„) £ A^'^(Xp) and ^ E Mp - {yo, ... ,yn}, 

(118) djr{S„uj{yo,...,yn)) > r(yo, ■ • ■ ,2/n) + eiAJr 
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In particular, this implies that A-^ (A^p) is empty. 

Introduce the constant Rp > which is the largest radius R such that 

(119) B^{xo,R)(lPcn^{Mp,4) = [j D^{z,4) 

zeMp 

In particular, Bjr[xa,d2) = Pcnjr(zi,d2) C PenjF(A^p, ^2)5 so Rp > ^'2'. If no maximum exists, that 
is Penjr(A^p, ^2 ) = Lq, then the inductive process terminates. 

Assume that Rp < 00, then by the definition of Rp we can choose 

(120) e;+i G D^{xn,Rp + di/2) n {Pcn^{Mp, 4') - Pen^(Xp, <)} 
This choice guarantees that djr[^'^-^^, z) > d" for all z G M.p. 

The requirement that ^'^j^ G Djr{xo,Rp + di/2) is made so that the next point added to Aip is 
"almost as close as possible" to xq e Lq. This procedure also makes it obvious that the induction 
terminates in a finite number of steps. 

Next, choose Zp+i e JVq n i3jr(^p^i, eJ/2), which is possible by the assumption that A/q is a net 
which is e|J/2-dense. Set 6'p+i 



2p + l- 



It remains to modify the choice of ^^^^ to a point ^p+i G i?jr(^p^-^, A5r/200) satisfying the inductive 
conditions defined below. 

Consider the disk Djr{^j^_^^^,4:d2) C i3jr(f^^-^, A^r) C i?jr(f^^-^, Ajr). Introduce the set 

(121) rt{ep+i) = DAep+iAd2)nMp 

Since the points of A^p are d'j^-separated, and ^2 = Sdi, the metric conditions ((78H80)) and a standard 
volume estimate yields that the cardinality of r2(^'^]^) is at most 10". 

Let 5^^"H^p+i) C Aj^'{M.p) be the subset of all n-simplices whose vertices are contained in il(^'_|_]^). 
The cardinality of the set fl^'^'' {£,'+1) is thus bounded above by the constant C„ defined in 



P+i 

For each n-simplex A(yo, ■ • ■ , Vn) & ^^"H'?p+i) recall that uj{yo, ■ ■ ■ , Vn) & -C>jr(^p+i, 4^2) denotes the 
center of the inscribed sphere for its vertices, so {yo, . . . , y„} C Sjr{uj{yo, . . . , y„), r(j/o, ■ • ■ , yn))- 

For each n-simplex A(yo, • ■ • , J/n) G ^ (Cp+i) ^^id constant k > 0, form the annular region 

Ajr (yo, . . . , 2/„; k) = Penjr(5jc-(tj(yo, ■ • ■ , y„), r(yo, ■ • ■ , 2/n)), t) 

LEMMA 14.2. Let k = 2eiA5r. Then for an n-simplex A(yo, ■ • •,?/«) G ^'"H'fp+i). 

(122) Vol^ A^ (2/0, . . . , y„; k) < 200 • 2" ei(A^/5)" 

Proo/. Let $„ be the constant such that Vols L'e-.(s) = $„s". Note that (%/2)" < $„ < 2". 
By the condition (|80l) for < s < AJr < Xeo we have 

|$„s" - Vol^ D:p {uj{yo, . . . , j/„),s)| < eo • s" < ^o • (A^)" 
Hence, we have 
Vol^ Ajr{yo,...,yn;K) 

= \Vo\jr Djr {uj{yo, . . . ,yn),r{yo, . . . ,yn) + k) - Vol^ Djr {uj{yo, . . . ,yn),r{yo, ■ ■ ■ ,yn) ~ k)\ 
< $„ • {(r(yo, . . . , y„) + ^r - (riyo, • • ■ , 2/„) - «:)"} + 2eo(A»" 

Given k = '2eiX*p with 20nei < 1, and AJr/lO < ?' < A^/5, elementary estimates yield 
{{r + k)" - {r - k)'"} = r" •{(l + K/r)"-(r-K/r)"} 

< r" • {(exp(nK/r) — exp(— n/i/r)} 

< (A>/5)" • {(exp(20n £1) - exp(-20n ei)} 

< 100n£i(A>/5)" 
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Combining these estimates and ((85|). we obtain 

Vol^ Ajr (yo, . . . , 2/„, t) < $„ • {(r(yo, . . . , y„) + «)" - (r(2/o, ■ • ■ , Vn) - t)"} + 2£o(A3r)" 

< {$„-100n£i+2-5"eo}(A>-/5)" 

< {2" • lOOn £1 + 2 • 5" £o}(A5./5)" 

(123) < 200n-2" £i(A>/5)" D 

The total volume of all such annular regions intersecting _Djr(^^^^, AJr/lOO) is bounded above by 

C„- 20071 -2" £i(A>/5)" 
We also have the estimate of the leafwise volume of the disk 

|$„ • (A>/200)" - Vol^ i?^(e;+i, A>/200)| < e^ ■ (A>/200)" = (£o/2") • (A>/100)" 
so that 

(124) Vol^i?^(e;+i,A>/200) > $„ • (A>/200)" - £0 • (A>/200)" > (1/40)" • (A>/5)" 

Now, given £i = 1/(C„ • lOOOn • 100") by ^, it follows that 

(125) C„ • 200n • 2" £i • (A>/5)" < ^ • 1/40" • (A>/5)" 

Thus, the total volume of all annular regions intersecting Djr{^' j^^^\*jr/2Q{)) is less than 1/4 of its 
volume. Therefore, if we choose ^p+i G Bjr[^'^_^-^^X*jr/2QQ) which lies outside of this union of annular 
regions, then it will satisfy the restricted condition: 

(vi') For ah A(yo, ■ • ■ , y„) e ^P {Mp) 

(126) (i^(^p+i,w(yo,---,2/n)) > r(yo, • • ■ , yn) + 2£iA3r 

Next, it is necessary to show condition (I126P holds for all nets M.p{y), and not just for Mp. To 
establish that this general condition holds, we must choose ^p+i to also satisfy a robustness condition, 
which is the point of the following additional restriction. 

For 1 < fc < "-, let {yoi ■ • • tVu} C ^{Sfpj^i) be a collection of distinct points with j/j. G X^^, where 
io < ■ ■ ■ < ik < P- 

Let u = {ui, . . . , Un} C Ty^T be an orthonormal frame, and (p^ ^: D{X'^) -^ Djr(ii]^^ AJr) C Lq the 
corresponding geodesic coordinates. Define yj — {(p^ ')~^{yj) for < j < k + 1. Note that yk = 0. 

Let Span(2/o, . . . , yfe) C M" be the linear submanifold through the origin of dimension k which they 
span. Then define a submanifold of Djr{^p_^^j^,\^/200), 

(127) H{yo, . . . ,yfe;C;+i) = <,s{Span(yo, . • . ,yfe) n D{2d2)} D i?^(^;+i, A>/200) 

which has diameter at most AJr/lOO, and thus has {n — l)-volume bounded above by (AJr/lOO)"^^. 
Form the 2£2A3r-thickening of H{yo, ■ ■ ■ ,yk; Cp+i), 

(128) 5(yn, . . . ,yfc;^;+i,2£2A» = Pen^(i/(yo, ■ • . ,yfe;^;+i), 2£2A^) n i?^(^;+i, A>/200) 



Then by the estimate (|8ip and £o < £2, its volume is bounded above by 

(129) 4(£2A^) • (A>/100)"-i + £o(A>/100)" < 5(£2A» • (A>/100)"-i 

The total number of such submanifolds H{yQ, . . . ,yk',Cp+i) in ^J^('?p+i 14(^2) is bounded above by 
the constant C„ from ((84| . hence the total volume of all such sets which intersect Dj^i^L+i, A5r/200) 
is thus bounded above by 

(130) C„ . 5(£2A» . (A>/100)"-i = ^" ' ^^c^^. 2000^1^^^^^'' ^ \ ' '/^"" ' ^^*^'^^^ 
where we use the definition of £2 in 
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Thus, the total volume of all slabs intersecting Djr(^^'^^ A5r/200) is less than 1/4 of its volume, so 
we may choose £,p+i € i3jF(Cp+i, A5r/200) which is disjoint from the union of all annular and slab 
regions introduced above. Then set: 



• 2p+i = {^1, . . . ,Cp+i} C Lq^ Ap+1 = {zi, . . . ,Zp+i} c A/q 

• Xp+i = (3(^p+i, 0p+i, £o) , Xp^i = Xi Li ■ ■ ■ Li Xp Li Xpj^i 

• Mp+i = Xpj^i n Lq 

Now proceed in this manner until for p = p* we have Penjr(A^p^ , ^2 ) — Lq. Then set 

X = Xp, =XiU---UXp, , S = Sp. , M= Mp, =Xr]Lo 
We also set M{x) = L^ H X and Mp{x) = L^HXp. 

By previous remarks, the transversal X is invariant, as it is the union of holonomy invariant sections 
of the form &{£,p,0p,io)- The proof that X is uniform follows from Lemmas 114.31 and 114.41 below. 

LEMMA 14.3. For all x e M and y ^ z e M{x) we have djr{y,z) > .114 • AJr > d[. 

Proof. Let y ^ z Cz M{x). Then by definition, there exists £,i,S.j G Sp^ for 1 < i,j < p* such that 
y £ &{£,i,9i,£Q)r\Lx and z E & {£,j ,6j,£Q)nLx- Without loss of generality we can assume that i > j- 

If z ^ Voi (y) then djr{y, z) > S^ > A^r > d'(. Thus, we may assume that z e Vsi (y), so i > j. 
Set y' = &{(,,9,,£o)nreM^) = 6 and set z' = 6{^j,9,Jo)nreM^)- 

Then d^(y', z') > d'{ - X*jr/20Q ^ .115 • A^ by the choice of C- satisfying ^20]) and the choice of Ci- 
Apply Lemma FlS.SI for the pairs {y, z} and {y', z'} and note that 2£o < 1/1000 to obtain 

(131) djr{y, z) > djr{y', z') - 2eo ■ A> > .115 • A> - .001 • A;;. = .114 • A;;. 

Thus, for aU .t e 9Jt the net M{x) is (.114 • A5r)-separated. D 

LEMMA 14.4. For a; e 931, and y e L^ there exists z e M{x) such that djr{y, z) < .181 • X*jr < d[. 

Proof. For x eDJl,\et y e L^. Let 1 < z < p* be such that y G ilg° and thus y = Ve, {y) r\&{y,9i,£o). 

Choose C ^XiDLo and set y' = Ve, (C) n ©(?/, 6*,, 4) e Lq- 

We are given that Penjr(A^, ^2) = La, so there exists ^ e A^ such that djr{y' , ^) < dj = .118 • A^r. 

By definition of A^, there exists ^j E S for some I < j < p* such that ^ = Ve^ {£,) D &{£,j, 9i, £q). 

Then let z — Ve-iy) n &{£,j,9i,£o) G A4{x), and apply Lemma [13.31 for the pairs {y,z} and {y\£,} 
to obtain 

(132) d^{y,z) < d^(y',C) + 2eoA><4' + .001-A> = .181-A> 

Thus, for all X eM the net M{x) is .181 • A3r-dense. D 

15. Proof of stability 

It remains to show that the transversal X is regular and stable. These properties are at the heart 
of the construction of the transverse foliation "H from a Delaunay triangulation in the proof of 
Proposition 19. 21 At first inspection, stability of simplices for a Delaunay triangulation associated to 
a net Ai{x) seems to be intuitively clear, and in fact this is basically correct for dimension n < 2. 
The difficulty is that for n > 2, as a; varies, the "small variations" of the points oi A4{x) may result 
in an abrupt change in the Delaunay simplicial structure, if any face of a Voronoi cell has too small 
of a diameter relative to the size of the variation. Propositions 115.11 115.21 and 115.51 which follow, 
show this does not happen for the nets defined by the section X. 
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We first establish some notation used in the demonstrations. Let A{yo, ■ ■ ■ ,yn) G A-^ (X). By 
permuting the order of the vertices, we can assume that there exists 1 < iq < ii < ■ ■ ■ < in < p* 
and points ^i^ e Sp. C Lq such that yk = Xi^ n Ve,^ (2/„). 

For Xn € Xi^ C iig° let 7^n(x„) = Ve- (x„) denote the plaque containing Xn in the chart ipi^. 

Set Xk — Xi^ n Vnixn) for < fe < n. We must show that A(a;o, . . . ,x„) G A3^'(A:'). The proof of 
this proceeds in three steps. 

The first step is to show that the robustness condition is stable. Recall that robustness for a set 
of vectors {uq, . . . ,Wm} was defined in Definition 110.51 and in Proposition 111.31 we showed that 
robustness is stable under perturbations of sets of vectors. Definition 113.61 defined robustness for 
a set of points {y^, . . . ,ym} in a leaf, and in Proposition 113.71 this condition was shown to imply 
robustness for the corresponding set of vectors defined by a geodesic coordinates. The following 
result shows that robustness for a set of points in a leaf is stable under transverse translation of the 
set to nearby leaves. The proof of this uses all of the previous methods as cited, and is probably the 
most subtle technical result of this Appendix. The conclusion is fundamental for the proof of the 
subsequent two results which establish that X is stable. Propositions 115.2] and [TsTSl 

Note that the proof below uses an induction procedure which invokes Proposition 113.71 repeatedly, 
and the constants defined by (189]) and the inequalities ([90|) defining £4. As promised earlier, for 
1 < i < n, introduce the scaled constants p^ — p^A^r/lO and p'^ = p^AJr/lO. 

PROPOSITION 15.1. For all a;„ e Xi^, the collection {xq, ■.■,Xn} is ie2X*jr/2-robust. 

Proof. We proceed via induction on 1 < to < n. Note that po = 18e2A5r/10. 

The first step of the induction, jn = 1, is trivial. Given {xo,xi} C Vn{0 as above, with xi € Xi^ 
and io ^ ii then djr{xi,xo) > d[ by Lemma [14.31 and d[ > 2e2Xjr > pa > Pi hence {xo,xi} is 
pi-robust. 

We make an inductive hypothesis which is uniform for all simplices. That is, for fixed m < n, 
assume that for all A{yo, . . . , j/n) G A^^ {X), then for all subsets of points {xq, . . . , Xm} defined for 
Xn € Xi^ as above, the set {xq, . . . , Xm} is Pm-robust. We then show that each transverse translate 
of {2/0, ■ • ■ , 2/m+i} is pm+i-robust. 

Consider first the case z^+i — S,i^^^ & ^i^+n and set Zk = Xi^ n 'Pn(Ci„+i) for < j < n. By the 
inductive hypothesis, the set {zq, . . . , z„i\ is p„i-robust. We verify the conditions of Definition 113.61 
for the vertex, Zm+i- The point ^i,„^i was chosen to that it lies outside of all 2e2A5r-neighborhoods 
as defined in (|128p of the images under the exponential map of affine subspaces spanned by local 
collections of at most n + 1 points. It follows, in particular, that the distance from S,i^^-^ to the 
submanifold H{zq, . . . , z^; Zm) in Definition 113.61 3 is at least 2e2X*jr > Pm- Thus, {zq, . . . , Zm+i} is 
also pm-robust. 

Note that d'l < djr{zj , zu) for < j 7^ fc < n by Lemma [14. 31 We are given A(yo, ■ ■ ■ ,yn) & Aj? {X) 
which implies that the vertices {yo, . . . ,yn} admit an inscribed sphere, which must have radius at 
most .181 • A^r by Lemma [14.41 Thus, djr{yj^yk) < .362 • AJr. The map (j)y^,z„ is an eo^^r-isometry 
by Lemma [T5?31 so djr{zj,Zk) < .362 ■ X*jr + eo ■ X*jr < .380 • AJr = 2^2- It follows that the set of points 
{zq, . . . , Zn} satisfy the hypotheses of Proposition 113.71 for ei = d'l, £2 — d'2, and p = /?„. 

For simplicity, set ( ~ Zm+i, and choose an orthonormal frame u of T^J^. Then for < j < m, 
let Zj = (yj? g)^^(zj) for the geodesic coordinates ffq- D{X'^) -^ Djr{(^,X'^). Then the collection 
{zq, . . . , z,n+i} C M" is p J„-robust by Proposition 113.71 and the choice of £4 in ([90|) . 

The robustness for the set {zq, . . . , Zm+i} is used to show it for {xq, . . . , x^+i}- Set C = Xm+i, then 
by Proposition 113.41 there exists an orthonormal framing v of T^'J^ so that the composition 

is £4A5r-close to the identity. Set Wj — (ip^, g)^^{xk) — *^,^'(zj), then \\wj — Zj\\ < e4X'^. 
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The set {wi, . . . ,Wm+i} satisfies the hypotheses of Proposition II 1 .31 for ei = di, 62 = ^2, e = £4-^5^ 
and p = p'^. Therefore, {wi, . . . , Wm+i} is {pm+i + £2A3r/1000)-robust. 

Finahy, by Leniina ll3.2l the geodesic map ipf, - is an eo-^j^-isometry, hence the distance from Xm+i to 
the submanifold H{xo, . . . , Xm', Xm) in Definition 1 13. 61 3 is at least pm+i+e2A5r/1000 — eo^Jr > Pm+i- 

This completes the inductive step. It remains to note that p„ > 3£2A5r/2 by definition (15^ . D 

The next step towards showing that X is regular and stable is to show: 

PROPOSITION 15.2. For all a;„ G <^i„j there exists lo{xq^ . . . ,Xn) S 'Pn(2:n) and r{xo, ■ ■ ■ ,Xn) 
such that 

(133) {xo,...,Xn} C Sjr{u>{xo,...,Xn),r{xo,...,Xn)) n M{Xn) 

Moreover, the center satisfies, for £3 defined by |($7p , 

(134) djr{uj{xo, . . . ,Xn),uj'{yQ, ■ . ■ ,yn)) < £3A3r/2 

where uj'^yo, . . . , 2/„) — 0i^(2/„,x„)(aj(yo, • ■ • , J/n)) is the translate for the center of the inscribed sphere 
for the n-simplex A(yo, • • ■ ,yn) G A^ (A"). In particular, this implies 

(135) I r{xo, ...,Xn)- r{yo, ■■■,yn)\ < £3>'*jr/2 + 2eo\*jr < e3\*jr 

Proof. By rearranging the order of the vertices if necessary, we may assume that there are indices 
io < ii < ■ ■ ■ < in < p* and points ^ij. G 5p^ C Lq such that y^ = Xi^ n 'Pn(j/n) for < fc < n. 

Let oj = uj{yo, . . . ,yn) G Vn{yn) denote the center of the inscribed sphere for {yo,---,yn}, and 
let r(j/o, ■ • ■ ,2/n) denote its radius. Then d[/2 < r(j/o, • ■ • , ?/«) < '^2 as ^A{yn) is d2"dense and 
d'j^-separated. Note that this implies {j/o, ■ • ■ , J/n, 1^} C D{yn, \*jr/2). 

By Proposition ll5.1[ the set {xq, . . . ,x„} C Vnixn) is /0„-robust. 

Let 4>i^[yn-,Xn): Vnijjn) -^ Vnixn) bc the transverse transport map for the chart ipi^. 

Let w' (2/0 , • ■ • , J/n ) = (t>i,Ayn-,Xn){i^) denote the translation of w (yo , • ■ • , 2/n ) to T'™ (x„ ) . 

For < j' < ", we have the radius equalities djr(yj,uj) — r(yQ, . . . ,yn), hence by Lemma 113.31 

(136) r(yo,---,yn) -2£oA3r < djr{xj,uj'{ya,. . . ,yn)) < r{yo, . . . ,yn) + 2eoX}r 

Note that xi is the transverse transport of yi for the coordinate system ipi^, while uj'lyo, . . . , y„) is 
the transport of uj{yo, . . . , y„) for the coordinate system ipi^ and ii 7^ i„. Thus, we must use (|94p in 
place of the sharper estimate (|95|) . Similarly, for < j 7^ fc < n, we have 

(137) d[ < djr{xj,xk) < 2d2 + 2eoX*jr < d2 

It follows that we also have {xq, . . . , a;„, w'(yo, • ■ • , J/n)} C D{xn, X^/5). 

The first step is to construct an inscribed sphere with center l3{vo, . . . , w„) for the linearized problem 
in the tangent space T^^IF , and then modify the construction to obtain an inscribed sphere with 
center lo{xq, . . . , x„) € Vn{xn) for the leafwise metric. 

Choose ^ e 7'n(a;n) so that {xq,. . . ,Xn,uj'{yo, ■ ■ ■ ,yn)} C i?jr(^, 2^2). Let u = {ui, . . . ,u„} C T^T 
be an orthonormal frame, with corresponding geodesic coordinates (p^ - about ^. 

Set Vk — [fl s)^^(^fc) for < fc < n, then {wq, • ■ • , Wn} C M" is p'„^]^-robust by Proposition ll3.7l 

Now set io'iyn, • ■ • , J/n) = (</?? 5j)^^('^'(2^0' • • • ' ?/«))• Then by Lemma [13.21 and (|136p we have 

(138) r(2/o,---,J/n) -3£oA3r < ||wj - a;'(j/o, • . • , j/n)|| < ^(j/o, • ■ • ,J/n) + 3£oA3r 
while (|137p implies, ioi < j ^ k < n, 

(139) di<d[^eoX*jr < \\vj - Vk\\ < 2^ + 3£oA5r < 2^2 
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We can thus apply Proposition 111.21 for ei = di, 62 = ^2 — 2di, p = p'^j^i > 3e2A5r/2 and 
Ci = SeoAJr to conclude that there exists an inscribed sphere S{uj{vo, . . . , w„), r{vo, . . . , t/„)) C ^'(AJr) 
such that 

||c.(^o, . . . , C-n) - ^'{yo, . . . , y„)ll < 3eo • {n3/2(2d2)"-V(3e2A>/2)"-i} • A> 

(140) < 3eo • {n3/2 . (4/15£2)""' } • A^ 

That is, the vector w('yo, • • • ,^n) is a solution of the linearized problem of finding the center of an 
inscribed sphere, and (|140l) estimates the Euclidean distance to the translated center. 

The task now is to convert this approximate answer to a solution for the leafwise metric. Let d denote 
the distance function on _D(A3r) induced from djr by ffq'- D{\*jr/2) — > L^. Then by Lemma [13.21 

(141) \d{a,h)~\\d~h\\\<eQ\*jr , for ah a, 6 e i)(A>/2) 

Introduce the equidistant submanifolds for the metric d, 

(142) n{vj,Vk) = {ze D{X*^/2) I d{z,v^) = d(z,4)} 
and the "thickened" equidistant sets for the leafwise metric, for e > 0, 

(143) nivj,vk;e) = {ze D{\*^/2) \ -e < d{z,Vj) - d{z,vk) < e} 

(144) B{vo,...,Vn;e) ^n{vo,Vn;e)r\ • • • n 'H(w„_i, w„; e) 

Then (I136|) implies the translation uj {yo, . . . , j/„) e B{vo^ . . . , u„; 4eoA3r), so this set is not empty. 
The key idea is to obtain a bound for its diameter, from which the proof of Proposition llS. 21 follows. 
To this end, define the set of approximate solutions of the linearized problem by 

(145) B{vo,...,v^;e) = {zeD{X*^/2) \ -e < ||z - t7j|| - ||z - t/„|| <e, < j < n} 
Note that the actual solution satisfies w(wo, • • • , Vn) G B{vq, . . . , -?„; e) for all e > 0. 

LEMMA 15.3. B{vq, . . . , ?7„; e) C B{vo, . . . , u„; e + 4£oA» 

Proof. Using piT|) for z e L'(A;5r/2), we have that 

(146) \{\\z~v,\\-\\z-Vk\\)\-2eoX*^ < \diz,v,) - d{z,Vk)\ < \{\\z- v,\\ - \\z- Vk\\)\ + 2eoX*^ 
and the claim follows. D 

Thus, we now have oj'{yo, ■ • • , Un) G B{vo, . . . , u„; 4£oA3r) C B{vo, . . . , w„; SsqA^t). 
LEMMA 15.4. Let z£ B{vo,. . . ,Vn;&eQX*jr), then 

(147) \\z~uj{vo,...,v„)\\ < 32£o -{ri'/'- (4/1562)""'} -A^ 

Proof. Using the notation of Propositions 111.11 and 111.21 with Vj in place of Zj and z in place of a;, 
and ei = di, 62 = ^2 = 2cii, p = 'p'n+i > 'i£iX*-pl2 and C\ — SeoAJr, then C = z — uj{vq, . . . , u„) is a 
solution of the matrix inequality 

(148) V • C e B(0, 2 V^ • d2 ■ 8£oX*jr) 

Then by dM]), we have the estimate ||V-i|| < n ■ (2d2)""V^i(3£2A5r/2)"-i which yields 
\\z~u:ivo,...,Vn)\\ < {n-(2d2)"~Vrfi(3e2A>/2)"-i}-{2V^-d2-8eoA>} 
< eo- {32^3/2. (4/15e2)"-i}-A> 

where we use that di = AJr/lO and ^2 = 2A3r/10 to simphfy, yielding (|147p . D 
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It follows from Lemmas 115.31 and 115.41 that the closed set B{vo, . . . , w„; AeqX'^) is bounded, and is 
non-empty as uj'{yo, • • • , Vn) G l3{vo, . . . , Vn', 4eoA5r). Thus, the intersection 

(149) Oj{vo,...,Vn) = 'H{vQ,Vn) H •• • n'H{Vn-l,Vn) C B{va, . . . , Vn, 4eoX*jr) 

is non-empty by transversality of the submanifolds H(wj, v„). Moreover, (jl47p implies that 

(150) \\w{vo,...,Vn)-Lo{vo,...,Vn)\\ < 32£o •{«'/'• (4/15e2)""' }• A^ 
Combine this with the estimate ()140p to obtain 

(151) Mvo,...,Vn)~i2'{yo,...,yn)\\ < 35£o •{n-'^/'- (4/1562)"-^} -A^ 
Then set 

(152) uj{xo,...,Xn) = V5|jj(a;(wo,...,u„)) , r{xo,...,Xn) = djr{xo,u>{xo, . . . ,Xn)) 
so we have {a;o, . . . , Xn} C Sjr{uj{xo, . . . , a;„), r{xQ, . . . , x„)) as desired. 

Recall that u!'{yo, . . . , ?/„)) = (/3? Q{u}'{yo, . . . , 2/„)), then by Lemma [13.21 we have 

(153) d^{io{xQ,...,x„),Lj'iyo,...,yn)) < eo • {l + 35n3/2 . (4/15£2)"''} • A> < e3A>/2 

where the bound by e3X'^/2 follows from (|91l) . 
Finally, the estimate (|135p follows from 

\r{xo,...,x„) -r{yo,...,yn) \ = \djr{xn,uj{xo, . . . ,Xn)) - d^(2/„, w(yo, ■ • ■ , J/n)) | 

< \djr{xn,uj{xo,...,Xn)) - djr(x„ , a;'(2/o, ■ • ■ , i/n)) I +2eoA3r 

< \djr{uj{xo,.-.,Xr,),uj'{yo,...,yn))\ + 2enX*jr 

< e3A>/2 + 2eoA> < £3A> 

This completes the proof of Proposition 115.21 D 



We have now established that for A{yo, . . . , y„) g A^^(A'), if {a;o, . . . , x„} is a transverse translate 
of the set {yo, . . . , y„}, then {xq, . . . , x„} is p„ > 3e2/2 robust and admits an inscribed sphere whose 
radius varies according to the estimate (I134p . It remains to show that X is stable. 

PROPOSITION 15.5. Let A(yo, • ■ • , yn) e A^^(A'). Assume given 1 < io < ii < • • • < i„ < p, 
and£,i^ G Sp, C Lq such that yk = Xi^ n7'e,„(2/n)- Then for all Xn G A'i^, A(a;o,. . . ,x„) S A)?'' (A"). 

Proof. Let u;(?/Oj ■ • • j 2/ri) G ^ri(j/n) be the center of the inscribed sphere of radius r(j/o, • • ■ , y-n)- Then 
it is given that for all ^ e 7W(y„) ~ {yo, . . . , 2/«} we have that djr{^, uj{yQ, ..., y„)) > r(yo, • • ■ , ?/«)• 

We must show that the inscribed sphere for the set {xq, . . . , a;„} obtained in Proposition 115.21 with 
center uj{xo, . . . , x„) and radius r{xQ, . . . , a;„), contains no points of X in its interior. That is, we 
must show that 

(154) djr{^\uj{xo,...,Xn) > r{xo,...,Xn) for all ^ e M{xn) - {xo,...,Xn} 

Let n < m < pt, he the largest m such that the condition (|154p holds for all A(yo, . . . , y„) € A-^ (X) 
with in < m. If TO = p* then we are done, so assume that m < p^ and we show this leads to a 
contradiction. So we assume that we are given a simplex A(yo, . . . , yn) with i„ = to, + 1, such that 
there is some a;„ e Xi^ and ^' e M{xn) — {xq, . • ■ , a;™} for which (|154p fails. 

First, consider the case where there exists ^' G A^(a;„) — {xq, . . . , a;„} such that 

(155) djr{^\ cj(a;o, ■■■,Xn) < r{xo, . . . , x„) - 2£3A3r 
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Let 1 < q < p^ be such that £.' G Xq and set ^ ^ &{C, Oi^,£o) n T'nlyn) G 7W(y„). Then 

dj^{(„^{yo,---,y7i)) < djr{(^',uj'{yo,...,yn)) + 2eQX*jr by Lemma USJI 

< d^(C',w(xo,...,x„))+2eoA> + £3A>/2 by ([131 

< r(a;o,-.-,a;„) + 2eoA> + e3A>/2-2e3A> by (USSD 

< r(yo, . . . , y„) - 3e3A>/2 + 2£oA> + (2eo + e3/2)A^ by dUS]) 

< r{yo,...,yn) + i2eo-e3)\*jr <r{yo,...,yn) by dHT]) 

which contradicts the hypothesis that A(yo, ■ • ■ ,2/n) € A^^ (A"). Thus, we may assume that 

(156) r{xo,...,Xn) - 2e3X*jr < djr{(^' ,uj{xo, . . . ,Xn)) < r(a;o, . . . ,x„) 

Let 1 < q < Ph. be the least such q such that there exists a;„ € A^^ and (|156p holds for ^' G Ag. Note 
that q y^ ik for < A: < n, and Xq = ©(Cq, ^i , ^o) for some ^^ G S, so that ^' = &{£,q, Si , ^o)l^'^n(2;n)- 

We now use that ^^ was chosen inductively to avoid the annular 2eiA5r-thickening of the inscribed 
sphere for each n-simplex in il(")(A^(^g)). 

First, we assume that q > i„. For this subcase, we transfer the problem to the plaque Vni^.q)- 
Set Zk — Xi^ n Pni^q) for < k < n. Note that that {zq, . . . , z„} admits an inscribed sphere by 
Proposition 1 1 5 . 2l with center uj{zq, . . . , z„) which satisfies 

(157) djr{uj{zo, . . . , Zn),uj'(yo, . . . ,yn)) < e3X*jr/2 

where uj'{ yo,.. . , 2/„) = (/'i„ (y„, z„)(a;(yo, • ■ • , 2/n))- Let r(zo, . . . , 2;„) denote the radius of the sphere, 
which by (|135p satisfies 

(158) '^(2/o,---,2/«) -e3A> < r{zo,...,zo) < r(yo, • • ■ , yn) + £3 A> 

We claim that A{zq, . . . ,Zn) G A^''(A'j_j_j). If not, then there exists 77' G Xi^-^ nVn{zn) with 
djr(r]' ,uj(zq, . . . , Zn)) < r(zo, . . . , 2:„). This contradicts the minimality of the choice of q above. 
Thus, as S^q was chosen to satisfy the inequality p26p . we have the estimate 

(159) djr{£,q,uj{zo,...,Zn)) > r{zQ,...,zo) + 2eiX*jr 

On the other hand, x„ was chosen so that for the inscribed sphere with center u){xg, . . . ,x„) and 
radius r{xQ, . . . , a;„) we have the inequality (|156p above. 

Apply Proposition 115.21 to the cases x„ G Xi^ and also z„ G Xi^ to obtain the estimates (|135p for 
both. Together, they imply 

(160) r{xo,-.-,Xn) -2e3X*jr < r{zQ,...,Zn) < r{xo, . . . ,Xn) + 2e3X*jr 
Also, ([T56)) and (fTBO]) imply 

(161) djr(C',w(a;o,.. .,a;„)) - 2e3A5r < r(a;o,...,a:„) - 2e3A3r < r(zo,...,z„) 
which for a;'(a;o, . . . ,a;„) = </)»„ (a:„, z„)(w(a;o, . . . ,a;„)) yields 

(162) djF(<^q,w'(a;o,. ..,a;„)) < r{zo, . . . , Zn) + 2e3X*jr + eoX*jr 
and thus by (|157p and its corresponding version for Xn yields 

dr{£,q,Oj{zo, ■ . ■ , Zn)) < djr(£,q,Oj'(xo, ..., Xn)) + djr{uj'{xQ, ..., X^), w(zo, . . . , Z^)) 

< (r(zo, ...,zn) + (2£3A> + eoA» + (e3A> + 2£oA» 

(163) < r(zo,...,z„) + 4e3A> 

which by the choice 63 < ei/2 in ([87]) contradicts (|159p . Thus, the case g > i„ is not possible. 

Finally, consider the case where q < in- That is, the smallest q such that there exists Xn G Xi^ and 
(|156p holds for some £,' G Xq occurs for q < in- This means that in the process of constructing X, we 
have chosen a point ^q which has distance greater than 2eiA5r from all previously inscribed spheres 
for the net Mq^i, but when we add the point £,i^ the Delaunay triangulation A^ (A^^^) abruptly 
changes on some leaves. The translates of S.i„ are contained both inside and outside of inscribed 
spheres, as the translates of ^^ also wander inside and outside. We show this is impossible, due to 
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the choice of ei and of the constants £3 and £4 which control how much the centers of inscribed 
spheres "wander" for transverse variation at most r* . 

Recall, we assume there is given A(j/o, • • • , Vn) G Aj^' {X) and a;„ e A^,^ such that the transverse 
translate {xq, . . . , Xn} of the set {yo, ■ ■ ■ , yn} is Pn > 3£2/2 robust. Thus by Proposition II 5 . 2l there 
is an inscribed sphere with center w(xo, ■ ■ ■ ,Xn) and radius r(xo, . . . ,Xn) which satisfy 

(164) djr{uj{xo, ■ ■ ■ ,Xn),uj'{yo, ■ ■ ■ ,y,i)) < e3A>/2 

(165) I r{xo, . . . , x„) - r{yo, ..., y„) | < £3A3r 

where uj'{yo, . . . ,yn) = (/)i„ (yn,a;„)(u;(2/o, ■ • • , ?/«)) is the translate for the center of the inscribed 
sphere for the n-simplex A(yo, • • ■ ,2/n) G Aj^'{X). There is also given 1 < g < i„ so that the 
translate ^' — XqCi Vn{xn) G M{xn) satisfies (|156p . 

(166) r(xo, . . . , Xn) - 2£3A5r < djr{^' , uj{xq, . . . , x„)) < r{xo, . • • , a;„) 

Let {xg, . . . , x'^} = {xq, . . . , Xn-i,C} denote a reordering of the set so that x'^. — Xi> n Vnixn) for 
Q <k <n with 1 < ip < • • • < ij^ < p*. Then these points satisfy, for < fc < n, 

(167) r[xi^,...,Xn) - 2£3A5r < rfjr(a:J,, w(xo, . . . ,x„)) < ^(xo, • ■ ■ ,a;„) 

The proof of Proposition ! 1 5 . ll applicd to the set {xq, . . . , x'^} yields that the collection is p„-robust, so 
admits an inscribed sphere by Proposition 1 15.21 with center u){x'q, . . . , a;^) and radius t^x'q^ . . . , a;^). 
From the proof of Proposition II 5. 2[ we have the estimates 

(168) djr{uj{x'f^,...,x'^),uj{xQ,...,Xn)) < SS^jr/^ 

(169) I r{x'(f, ...,x'„)- r{xo, . . . , a:„) | < £3A> 
Thus, combining (|168p and p69p . for (' = a;„, we obtain 

(170) d^C^ix'o, ■■■,<)) < r(x[„...,<) + 3£3A>/2 

Now let ( — S,i,^ £ Xi^. The last step is to translate the points {xq, . . . ,x'^} to the plaque 7^n(C)i to 
obtain points z'f. = A",' n 7^n(C)- Then {zg, . . . , z^} is p^-robust by Proposition ll5.11 and admits an 
inscribed sphere with center uj{zq, . . . , z'^) and radius r(zg, . . . , z^) by Proposition 115.21 Moreover, 
this center and radius satisfy 

(171) d^(w(z^,...,z;),w'(4,...,x;)) < £3A>/2 

(172) |r(z^,...,z:j-r(x;„...,<)|<£3A> 
Combining PTO)) . (fTTTj) and P7^ . we obtain 

f^.F(C, w(zo, . . . , O) < d^(C, a;'(a;^, . . . , x^)) + djr{uj'{x'Q, ..., x'J,uj{zo, ..., z'J) 

< dAC, u;ix'o, . . . , x'J) + 2£oA> + £3A>/2 

< rix'o, . . . , xlJ + 3£3A>/2 + 2£oA> + £3A>/2 

< r(4, ...,z'J + £3A^ + 3£3A>/2 + 2£oA> + £3A>/2 

(173) < r(z^,...,z;) + 4£3A> + 2£oA> 

By the choice of £3 in ([57)1 we have 4£3 + 2£o < 2£i, so that (|173p contradicts the choice oi ( = ^i„ 
to satisfy 

djr{(, w(zo, . . . , z,'J) > r(zo, . . . , z^) + 2£iA> 
Thus, the case q < in again leads to a contraction. This completes the proof of Proposition ll5.5l D 
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16. Big Box Lemma 

We recall the statement that we prove. Let Lq C 9Jt be a leaf, and K C L a, connected compact 
subset of the holonomy covermg 11: Lq — >■ Lq, and set K = ^{K). We assume that X is a union 
of plaques for convenience. Assume also that the restriction of the covering map, II: K —^ Lq, is 
an injection. It follows that for a basepoint xq e A/a- = K OAfo, there are no closed paths with 
non-trivial holonomy based at xq. Thus, we can identify the points Mk with the finite set K n A/o 
as in Section [HI In particular, Mk is finite. Define the constant 

(174) Ej^ = mm{djr{x, y) \ x ^ y , x,y e Mk} 
Let ex — rninje^, r'*/2} where r* is as in Section [HI 

Then by Proposition 14.91 and using that Mk is a finite set, there exists 6k > such that 

(175) h,{Dx{xo,SK))cDx{x,eK/3) , ^ x & Uk 
Choose a clopen set Xq &V <Z Dx{^Oj^k), then the set of images 

{V, = h,{V) \ x € Mk} 

are disjoint. We can then form the Reeb neighborhood 'Jt{K, V) of K as defined by ((22|) . 

We are now in the situation of Section [TH except that instead of constructing the sets Ap and Ep in 
the full leaf Lq we restrict the procedure to the subset xq Cz K d Lq. The inductive procedure stops 
when K C Pcn_7r(A^p, dj)- 

Finally, suppose that we are given a union of standard sections X' C ^{K, V) so that there intersec- 
tion with K satisfies the inductive hypotheses in Section [HI then instead of starting with Ai = {xq} 
we take A[ = X' O K. Then proceed as in the equicontinuous case. This completes the proof of 
Theorem [Tl 



The local Reeb product we have hereby established is an essential tool in the study of general 
matchbox manifolds and has application beyond the equicontinuous setting. 
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Abstract. Matchbox manifolds 3)T are a special class of foliated spaces, which include as special 

examples the weak solenoids, suspensions of odometer and Toeplitz actions, and tiling spaces 

associated to aperiodic tilings with finite local complexity. They have many properties analogous 

to those of a compact manifold, but the additional data inherently encoded in the pseudogroup 

C 3 , dynamics of its foliation T represent fundamental groupoid data. As such, they are a rich class 

^N| ' of mathematical objects to study. The special cases of weak solenoids, suspensions of group 

, .. ' actions, and tiling spaces have an additional structure, that of a transverse foliation, consisting 

f,'\ ^ of a continuous family of Cantor sets transverse to the foliated structure. The purpose of this 

Q, paper is to show that this transverse structure can be defined on all equicontinuous matchbox 

i manifolds, as well as on special foliated subsets of general matchbox manifolds. This follows from 

f^^ ' the construction of uniform Voronoi tessellations on leaves, which is the main goal of this work. 

fvj Prom this, we define a foliated Delaunay triangulation of 3)t, adapted to the dynamics of T . The 

result is highly technical, but underlies the study of the basic topological structure of matchbox 
manifolds in general. Our methods are similar to some prior results in the literature 1351 143| . 
^yy ' though are unique in that we give the construction of the Voronoi tessellations for a complete 

^\ ' Riemannian manifold L of arbitrary dimension, while the constructions in the literature apply 

^i , only to the case where the manifold L is Euclidean space R". 



^-, 1. Introduction 

> 

f^ ' Dynamical systems theory on a smooth closed manifold M studies the orbits of a non-singular flow 

on M, or the orbits of a diffeomorphism of M. This notion can be extended to the study of dynamical 

0^ ' systems defined by the leaves of a foliation J^ of M, or the orbits of a finitely-generated group of 

diffeomorphisms of M, a generalized interpretation of dynamical systems promoted in the seminal 

C^ ' paper of Smale [58] . The area of foliation dynamics is discussed in the recent lecture notes [38] . 



o 






The study of the dynamics of a topological action of finitely generated group F on a Cantor set K 
lies at a somewhat opposite extreme from smooth dynamical systems. The traditional aspects of 
this theory encompasses a wide range of examples, from the study of odometers and Toeplitz flows 
[24l [26] , to the study of hyperbolic automorphisms of "Smale spaces" as in the works [40] |49l [50] , 
and minimal actions of Z" on Cantor sets as studied in [34| [35] and many other works. 

A matchbox manifold is a foliated space DJl, which is a continuum equipped with a local product 
structure whose local transverse models are totally disconnected, and leaves with a smooth struc- 
ture. This terminology was introduced for one-dimensional continua in [Il|3l|4], and is based on the 
intuition that a 1-dimensional matchbox manifold DJl has local coordinate charts U which are home- 
omorphic to a "box of matches"; for n > 1 the "matches" are n-dimensional plaques. Definition 12.41 
below of a matchbox manifold makes precise various technical conditions imposed. 

The study of matchbox manifolds is intermediate between these two classes of examples of dynamical 
systems, as it assumes there are smooth leaves, but the transverse geometry is zero-dimensional. 
When the leaves have dimension at least two, the geometry of the leaves become a key aspect of 
the study of their dynamics, so the class of examples is broader than the more well-studied case of 
Z"-actions, which corresponds to foliations with Euclidean leaves. 
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The classical solenoids modeled on §^ are l-dimensional matchbox manifolds, and generalized 
solenoids with base an n-dimensional manifold, as in [301 HH El! ; ^^^ examples of n-dimensional 
matchbox manifolds. The tiling spaces associated to aperiodic tilings of R" (or other homogeneous 
spaces) with finite local complexity provide another large class of examples [7l [12]. A variety of 
further examples can be found in [13 Chapter 11] and the works [l4 l [T5 l [2T | [22l [T2l [33l [45] . 

For the special cases where 9Jt is a weak solenoid or a tiling space, there is a natural inverse limit 
structure for 93t with a compact initial base space M. The base M is a manifold in the case that 
SDt is a weak solenoid, and M is a branched manifold in the case that 93T is a tiling space. In both 
cases, there is given a continuous family of local transversals to the foliation J^ on DJl. The collection 
of these transversals define a transverse Cantor foliation % of 9Jl, whose "leaves" are themselves 
Cantor sets. This concept is made precise in Section [6] In this paper we study the question, does 
every matchbox manifold 9Jl admit such a transverse Cantor foliation "H? 

The importance of having a global bi-foliated structure on 93T, in the form of local coordinate 
charts which define the manifold leaves of F and the Cantor set leaves of "H, is that it allows 
finite approximations of the dynamical structure of J^ , acting on the transverse leaves of T-L by the 
holonomy groupoid [Tj [I2l [201 [H]. As a consequence, the authors in [20] [21] [22] extend to the 
generality of matchbox manifolds many of the results concerning the classification of tilings spaces 
as in [a [TUJ [IS [31 [Ml [53 [SSI . 

The existence and properties of a transverse Cantor foliation % for a matchbox manifold 2Jt depends 
on the dynamical properties of J- . Our first result gives a solution for equicontinuous dynamics. 

THEOREM 1.1. Let 971 he an equicontinuous matchbox manifold. Then there exists a transverse 
Cantor foliation H on dJt such that the projection to the leaf space DJl — ?■ DJl/H = Af is a Cantor 
bundle map over a compact manifold M . 



The same techniques behind the proof of Theorem 11.11 also yields a more basic result, which has a 
variety of applications for the study of general matchbox manifolds. 

The "Long Box Lemma" is a fundamental result for the study of non-singular flows on continua, and 
appears explicitly in works of Aarts, Fokkink and Oversteegen [29l Lemma 5.2], and also [T] [2l [3] l30] . 
The lemma states that every connected, contractible orbit segment K m a l-dimensional matchbox 
manifold is contained in a bi-foliated open subset 9^if of SJt, which is the "long box" neighborhood 
of K. We generalize this result to n-dimensional matchbox manifolds, for n > 1. 

DEFINITION 1.2. Let dJl be a matchbox manifold, a: G 9Jl a basepoint, L^ C AI the leaf through 
X, and Lx the holonomy covering of L^ ■ We say that K^ d L^ is a proper base if K^ is a union 
of closed foliation plaques with x £ I'Cx, o,nd there is a connected compact subset K^ C L^ such that 
the composition l^ : K^ <Z L^ ^f L^ <Z'^ is injective with image K^ ■ 

Note that K^ is therefore path connected, and the holonomy of J-" along any path in K^ is trivial. 
The set K^ need not be simply connected, though. Our second result is foundational, as it implies 
the existence of a bi-foliated neighborhood of K^ , the "Big Box" . 

THEOREM 1.3 (Big Box). Let M be a matchbox manifold, x eDJl and K^ C L^ C M a proper 
base. Then there exists a clopen transversal 14 C 9Jl containing x, and a foliated homeomorphic 
inclusion $ : K^ x T4 -^ '^k^ C St such that the images $ {{{y} x 14 | y € K^}) form a continuous 
family of Cantor transversals for J^\^k^ in the sense of Definition 1 6. Jl 



In the case of one-dimensional matchbox manifolds. Theorem 11.31 reduces to the Long Box Lemma, 
as a contractible line segment K has no holonomy. The requirement that I'Cx contains no loops with 
holonomy is essential. 

Theorem II. 31 and especially the methods used in its proof, have a variety of applications, analogous 
to what has been shown for the special case of tiling spaces. Theorems 11.11 and 11.31 underlie the 
authors' studies of matchbox manifolds in [501 [HI [H], and our further program of research on their 
properties and classification. 



VORONOI TESSELLATIONS FOR MATCHBOX MANIFOLDS 3 

A notable aspect of the study of matchbox manifolds, is that because the ambient space is only 
assumed to be a continuum, that is, a compact, connected, and non-empty metrizable space, many 
of the standard techniques of manifolds and their dynamics are not available. This makes their study 
much more technical at times, as evidenced by the proofs in this paper which develops a foundation 
for their general study. 

For example, for a matchbox manifold 9Jt, there is no transverse exponential map, as its transversal 
geometry is totally disconnected. For a smooth foliation of a closed manifold M, if we consider the 
smooth analog of Theorem II. 3[ where K^ is a compact subset without holonomy of a leaf, then the 
analogous assertion is simply a version of the Reeb Stability Theorem, and the existence of a local 
product structure follows almost trivially from the existence of a transverse exponential map to the 
leaves. However, in our context, the conclusions of Theorems 11.11 are 11.31 are obtained only with 
significant technical effort. 

Our techniques are based on "elementary methods" , but are quite technical and involved due to 
a number of factors. For each foliated coordinate chart, Ui C 971, there is a natural "vertical" 
foliation whose leaves are the images of the vertical transversals defined by the coordinate charts. 
The problem is that on the overlap of two charts, these vertical foliations need not match up, as the 
only requirement on a foliation chart for T is that the horizontal plaques in each chart "match up" . 
The exception is when 9Jt is given with a fibration structure, then the coordinates can be chosen to 
be adapted to the fibration structure, and so the fibers of the bundle restrict to transversals in each 
chart which arc compatible on overlapping charts. 

The idea of our construction is to subdivide the topological space 971 by dividing it into "arbitrarily 
small" coordinate boxes, where the problems to be solved become "almost linear" . It is also curious 
to note that the philosophy of our approach is reminiscent of the original technique by Sullivan 
to define the polynomial model for smooth manifolds in rational homotopy theory [36[ I59j , where 
topological data is linearized in this way. 

One notable aspect of this work, is that we develop the theory of uniform triangulations of the 
leaves a matchbox manifold 971, such that the triangles have sufficiently small diameter and are 
in "general position", so that they are stable in transverse directions for small perturbations. A 
uniform triangulation of the leaves, satisfying the required stability conditions, is constructed as the 
Delaunay simplicial complex associated to a Voronoi tessellation of the leaves. 

The leafwise net defining this Voronoi tessellation is chosen to have sufficiently small spacing, and 
satisfy estimates imposed by the requirements of general position for the associated triangulation. 
The proof that all this can be done is quite tedious. However, we believe the exposition and careful 
development of this method makes a useful contribution to the theory of Voronoi tessellations on 
general manifolds, and that the details presented are necessary as they do not seem to be well-known. 

One reason for the technicalities encountered, is that we give effective estimates for the construction 
of Delaunay triangulations in the case where the leaves of T are general Riemannian manifolds, and 
are not assumed to be Euclidean as in [331 131] for example. Another reason, and more unexpected, 
is that the construction of "stable" Delaunay triangulations, as required by the foliation product 
structure, is fundamentally more subtle in dimensions greater than two. This leads to the most 
technically detailed aspects of this work. The authors present this construction in full detail, as it 
does not seem to be dealt with in the literature, yet is the foundation for a variety of other results. 
We note that our methods are related to the methods used by T. Giordano, H. Matui, I. Putnam, 
and C. Skau in their study of affability for Z'^-Cantor minimal systems [35l |43], which develop a 
theory of Delaunay triangulations for higher dimensional Euclidean spaces. The methods of this 
paper are more geometric and so apply more generally, and hence are of independent interest. 

The structure of the paper is as follows. In Part I, we present the basic concepts and dynamical 
properties of matchbox manifolds as required. The proofs of results in Part 1, Sections [5] through 
Section[5l are often omitted, or when details of proof or notation are necessary for later development, 
they are briefly outlined. Full proofs of all of these dynamical results are given in [20] . 



4 ALEX CLARK, STEVEN HURDER, AND OLGA LUKINA 

Section [2] gives definitions and notations. Then Section [3] introduces the holonomy pseudogroup, 
and gives some basic technical properties of holonomy maps. Section |4] recalls important classical 
definitions from topological dynamics, adapted to the case of matchbox manifolds, and gives several 
results concerning the dynamical properties of matchbox manifolds. The notion of a transverse 
Cantor foliation "H of *Xt is defined in Section |6l Finally, we conclude Part I of the paper with 
a discussion of the Reeb Stability Theorem for matchbox manifolds in Section [5l which is a basic 
concept in any study of foliation dynamics. 

In Part II, Sections [7] and [5] give the classical constructions of Voronoi and Delaunay triangulations 
in the context of Riemannian manifolds. In Section |9l we extend these concepts from a single leaf, 
to a "parametrized version" which applies uniformly to the leaves of a matchbox manifold St. Then 
in Section |6l we introduce the notion of transverse Cantor foliations for matchbox manifolds, and 
in Section [10] show how to obtain a transverse Cantor foliation from a nice stable transversal. 

In Part III, Sections [TT] and [T^] consider Euclidean Voronoi and Delaunay triangulations and the 
manipulations of these that are required in the subsequent constructions in the Riemannian context. 

In Part IV, Sections [T3l and fTSl are the most technically demanding sections. The adaptation of the 
Voronoi tessellations, from a flat Euclidean structure to general Riemannian manifolds, requires the 
introduction of many local estimates on the metric geomtry. 

Finally, in Part V, Sections [1^] and [T7] give the inductive construction for nice stable transversals, 
and Section [T8l completes the proof of their stability properties. Then in the last Section[T9]we apply 
these results to complete the proofs of Theorems 11.11 and 11.31 



Part I - Matchbox manifold dynamics 

In this part, we discuss the basic concepts of foliated spaces. Further discussion with examples can 
be found in [T71 Chapter 11], [JTJ Chapter 2] and the first two authors' papers [111 HO]- We give here 
precise definitions and formulate some of their basic geometric and dynamical properties. When 
appropriate, the reader is referred to the paper [20^ for proofs, as there is significant overlap between 
the material in Part I, especially Sections [5] and [31 and the development given there. 

2. Foliated spaces 

DEFINITION 2.1. A foliated space of dimension n is a continuum 9Jt, such that there exists a 
compact separable metric space X, and for each a; G 93t there is a compact subset l-x C X, an open 
subset Ux C 9J1, and a homeomorphism defined on the closure ipx'- Ux — >■ [~lj 1]" x Tix such that 
^xix) = {0,Wx) where Wx G int{1,x)- The subspace T^ of X is the local transverse model at x. 

Note that the assumption that Lpx is defined on closed sets [—1,1]" implies that it admits an extension 
to a foliation chart (px ■ (—2, 2)" x 1x —^ Ux where Ux C Ux- 

Let TTx '■ Ux ^ Tx denote the composition of ipx with projection onto the second factor. 

For w e Tx the set Vx{w) — 7r~^(it;) C Ux is called a plaque for the coordinate chart tfx- We adopt 
the notation, for z ^Ux, that Vx{z) = 'Px{t^x{z))^ so that z e Vx{z)- Note that each plaque Vx{w) 
is given the topology so that the restriction Lpx '■ Vxiw) — > [—1, 1]" x {w} is a homeomorphism. Then 
int{Vx{w)) = v-\{-lAr X {w}). 

Let Ux =int(Ux) = tpx^H-lAy ^ intilx))- Note that if z G UxHUy, then intCPxiz)) nintiVyiz)) 
is an open subset of both Vxiz) and Vy{z). The collection of sets 

V = Wx'^iV X {w}) IxeOn, welx, V <z (-1, 1)" open} 

forms the basis for the fine topology of 371. The connected components of the flue topology are called 
leaves, and define the foliation F of 9Jt. For x € 971, let L^ C 971 denote the leaf of F containing x. 
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Note that in Definition 12.11 the coUection of transverse models {T^ | x G 9Jt} need not have union 
equal to X. This is similar to the situation for a smooth foliation of codimension q, where each 
foliation chart projects to an open subset of R"^, but the collection of images need not cover W^ . 

DEFINITION 2.2. A smooth foliated space is a foliated space 9TI as above, such that there exists 
a choice of local charts ipx'- Ux — > [—1,1]" x '^x such that for all x,y G dJl with z G Ux C\Uy, there 
exists an open set z G Vz C Ux Ci Uy such that Vx{z) C\ Vz and 'Py{z) n Vz are connected open sets, 
and the composition 

1px,y;z = Vv° Vx'^ ■ ^xiVxiz) H Vz) -^ ^yCPyiz) H Vz) 

is a smooth map, where <Px{Vx{z) n Vz) C M" x {w} = M" and ipy{Vy{z) n Vz) C R" x {w'} = R". 
The leafwise transition maps i)x,y;z o,re assumed to depend continuously on z in the C°° -topology on 
maps between subsets ofW^. 

A map / : 2t — ^ R is said to be smooth if for each flow box ipx- Ux -> [—1, 1]" x 1x and w G 1x 
the composition y i-^ f o ip~^{y, w) is a smooth function of y € (—1, 1)", and depends continuously 
on w in the C°°-topology on maps of the plaque coordinates y. As noted in [37] and [T71 Chapter 
11], this allows one to define smooth partitions of unity, vector bundles, and tensors for smooth 
foliated spaces. In particular, one can define leafwise Riemannian metrics. We recall a standard 
result, whose proof for foliated spaces can be found in TT', Theorem 11.4.3]. 

THEOREM 2.3. Let DJl be a smooth foliated space. Then there exists a leafwise Riemannian metric 
for T , such that for each x £ 9Jl, Lx inherits the structure of a complete Riemannian manifold with 
bounded geometry, and the Riemannian geometry depends continuously on x . D 

Bounded geometry implies, for example, that for each x E 9Jt, there is a leafwise exponential map 
exTp^ : TxT — >■ Lx which is a surjection, and the composition exp;^ : TxJ- — > Lj; C 931 depends 
continuously on x in the compact-open topology on maps. 

DEFINITION 2.4. A matchbox manifold is a continuum with the structure of a smooth foliated 
space 9Jt, such that the transverse model space X is totally disconnected, and for each x G 2t, T^: C X 
is a clopen subset. 

2.1. Metric properties and regular covers. For the rest of this paper, all foliated spaces are 
assumed to be smooth with a given leafwise Riemannian metric. The study of the dynamics of a 
foliated space 9H requires generalizing various concepts for flows (and more generally group actions) 
from the orbits of points to the properties of leaves L in a foliated space. On a technical level, it 
is very useful in developing these generalizations to have a strong local convexity property for the 
leaves, generalizing the local convexity of the orbit of a flow. 

Another nuance about the deflnition of foliated spaces, and matchbox manifolds in particular, is that 
for given x £ 9Jl, the neighborhood Ux in Definition l2.1l need not be "local" . As the transversal model 
1.x need not be connected, the set U x need not be connected, and a priori its connected components 
need not be contained in a suitably small metric ball around x. The technical procedures described 
in detail in [20l Section 2.1 - 2.2] ensure that we can always choose local charts for 971 to have a 
uniform locality property, as well as other metric regularity properties as discussed below. 

Let d-on : 97t x 971 — > [0, oo) denote the metric on 971, and dx'- X x X — ?> [0, oo) the metric on X. 

For a; e 971 and e > 0, let D^j}x{x,e) = {y g 97T ] dm{x,y) < e} be the closed e-ball about x in 971, 
and B<3jx{x, e) = {y G 971 ] d<xj\{x, y) < e} the open e-ball about x. 

Similarly, for w e X and e > 0, let Dy_{w,e) — {w' £ X | dx{w,w') < e} be the closed e-ball about 
w in X, and Bx{w, e) — {w' G X ] dx{w, w') < e} the open e-ball about w. 

Each leaf L C 971 has a complete path-length metric, induced from the leafwise Riemannian metric: 

djr{x,y) =inf {II7II I 7: [0,1] -> i is piecewise C^ , 7(0) =x , 7(1) =y , j{t) £ L V < i < l} 

and where ||7|| denotes the path length of the piecewise C^-curve j{t). li x,y £ 971 are not on the 
same leaf, then set djr{x, y) — 00. For each a; G 971 and r > 0, let Djr{x, r) = {y £ Lx \ djr{x, y) < r}. 
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Note that the metric d<xn on 9Jt and the leafwise metric djr have no relation, beyond their relative 
continuity properties. The metric dgji is essentially just used to define the metric topology on 9Jt, 
while the metric djr depends on an independent choice of the Riemannian metric on leaves. 

For each x G dJl, the Gauss Lemma implies that there exists A^: > such that Djr[x, Xx) is a strongly 
convex subset for the metric dj-. That is, for any pair of points y, y' G Djr{x, X^) there is a unique 
shortest geodesic segment in L^ joining y and y' and it is contained in Dj^{x, Xx) (cf. pSf Chapter 3, 
Proposition 4.2]). Note then, that for all < A < A^; the disk Djr{x, A) is also strongly convex. Then 
using that 9Jl is compact and the leafwise metrics have uniformly bounded geometry, we obtain: 

LEMMA 2.5. There exists Xjr > such that for all x e St, Djr(x, Xjr) is strongly convex. 

If T is defined by a flow without periodic points, so that every leaf is diffeomorphic to M, then the 
entire leaf is strongly convex, so Xjr > can be chosen arbitrarily. For foliations with leaves of 
dimension n > 1, the constant Xjr must be less than the injectivity radius for each of the leaves. 

The following proposition summarizes results in [20, Sections 2.1 - 2.2]. 

PROPOSITION 2.6. [20] For a smooth foliated space 9JI, there exist constants ecjn, Xj- > and a 
choice of local charts ipx '■ Ux -^ [^Ij 1]" x Tx with the following properties: 

(1) For each x G 5H, Ux = int{Ux) = ^x^ ((^1; 1)" ^ Bx{wx,ex)), where ex > 0. 

(2) Locality: for all x & VJl each Ux C Bm(x, egjt). 

(3) Local convexity: for all x € dJl the plaques of ipx are leafwise strongly convex subsets with 
diameter less than Xj-/2. That is, there is a unique shortest geodesic segment joining any 
two points in a plaque, and the entire geodesic segment is contained in the plaque. 



A regular covering of 971 is one that satisfies the conditions of Proposition l2.6l 

By a standard argument, there exists a finite collection {xi, . . . ,x^} C DJl where ipx^ixi) — (0, w^i) 
for Wxi G X, and regular foliation charts (pxt '■ Uxi — >■ [—1, 1]" x ^xi satisfying the conditions of 
Proposition 12.61 which form an open covering of 2Jt. Moreover, without loss of generality, we can 
impose a uniform size restriction on the plaques of each chart. Without loss of generality, we can 
assume there exists Q < 5^ < Xjr /A so that for a\\l <i < v and w G Ti with x^ = (fi~^{0,uj), then 
the plaque for ipx^ through x^^ satisfies the uniform estimate of diameters: 

(1) D:p{x^,SS/2) C V,{u:) C D^{x^,dS) 

For each I < i < v the set Txi — ip^^{0,'Zi) is a compact transversal to J^. Again, without loss of 
generality, we can assume that the transversals {Ti^, . . . , Tx^} are pairwise disjoint, so there exists 
a constant < ei < 6y such that 

(2) djr{x,y) > ei ior x y^ y ,x G Tx^ , y G Tx^ , I < i,.j < v 

In particular, this implies that the centers of disjoint plaques on the same leaf are separated by 
distance at least ei. 

Given a fixed choice of foliation covering as above, we simplify the notation as follows. For I < i < i', 
set Ui = Uxi, Ui = Uxi, and e^ — e^i- Let U = {C/i, . . . , C/i,} denote the corresponding open covering 
of 9Jt, with coordinate maps 

If, = ipxr.U^-^ [-1,1]" x1, , 7r,=TTxr-Ui~>% , Aj:I7j ^ [-1,1]". 

For z G Ui, the plaque of the chart (pi through z is denoted by 'Pi{z) = 'Pi{Tri{z)) C Ui. Note that 
the restriction A^ : 'Pi{z) —> [—1, 1]" is a homeomorphism onto. Also, define sections 

n-.l^-i'Ui, defined by Ti{£,) = (^,^^(0,0 , so that 7rj(Tj(^)) = £,. 

Then % = Tx^ is the image of t^ and we let T = 7i U • • • U 71/ C 9Jt denote their disjoint union. 

Let T* = Xi U • • • U Ty C X; note that T* is compact, and if each %i is totally disconnected, then 
T* will also be totally disconnected. 

We assume in the following that a finite regular covering UofdJla,s above has been chosen. 
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2.2. Foliated maps. A leafwise path, or more precisely an J-'-path, is a continuous map 7: [0, 1] — )■ 
9Jt such that there is a leaf L oi T for which 7(t) G L for all < t < 1. 

If SCI is a matchbox manifold, and 7 : [0, 1] — > 371 is continuous, then the standard arguments, relying 
on the fact that the composition of 7 with charts maps must be continuous, and the transversals 
1i are totally disconnected, show that 7(i) is a leafwise path. More generally, this argument shows 
that the continuous image of any path-connected space X must be contained in a single leaf of SK, 
and the following fundamental lemma. 

LEMMA 2.7. Let 9Jt and 971' be matchbox manifolds, and h: dJt' — > 97T a continuous map. Then h 
maps the leaves oj T' to leaves of T. In particular, any homeomorphism h: dJl ^ dJl of a matchbox 
manifold is a foliated map. 

2.3. Local estimates. We next introduce a number of constants based on the above choices, which 
will be used throughout the paper when making metric estimates. 

Let CiY > be a Lebesgue number for the covering U. That is, given any 2: G 971 there exists some 
index 1 < Jz < i^ such that the open metric ball B<xji{z, eu) C Ui, . 

The local projections iTi: Ui —?' %i and sections r^ : Ti — ?► Ui are continuous maps of compact spaces, 
so admit uniform metric estimates as follows. 

LEMMA 2.8. |20j There exists a continuous increasing function p^r (the modulus of continuity for 
the projections TTi) such that: 

(3) y I <i <iy and x,y eUi , don{x,y) < p^{e) => dxiTri{x),T:i{y)) < e . 

Proof Set p^(e) = min{e, min{(iOT(a;, y) I 1 < i < 1/ , x,y e Ui , dx{TTi{x),ni{y)) > e}}. D 

LEMMA 2.9. |20| There exists a continuous increasing function pr (the modulus of continuity for 
the sections Ti) such that: 

(4) \/ 1 <i <v and w,w' G Ti , dx{w,w') < Pr{e-) =^ dr)]i{Ti{w),Ti{w')) < e . 

Proof. Set Pri^-) ~ min{e,min{(i3e(u', w') \ I < i < v , w,w' ^ %i , d'r)]i{Ti{w),Ti{w')) > e}}. D 

Finally, we introduce two additional constants, derived from the Lebesgue number sk chosen above. 
The first is derived from a "converse" to the modulus function p^. Set: 

(5) ej = max {e I V 1 < 2 < i^, V x e U^ , D^ix, eu/2) C U^ , DxiM^), e) C vr, {Dm{x, eu/2))} . 

Note that ej > prieu/2). 

For y S 971 recall that Djr{y, e) is the closed ball of radius e for the leafwise metric. Introduce a form 
of "leafwise Lebesgue number" , defined by 

(6) ej = min{ej(y)| V y € 97t} , ej(2/) = max{e | D^{y,e) C DMy,^u/m ■ 

Thus, for all y e 971, Djr{y,e^) C Dot(j/, e;^/4). Note that for all r > and z' e Djr{z,e^), the 
triangle inequality implies that D<}}i{z',r) C D<jji{z,r + cu/A). 

3. HOLONOMY OF FOLIATED SPACES 

The holonomy pseudogroup of a smooth foliated manifold {M, F) generalizes the discrete cascade 
associated to a section of a flow. The holonomy pseudogroup for a matchbox manifold (97t, F) is 
defined analogously, although there are delicate issues of domains which must be considered. 

A pair of indices {i,j), 1 < «,J < J^, is said to be admissible if the open coordinate charts satisfy 
Ui n Uj 7^ 0. For {i,j) admissible, define Dj_j — n.^^Ui n Uj) C T^ C X. Then the closure £>jj = 
'Ki(Ui n Uj). The regularity of foliation charts imply that plaques are either disjoint, or have 
connected intersection. This implies that there is a well-defined homeomorphism hj^i : 'Dij — >■ S)j,i 
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with domain D{hj^i) — Tiij and range R[hj^i) — "Djj. The map hj^i admits a continuous extension 
to hj^i-. D,^j -> Dj^,. 

The maps Qjr = {hji \ {i,j) admissible} are the transverse change of coordinates defined by the 
fohation charts. By definition they satisfy ft-^.i = Id, h^j = hj^i, and if Ui (1 Uj (1 Uk 7^ then 
hk,j o hj^i — hk^i on their common domain of definition. The holonomy pseudogroup Qjr of T is the 
topological pseudogroup modeled on X generated by compositions of the elements of Gjr ■ 

A sequence I ~ (jq, ii, . . . , Iq) is admissible, if each pair {ie-i, ii) is admissible for I < i < a, and 
the composition 

(7) hx = h,^^i^_^ o ■ ■ ■ o hi,^i„ 

has non-empty domain. The domain D{hx) is the maximal open subset of 2Dio,ii C T^q for which 
the compositions are defined. 

Given any open subset U C D{hx) we obtain a new element hx\U € Gjr by restriction. Introduce 

(8) g> = {hx\U 1 1 admissible & f/ C D{hx)} C Qjr . 

The range oi g — hx\U is the open set R{g) = hx{U) C 1i^ C X. Note that each map g E Q^ admits 
a continuous extension g: D{g) = U ^ 1i^. 

We introduce the standard notation for the orbits of the pseudogroup Gjr, where for w & 3i, set 

(9) 0{w) - {g{w) \geg*^, WE D{g)} C T, . 

Given an admissible sequence I — (io, ii, . . . , ia), for each < £ < a, set I^ = (iq, ii, . . . ,ii) and 

(10) hx, ^hi^^i^_^o ■ ■■ ohi^^ig . 

Given f e D{hx) we adopt the notation ^^ = hx^{S,) G Ti^,. So ^0 = C ^^^d ft.i(^) — £,a- 

Given ^ G D[hx), let a: = xq = '''ioCCo) G L^. Introduce the plaque chain 

For each < ^ < a, we have int{Vif {^e)) H int{Vii^i (C^+i)) ¥" 0- Moreover, each 7^^^ (^^ ) is a strongly 
convex subset of the leaf L^ in the leafwise metric dj^. Recall that Vii,(xi) = 'Pii,{£,i), so we also 
adopt the notation Vx{x) = VxiS,)- 

Intuitively, a plaque chain VxiC) is a sequence of successively overlapping convex "tiles" in Lq starting 
at xq = Tig{£^Q), ending at Xa = Ti^{^a), and with each 'Pii{S.e) "centered" on the point xe = Tij(^£). 

3.1. Leafwise path holonomy. A standard construction in foliation theory, introduced by Poincare 
for sections to flows, and developed for foliations by Reeb [52^ (see also [37], [IS], [171 Chapter 2]) 
associates to a leafwise path 7 a holonomy map hj. We describe this construction below, paying 
particular attention to domains and metric estimates, which will play a crucial role later in the proof 
of main theorems. 

Let I be an admissible sequence. For w E D{hx), we say that {T,w) covers 7, if the domain 
of 7 admits a partition = sq < si < • • • < s^ = 1 such that the plaque chain Vx{w) — 
{'Pioiwo),Vi^{wi),. ..,Vi^{wa)} satisfies 

(11) -fi[se, se+i]) CI int(V^,iwe)) , < £ < a, & -/{l) E ^nt{r^Awa,)). 
It follows that Wo = TTioijiO)) E D{hx). 

Now suppose we have two admissible sequences, 2 = (zq, ii, . • . , ia) and J = {joiji, ■ ■ ■ ^jp), such 
that both {X,w) and {J,v) cover the leafwise path 7: [0, 1] — > 9Jt. Then 

7(0) E int{V^„ {wQ))n int{Vj, (wo)) , 7(1) e ^nt{V^^ {wa)) n tnt{Vj, (vp)) 

Thus both (io, Jo) and (ia,Ji3) are admissible, and vq — hjg,ig{wo), Wa = hi^j^{vp). 

PROPOSITION 3.1. [20] The maps hx and hi^j^ o hj o hjg^ig agree on their common domains. 



VORONOI TESSELLATIONS FOR MATCHBOX MANIFOLDS 9 

3.2. Admissible sequences. Given a leafwise path 7: [0, 1] — ?► 971, we next construct an admissible 
sequence X — (io, *i, • . • , Jq) with w G D{hx) so that (X, w) covers 7, and has "uniform domains" . 

Inductively, choose a partition of the interval [0, 1], = sq < si < • • • < Sq = 1 such that for each 
< £ < a, j{[si,se+i]) C Djr{xi,e'[f) where xg — jisg). As a notational convenience, we have let 
Sa+i = Sa, so that 7([sq,Sq+i]) = Xa- Notc that we can choose Sf+i to be the largest value such 
that djr{j{si),j{t)) < ej for all sg <t < Sf+i. Thus, we can assume a < 1 + ||7||/eiJ. 

For each < i < a, choose an index 1 < ii < 1/ so that Br)]i{xe,eu) C t/^^. Note that, for all 
Si <t < si+i, B^{'y{t),€u/2) C Ui^,, so that xi+i G C/j, n Ui^^^. It follows that I^ = (io,*!,- ■ ■ ,««) 
is an admissible sequence. Set h-y — hx ■ Then hj{w) — w' , where w — ■^^^{xq) and w' = ■ni^{xo)- 

The construction of the admissible sequence T^ above has the important property that hx is the 
composition of generators of Q^ which have a uniform lower bound estimate ej on the radii of the 
metric balls centered at the orbit, which are contained in their domains, with ej independent of 7. 
To see this, let < € < a, and note that xi+i € Djr{xi+i^ e^) implies that for some se < s^_^]^ < s^+i, 
we have that 7([4+i,s^+i]) C Dj7{xe+i,e^). Hence, 

(12) Bw{-f{t), eu/2) C C/., n U,,^, , for all 4+1 < t < s^+i . 

Then for all s'^j^i <t< s^+i, the uniform estimate defining ej > in ([5|) implies that 

(13) ^3e(7r.,(7(0),eJ)cD.„.,+, & Bx{^T^,^Al{t)):^u) ^^^e+l■M ■ 

For the admissible sequence Xj — (io,*i, • ■ • ,*a), recall that x^ — 7(5^) and we set W£ = ni^{xg). 
Then by the definition ^ of hx the condition (fT3|) implies that Dx{wi^ty) C D{hi>). 

There is a converse to the above construction, which associates to an admissible sequence a leafwise 
path. Let T — (jq, ii, . . . ,ia) be admissible, with corresponding holonomy map hx, and choose 
w £ D{hx) with X = ri„(w). 

For each 1 < £ < a, recall that Ti = (ig, ii, . . . , if), and let hx^ denote the corresponding holonomy 
map. For € = 0, let Xq = (io, Jo)- Note that hx^ = hx and hxg = /d: Tq — >■ Iq. 

For each < ^ < a, set w^ = hxi{w) and xi — Ti^{wi). By assumption, for £ > 0, there exists 

zi e 7'£-i(wc-i) n7'<'(w£). 

Let 7£: [(^ — l)/a,^/Q;] — ?> L^;;, be the leafwise piecewise geodesic segment from x^-i to zg to a:^. 
Define the leafwise path 7^ : [0, 1] — >■ Lxg from xq to Xq to be the concatenation of these paths. If we 
then cover 7^ by the charts determined by the given admissible sequence I, it follows that hx = h^^ . 

Thus, given an admissible sequence I — (jq, ii, . . . , ia) and w e D[hx) with w' ~ hx{w), the choices 
above determine an initial chart ipi„ with "starting point" x — Tig {w) € Ui^ C 9Jt. Similarly, there 
is a terminal chart (pi^ with "terminal point" x' = Ti^ {w') e Ui^ C 9Jl. The leafwise path 7^ 
constructed above starts at x, ends at x' , and has image contained in the plaque chain Vxix). 

On the other hand, if we start with a leafwise path 7: [0, 1] — > 9Jl, then the initial point x — 7(a) 
and the terminal point x' — j{b) are both well-defined. However, there need not be a unique index 
jo such that x G Ujg and similarly for the index j^ such that x' G C/,^ . Thus, when one constructs an 
admissible sequence J7 = (jo, . . . , j^) from 7, the initial and terminal charts need not be well-defined. 
That is, in fact, the essence of Proposition 13.11 which proved that 

hx\U = hi^^j^ ohjo hjg^ig\U for U = Dihx) n D{hi^j^ ohjo hj^^ig) . 

We conclude this discussion with a trivial observation, and an application which yields a key technical 
point, that the holonomy along a path is independent of "small deformations" of the path. 

The observation is this. Let X = (io,ii, . • . ,ia) be admissible, with associated holonomy map hx- 
Given w,u € D{hx), then the germs of hx at w and u admit a common extension, namely hx- Thus, 
if 7, 7' are leafwise paths defined as above from the plaque chains associated to (I, w) and (I, u) 
then the germinal holonomy maps along 7 and 7' admit a common extension by Proposition 13.11 
This is the basic idea behind the following technically useful result. 
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LEMMA 3.2. [20] Let 7,7': [0, 1] ~> m he leafwise paths. Suppose that x = 7(0), x' = 7'(0) G C/» 
andy = 'y{l),y' = 7'(1) G Uj. If d<xR['^[t),^' (t)) < eu / 4, for all <t<l, then the induced holonomy 
maps h^, hji agree on their common domain D{h-y) D D(h^>) C T^. 

In particular, if curves 7, 7' are sufficiently close, then they define holonomy maps which have a 
common extension. 



3.3. Homotopy independence. Two leafwise paths 7, 7' : [0, 1] — >■ S[t are homotopic if there exists 
a family of leafwise paths 73 : [0,1] — >■ 9Jt with 70 = 7 and 71 =7'. We are most interested in the 
special case when 7(0) — 7'(0) = x and 7(1) = 7'(1) = y- Then 7 and 7' are endpoint-homotopic 
if they are homotopic with 7s(0) = x for all < s < 1, and similarly 7s(l) — y for all < .s < 1. 
Thus, the family of curves {js{t) | < s < 1} are all contained in a common leaf Lx- The following 
property then follows from an inductive application of Lemma 13.21 



LEMMA 3.3. [20j Let 7, 7' : [0, 1] — > 9Jt 6e endpoint-homotopic leafwise paths. Then their holonomy 
maps h-y and h^ agree on some open subset U C D{h^)C\D{h^') C T*. In particular, they determine 
the same germinal holonomy maps. 

The following is another consequence of the strongly convex property of the plaques: 

LEMMA 3.4. [20] Suppose that 7, 7' : [0, 1] -^ 9Jt are leafwise paths for which 7(0) — 7'(0) — x and 
7(1) = 7'(1) = x', and suppose that dm{j{t),Y(t)) < eu/2 for alla<t<b. Then 7,7': [0, 1] ^ JH 
are endpoint-homotopic. 

Given g G Q^ and w G D(g), let [gju, denote the germ of the map 5 at if G "X*. Set 

(14) r- = {[gU \geg*^,we D{g) , g{w) = w} . 

Given x € Ui with w = TTi{x) G T*, the elements of F^ form a group, and by Lemma 13.31 there is a 
well-defined homomorphism hjr ,j. : tti(Lx, x) — >■ Tjr which is called the holonomy group of T at x. 



3.4. Non-trivial holonomy. Note that ii y E L^ then the homomorphism hjry is conjugate (by an 
element of Q^) to the homomorphism hj^^.. A leaf L is said to have non-trivial germinal holonomy 
if for some x €z L, the homomorphism hjr ^ is non-trivial. If the homomorphism hjr^ is trivial, then 
we say that L^ is a leaf without holonomy. This property depends only on L, and not the basepoint 
X €z L. The foliated space 93t is said to be without holonomy if for every x G M, the leaf L^ is 
without germinal holonomy. 

LEMMA 3.5. [20j Let DJl be a foliated space, and L^ a leaf without holonomy. Fix a regular 
covering for 97t as above, and let w € 1^, be the local projection of a point in L^ . Given plaques 
chains I, J such that w G Dom{hx) H Dom(hj) with hx{w) = w' — hjiw), then hx and hj have 
the same germinal holonomy at w. Thus, for each w' G 0{w) in the Q^ orbit of w, there is a 
well-defined holonomy germ /im,m'. 

Proof. The composition g ~ hj o hx satisfies g{w) — w, so by assumption there is some open 
neighborhood w G U for which g\U is the trivial map. That is, hx\U = hj\U. D 

Finally, we recall a basic result of Epstein, Millet and Tischler [5S] for foliated manifolds, whose 
proof applies verbatim in the case of foliated spaces. 

THEOREM 3.6. The union of all leaves without holonomy in a foliated space Wl is a dense Gs 
subset ofdJl. In particular, there exists at least one leaf without germinal holonomy. 
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4. Dynamics of matchbox manifolds 

We first recall several important classical definitions from topological dynamics, adapted to the case 
of matchbox manifolds, and several results concerning their dynamical properties from |20) . 

DEFINITION 4.1. The holonomy pseudogroup Qjr of T is equicontinuous if for all e > 0, there 
exists S > such that for all g e Q'^, ifw,w' G D(g) and dx(w,w') < S, then dx{g{w),g{w')) < e. 

DEFINITION 4.2. The holonomy pseudogroup Qjr of J- is distal if for all w,w' € 1^,, if w ^ w' 
then there exists 5^^,^/ > such that for all g £ Q*jr with w, w' G D{g), then dxig{w), g{w')) > Sui.w' ■ 

Distal and equicontinuous pseudogroups are closely related [SJ |H1 [571 EH HI], while the following 
notion is their direct opposite. 

DEFINITION 4.3. The holonomy pseudogroup Qjr of J- is expansive, or more properly e-expansive, 
if there exists e > such that for all w,w' G T*, there exists g G Qjr with w,w' G D[g) such that 
dx{g{w),g{w')) > e. 

Equicontinuity for Qjr gives uniform control over the domains of arbitrary compositions of generators. 

PROPOSITION 4.4. [20] Assume the holonomy pseudogroup Qjr of J- is equicontinuous. Then 
there exists (5 J > such that for every leafwise path 7 : [0, 1] -^ OJt, there is a corresponding admissible 
sequence I^ = (ig, ii, . . . , Iq) so that Bx{wf), S^) C D{hx ), where x = 7(0) and Wg = T^ioix). 

Moreover, for all < ei < ej there exists < Si < 5^ independent of the path 7, such that 
hx^iDxiwo,Si)) C Dx{w',ei) where w' = 7rj^(7(l)). 

Thus, Q^ is equicontinuous as a family of local group actions. 

We next recall several results concerning minimal matchbox manifolds. First recall: 
DEFINITION 4.5. A foliated space DJt is minimal if each leaf L dDJt is dense. 

The following is an immediate consequence of the definitions: 

LEMMA 4.6. A foliated space DJl is minimal if and only if for some regular covering of DJl, the 
holonomy pseudogroup Qjr of J- is minimal; that is, for all it; G T*, the Qjr orbit 0{w) of w is dense. 

The following result is, at first glance, very surprising. It has been previously shown for flows [T] 
and R"-actions (TB]. The proof of it is given in detail in [20, Section 4.1], and fundamentally uses 
the conclusions of Proposition 14.41 

THEOREM 4.7. [20] IfDJt is an equicontinuous matchbox manifold, then 9Jt is minimal. 

One of the main technical results of the work |20) is a much stronger version of Theorem 14.71 which 
says that not only is an equicontinuous matchbox manifold minimal, but it admits finite codings of 
its orbits with arbitrarily fine equivalence classes. The proof of the following theorem is given in |20[ 
Section 6]. 

THEOREM 4.8. |20) Let DJl is an equicontinuous matchbox manifold, and wq £ T^ a basepoint. 
Then there exists a descending chain of clopen subsets 

• • • c Vn+i cVic---Voc%* 

such that for all ^ > 0, uiq G 14 O'^d diamx(V^) < (5j/2^. 

Moreover, each Vi is Qj^-invariant in the following sense: if ^ is a path with initial point 7(0) G 14, 
then the holonomy map h^ satisfies Vi C Dom{h-y), and if h~f{Vi) C\Vi^%, then h^(Vt) — Vg. D 
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It follows that the collection {hj{Vi) \ 7(0) € Vg} of subsets of the transverse space T* forms a finite 
clopen partition, and these sets are permuted by the action of the holonomy pseudogroup. 

If a foliation is expansive, then the domains of arbitrary compositions of generators for its holonomy 
typically do not admit uniform estimates as in Proposition 14.41 However, the compactness of 9Jt 
implies there is a uniform estimate on the size of the domain of a holonomy map formed from a 
bounded number of compositions used to define it, which is used in the proof of the Theorem 11.31 

Recall that the path length in the djr metric of the piecewise C^-curve j{t) is denoted by ||7||. 

PROPOSITION 4.9. For each e > and r > 0, there exists < S{e,r) < e so that for any 
piecewise smooth leafwise path 7: [0, 1] — > 971 with \\"f\\ < r, then there exists an admissible sequence 
X — (io,ii, . . . ^ia) such that (Z, w) covers 7 with: 

(1) wo = ^^0(7(0)) G D{hx) and Dxiwo,S{e,r)) C D{hi); 

(2) hx{Dx{wo,S{e,r))) C Dxiw',e) where w' = 7r,j7(6)). 

Proof. By the arguments of Section F3.2[ there exists an admissible sequence I — {iq, ii, . . . , ia) with 
w e D{hx) and a < 1 + \\-f\\/e^ < 1 + r/ej where ej > is defined by ^. 

We estimate the size of the domain D{hx). For each < i' < a, we have 7([sf, s^+i]) C Djr{x£, ej) 
where Xi — 7(5^). Moreover, for the associated admissible sequence I-y — {io,ii, . . . ,ia), we have 
that for aU < t < 1, Bmh{t), \eu) C f/i,. 

The proof will be by downward induction. Let wg — 7Ti^(xi) and set Ig ~ {iQ,ii, . . . ,ie) with 
corresponding holonomy map hx/,- Then Hx^^wq) — wg. Let kg — hi^^-^^i^ so that kg o hx^ = f^it+i- 

For every admissible pair {i,j) the holonomy homeomorphism hj^i is uniformly continuous as it has 
compact domain. Since there is only a finite number of distinct non-empty intersections Ui D Uj , for 
every e > there exists a, < 6^ < e such that for every admissible pair (j,j) if w,w' G D{hj^i) and 
dxiw,w') < Se then dx {hj^i{w),hj^i{w')) < e. 

Recall ej > as defined by (O. Given e > 0, set Ca — min{ej/2,e}. Now proceed by downward 
induction. For < £ < a assume that eg has been defined. Then denote Sg — S^, and eg^i — Sg as 
defined using equicontinuity as above. 

By the choice of the covering of the admissible sequence I, we have Dxiwg^ejj) C D{hg) and so 
Dxiwe,Si) C D{hg), and by the choice of 5g we have Dx(wg,Sg) C D{hg o hgj^i o • • • o ha). Then 
5{e, r) — Si satisfies the required conditions. D 

5. Foliated microbundles and Reeb Structure Theorem 

The Reeb Stability Theorem [TBI 113 \S2i |6Q] is one of the fundamental results of foliation theory. It 
states that for a compact leaf L C M in a foliated manifold M with finite germinal holonomy group, 
there exists an open neighborhood L C U which is a union of leaves of T, and each leaf of T\U is 
a finite covering of L. In particular, for a foliation defined by a flow, if the germinal holonomy of 
a periodic orbit is finite, then nearby orbits are also periodic and have bounded length. The most 
general version of these ideas is formulated in terms of the "foliated microbundle" associated to the 
holonomy covering of a leaf in a foliated space. (See Milnor ^B] for a discussion of the concept of 
foliated microbundles for manifolds). This general formulation admits a generalization to matchbox 
manifolds, which we give in this section. 

5.1. Nets and covers. Recall that we assume there is a fixed regular covering U for 9Jl, as in 
Proposition 12.61 which we can assume to be finite. Let wo S mt(Ti) be a fixed base-point. Let 
2^0 = Ti (wq) G Ui and Lq be the leaf through xq- Let hyr^a '■ tti {Lq, xq) — >■ F^" denote the holonomy 
representation, where F^" is defined by p4p . Since the map hjr ^^ is a homomorphism, its kernel 
^ C i:i{Lxa,XQ) is a normal subgroup, and the covering 11: Lq -^ Lg associated to Mq is regular. 



VORONOI TESSELLATIONS FOR MATCHBOX MANIFOLDS 13 

Choose xo € Lq such that 7r(2:o) = xq- By definition, given any closed path 7: [0, 1] — >■ Lq with 
basepoint xo — 7(0) = 7(1), the image of 7 in Lq has trivial germinal holonomy as a leafwise path 
in 9Jl. It follows that the holonomy map defined by a path 7 in Lq starting at xq is determined by 
the endpoint 7(1). 

For any leaf L C DJl and covering 11 : L —^ L, the leafwise Riemannian metric djr on a leaf L lifts to 
a Riemannian metric d^ on L such that 11 is a local isometry. 

We next select a collection of points in Lq which are sufficiently dense, so that homotopy classes of 
paths between the points capture all of the holonomy defined by the leaf Lq, but not too close to 
each other, so that we have some freedom to work in a neighborhood of a point without affecting 
other points. Such a collection is described by the following definition. 

DEFINITION 5.1. Let {X,dx) be a complete separable metric space. Given < ei < 62, a subset 
Ai d X is a (ei,e2)-net (or Delaunay setj if: 

(1) M is ei- separated: for all y ^ z £ M., Ci < dxiy, z); 

(2) TW is e2-dense: for all x E X , there exists some z E M such that dx{x, z) < 62- 

Given a leaf L C 9Jl, the intersection L n T is a countable set of points which, since 971 is compact, 
always satisfies the density condition ()5.1I 2) for some 62 > 0, but need not satisfy the separation 
condition (jS.!! !). Also, it is elementary that given a separable, complete metric space X and any 
62 > 0, there exists < ei < 62 and a (ei,e2)-net A4 d X. Next, given ei and 62 chosen in 
accordance with constants defined in Section [51 we construct a (ei, e2)-net in the given leaf Lq. 

Recall that ej defined by ([6]) was chosen so that every leafwise disk of radius ej is contained in a 
metric ball of M of radius et//4. That is, for aU y eM, Djr{y, e^) C Dm{y, ew/4). 

Let 62 — eJ/4, then choose A^o C Lq an (ei,e2)-net for Lq for some < ei < 62. We can assume 
without loss of generality that xq S Mq- Condition ()5.1I 2) implies that the collection of leafwise 
open disks {Bjr[z^ ^w/^) I -^ €: A^o} is an open covering of Lq. 



We next construct a subcover oiU associated to A^o- For each z (1 M.q, choose an index 1 <iz <v 
so that B<xa{z,eu) C Ui . Without loss of generality, we can assume that Bsji{xo,eu) C Ui. Then 



note that for all z' G Djr(z, e^), we have z' € Drjyi^z, ew/4) so the triangle inequality implies that 



(15) D:F{z',ef^) C Dm{z',eu/4:) C Dw{z,eu/2) C Bm{z,eu) C t/,,. 

LEMMA 5.2. If the leaf Lq is dense, then the collection {Ui^ \ z e AIq} *■? « subcover for DJl, with 
Lebesgue number eu/2. 

Proof. First, we show that the collection is a covering of 9Jl. Let y E 9Jt, then Lq is dense so 
there exists y' € Lq with dm{y,y') < ew/4. Let z G Mq with djr{y',z) < €2 — e;J/4. Then 
y' e D<miz,eu/'i) by ©, hence y € B<Miz,eu/2) C U,^ by ([15]). 



Next, we show that ew/2 is a Lebesgue number for this covering. Let y" e Brx)i{y,eu/2) then the 
above implies that y" e B<xa{z,€u) C Ui^ by the choice of «z above. Thus, B<xii{y,€u/2) C Ut^. D 

5.2. Foliated microbundle. We next give the construction of the foliated microbundle associated 
to the choices made above. Let A^o = n~^(A^o) which is a (ei, e2)-net for Lq with the Riemannian 
metric lifted from Lq. The points of A^o are denoted by z, and where z is a lift of z e AIq- In 
particular, xq G AJq as n(a;o) — xq E A^o- 

For each z G Mq, set Uz — Ui^ x {z}. For (x, F) g Uz define 11: {/? -> Ui^ by I{{x,T} — x. For 
z ^ z' G A^o with n(z) — n(z') = z, the sets Uz and f/p are disjoint by definition, though their 
projections to 9Jt agree. 
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For z g M.Q and y = (x, 2) S C/y, let 7'?(y) = Vi^ix) x {?} denote the plaque of C/y containing 
y. li X € Vi^ (z) then we identify Vzijj) with the plaque of Lq containing z. Note that by choice, 
Dj^ (z, ej) C 7^?(z) for each z e A^o, so the collection {Vz(z) \ z e A^o} is an open covering of Lq. 

One thinks of the plaques Vz(z) as "convex tiles", and the collection {Vzi^) \ z G Mo} as a "tiling" 
of Lq. The interiors of the plaques need not be disjoint, so this is not a proper tiling in the usual 
sense (for example see [HIE], or ^7\ §11. 3. C]). 

DEFINITION 5.3. The fohatcd microbundle over Lq is the space 

(16) ^0- U Uz / ^ 

z£Mo 

where y £ Uz arid y' € C/? are identified if Il{y) = n(y') and Vziz) n Vz'iz') 7^ 0. The connected 
components of D^o form the leaves of a foliation J- . 

Informally, the space D'lo is simply the union of copies of all flow boxes associated as above to the 
points z € A^o and identified in the obvious fashion to obtain a continuous covering of Lq. The 
usefulness of the foliated microbundle as constructed, is that it provides a uniform setting for all of 
the holonomy maps for paths in the leaf ip- 

Introduce the transversals to J- which are the lifts of the transversals to J- . For each z e A^o> let 
Tz — 1i^ X {z}. The composition ^pz = (fii^ oil: Uz ^ [—1, 1]" x T^ defines a coordinate chart on 
Olo, making it into a foliated space with foliation denoted by T. Let tt^: Uz —>■ Ty be the normal 
coordinate, and A^ : Uz ^ [—1,1]" be the leafwise coordinate. 

Given z G Mq, subset V C 1z and ^ G [— 1, 1]", we obtain a local section for T by 

(17) Tz,^ -.V^Uz, T^A^) = ^~l(e, W) = {^-\t W), 2)- 

Note that while the core leaf Lq of the foliated microbundle DTq is a regular covering of the leaf 
Lq C 93t, the projection of other leaves L of J-" may not be coverings, as the leaves of T may 
"escape" from the flow boxes defining ^q. Here is a simple example to illustrate this point. 

EXAMPLE 5.4. Let 9Jt be a 2-dimensional matchbox manifold consisting of two leaves: a 1- 
ended non-compact cylinder ii (a cylinder with a "cap" on one side), and a toral leaf ^2- Such 
an example can be obtained, for instance, by the construction of Kenyon and Ghys, as described in 
[551 H5] . Alternatively, one can construct SOT as the closed saturated subset of the Reeb foliation of 
a solid torus in R^, given by the closure of a non-compact leaf. That is, St consists of the boundary 
toral leaf Li and a single leaf I/2 from the interior of the solid torus. Since 9Jl is compact, L2 must 
accumulate on Li, i.e. Li C £2- Then Li has infinite holonomy with a generator represented by a 
loop 7, and the lift of 7 to the holonomy cover Li is an embedded line. The leaf L2 has no holonomy. 

Let {U[,U2, ■ ■ ■ ,Ul} he a, regular open covering of Li, then each C// extends to an open foliated chart 
Ui for 9Jt, but their union cannot cover L2 completely. It is necessary to add at least one additional 
foliated chart Uk+i , consisting of a single plaque, to cover the rest of L2 given by the "cap" as earlier 
in the text of the example. Let A^i be a Delaunay set in Li. Let *Tlo be the microbundle as in 
Definition 15.31 We notice that 9To is non-compact and does not contain dense leaves. There is a 
leaf Li = Li, which projects onto Li under 11, and a countable number of leaves homeomorphic 
to a 1-ended cylinder with boundary (without a cap on one side), one of which projects onto the 
toral leaf Li under 11, and every other one projects into Li. The dynanncs of J- is expansive, as the 
plaques in the covering of Li are transversely forced apart along an infinite ray in L2. □ 

5.3. Equicontinuous matchbox manifolds and Thomas tubes. We consider the properties of 
the foliated microbundles when J- has equicontinuous dynamics. The additional regularity imposed 
by equicontinuity implies that the leaves of J^ in DIq are all coverings of leaves of T in 2Jt. 
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A path 7: [0, 1] — ^ Lq is said to be nice, if there exists a partition a = sq < si < ■ • • < Sa = b such 
that for each < ^ < a, the restriction 7: [s£,S£+i] -^ Lq is a geodesic segment between points 
zi = 7(s£),z^+i = j{si+i) e Mq with djr{zi,zi<^i) < ej. Then I = {zo,...,Za) is an admissible 
sequence for J^, and I = (ij^, , • ■ • , iz„ ) is an admissible sequence for J^. The sequence X defines the 
holonomy maps h^ for T, and I defines the holonomy map hx for J^. Clearly, hx is just the lift of 
hx, and hx is the holonomy map for the leafwise path 7 = 1107 constructed in Section[3l As before, 
we note that hj- depends only on the endpoints of I. For z G A^o let /ij denote the holonomy along 
some nice path 7^ from xq to z, considered as a transformation of the space T, which is the disjoint 
union of the local transversals T^. Let h^ denote the holonomy along the path 7^ = 11 o 7^. 

If DJl be an equicontinuous matchbox manifold, then by Theorem 14.81 for any e > 0, there exists a 
t/jr-invariant clopcn subset wq E V C 1^, satisfying diam3;(y) < e. For h^ £ Q'^ with V C D{hj), 
set Vj — h^{V). For z G Mq there is a nice path 7^ from zq to z which defines a holonomy map 
denoted by h^ = h-^-- Then for z E A^o define 

(18) Vj = h^iV) c %, , % = MV) = 14 X {?} c 1? . 

The union of the sets Vz is the saturation of V under the action of the pseudogroup Q^, and hence 
it forms a clopen partition of T*. Introduce the local coordinate chart saturations of these sets: 

(19) iXY = ^ri (Vz) C m, , iir = ill' X {2} c C/j . 
Then ii~ is the union of the plaques in Ui^ through the points of Vj. 

DEFINITION 5.5. The Thomas tube associated with V is the subset of the microbundle ^q, 

(20) m{v) = U u^ c %. 

zeMo 

The image U{m{V))^C M is the saturation by T of the clopen set V, hence U{m{V)) = M. Note 
that each leaf Z of J^ in ^{V) has no holonomy and is properly embedded by construction, though 
the projection L oi L in 971 is recurrent by minimality. We consider another example. 

EXAMPLE 5.6. Let 971 be a weak solenoid of Rogers and ToUefson [53], i.e. the inverse limit 

9Jt = lini{/: K ^ K}, 

where / : X — > A' is a 2- fold covering of the Klein bottle K. In this case 971 contains a single 
non-orientable leaf Li with non-trivial holonomy, homeomorphic to a 2-cnded cylinder C modulo 
some identification. Every other leaf is without holonomy and is homeomorphic to C. 

Let Lq be a leaf without holonomy, and let U = {C/i}i<i<m be a finite cover of 97t such that the 
transversals Vt are permuted under the action of Q^, that is, if Vi C D{hz), /i? G Gjr, then there 
exists Vj = hz{Vi). Let Mq be a Delaunay set in Lq. Then the foliated microbundle 91o contains 
leaves homeomorphic to a 2-ended infinite cylinder, and each of these leaves projects under 11 onto 
a dense leaf in 97t, although none of the leaves is dense in DTq. 



REMARK 5.7. As indicated in Example 15.61 the microbundle *7lo depends on the choice of a 
foliated atlas of 9H. However, iiUi and U2 are two regular covers, and 9^J and OTg are corresponding 
microbundles constructed over the same leaf Lq, there exists a constant e < min{ej , e^ } such that 
foliations on 9^J and 91o coincide if restricted to a neighborhood of Lq, determined by e. 

5.4. Reeb neighborhoods of compact sets. Next we consider a modified form of the microbundle 
construction which applies to compact subsets of leaves as in Definition 1 1.2[ when 971 is any matchbox 
manifold, without imposing the equicontinuity assumption on the dynamics. 

Let Lq C 97t be a leaf, and K d Lq a proper base, which is assumed to be a union of closed plaques 
in the foliation chart domains {Ui \ 1 < J < i^}. Then by assumption, there exists K G Lq which is 
a connected compact subset of the holonomy covering 11: Lq ^ Lq, such that K = Il{K). 
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Let TWo be an (ei,e2)-net in Lq, and TMo the lift to an (ei,e2)-net in Lq. Then the set K D A^o 
is finite, and the image Mk — tt{K n M) C T* is a finite set of points. Choose a basepoint 

zq e {K n Mo) and set zq = n(2o)- 

DEFINITION 5.8. A clopen neighborhood zq e Vzg C 1* is X-admissible ifVzo C D{hz) for each 
1 £ K f] Mq. In this case, the Reeb neighborhood oj K is defined by 

(21) ^(^,K„) = U nz\%) c %. 

z^KnMo 

IfVzo ^^ K -admissible and the restricted map 11 : ^(K^Vzg) — ^ 9Jl is infective, then we say that Vzq 
is _?r-disjoint. In particular, the collection of images -^ Vj = hz{Vza) \ z E K D Mq > form a disjoint 
subset ofl.^. Also, define 

(22) ^(if,K„) ^ ii(m{K,Vz„))= U^ n[nz\Vz)} c m. 

zeKnMo 

Note that each leaf of the restricted foliation J^|9T(i4r, Vzg) is a properly embedded compact subset, 
and the holonomy h^ along any closed loop 7 contained in "^{K, T4o) is trivial. If Vzg is ii'-disjoint, 
then the same holds for each path component of n{K,Vz„). On the other hand, the restricted 

foliation on the image 11 i ^{K, Vzg) > will have recurrence unless Vzg is A'-disjoint. 

6. Transverse Cantor foliations 

For some classes of examples of matchbox manifolds, there is given as part of the defining data, 
a continuous family of local transversals to the foliation T on St. These include the generalized 
solenoids, which are fibrations with base an n-dimensional manifold and Cantor space fibers, and 
the suspension of a topological action of a group on a Cantor set, which also yields a Cantor fibration. 
For the tiling spaces associated to aperiodic tilings with finite local complexity of M" , Sadun and 
Williams showed that their tiling spaces are homeomorphic to a Cantor fibration [54], though the 
conjugation does not preserve the natural R"-action on leaves. For the more general construction 
of tilings spaces in [T^] associated to a homogeneous space TV = G/K defined by an action of a 
connected Lie group G, the tiling space fig is homeomorphic to an expansive minimal G-solenoid, 
but it is not known in what generality they admit a fibration structure. Thus, in some cases, 
the associated matchbox manifold 9Jt is a fibration over a base space with fibers homeomorphic to 
a Cantor set, while in other cases the local transversals define local fibrations, but not a global 
fibration structure. 

In this section, we introduce the notion of a Cantor foliation H on a closed subset *B C 971, which 
formalizes the properties of the continuous family of local transversals in the above examples. Since a 
Cantor set is totally disconnected, the leaves of a Cantor foliation H on *B cannot simply be defined 
in terms of the connected components for some finer topology on *B. In the works by Putnam 
[ini[S^, for example, the "leaves" of 'H are defined dynamically, as stable or unstable manifolds for 
a "hyperbolic" action on a Cantor set. In the context of matchbox manifolds, we use the regularity 
imposed by a covering by coordinate charts to define the leaves. The definition then requires some 
constraints on the space S, as specified below, which possibly limits the variety of possible examples 
one might consider. However, our definition suffices for the examples discussed above, and for the 
conclusions of Theorems 11.11 and ??. 



6.1. Cantor foliations. Recall that we assume there is a fixed regular covering {Ui \ 1 < i < i^} 
of 9Jl by foliation charts, as in Proposition 12. 6[ with charts (ft: Ui -^ [—1, 1]" x 1i where 1i C X 
is a clopen subset. By construction (see [20]), each chart admits a foliated extension (pi: Ui — ?> 
(— 2,2)" xTi where C/i C Ui C 9JT is an open neighborhood of t/^ and^i|C/i = (pi. Following the model 
of the construction in p^ . for a clopen set V C 1,; set iif = 7r~^(F) C Ui and ilj^ = ip~^[V) C Ui. 
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DEFINITION 6.1. Let dJl be a matchbox manifold, and *B C 2t a closed subset. An equivalence 
relation ~^ on *B is said to define a transverse Cantor foliation Jiof^ if for each a; G 25, the class 
T^-x = {2/ G S I y ^U 2^} is a Cantor set. Moreover, we require that there exists a covering of OT by 
foliation charts as above, such that for each a; e S, there exists: 

(1) 1 <ix <i^ with X e Ui_^ , 

(2) a clopen subset Vx C 1i^ with Wx = tt^^ [x) e Vx and ilj "" C 05; 

(3) a homeomorphism into $a; : [—1, 1]" x V^r — > Ui^ such that 

'PxiC.Wx) = ^-\^,wx) for ^ e [-lAr, 

(4) for e e [-1, 1]" and z = ip~^{^,Wx), the image ^x{{^} x 14) = H, n ii)^- . 

The leaves of the "foliation" li are defined to be the equivalence classes Hx of k-u in *B. 

Conditions 16.11 3 and 16.11 4 imply that the leaves of the Cantor foliation are "vertical" segments 
for a regular coordinate chart, after reparametrization by the maps ^x- The functions <^x are the 
adjustments to the local vertical foliation defined by the foliation coordinate system, so that the 
leaves of T-L defined locally in a chart are coordinate independent, hence are well defined on *B. 
The images of the maps ^x are allowed to take values in the open neighborhood Ui^ as the "leaf" 
T-Lz rnay not have constant horizontal coordinate A^^ . In particular, for a leafwise boundary point 
2; G S n Ui^ , the equivalence class Hz need not be contained in Ui^ . 

The functions $3. specified by Conditions l6.1l 3 and l6.1l 4 define a new set of foliation coordinate charts 
for 9H, for which the transverse Cantor foliation H is given by the vertical coordinate directions. 
However, the functions $3, are not required to be leafwise smooth, so that these redefined charts 
only yield the structure of a topological manifold on leaves. This is the case for the constructions 
below, which yield functions $3, which are piecewise-linear maps when restricted to leaves, but are 
not smooth by construction, though they may be smoothable. 



If the functions ^x specified by Conditions [O] 3 and l6.1l 4 are leafwise smooth, then these redefined 
charts will also be leafwise smooth , so that we are in the situation of the examples cited above. 

6.2. Cantor foliations and microbundles. Next, consider a leaf Lq C 2t with holonomy covering 
11: Lq — >■ Lg- Let TWq be an (ei,e2)-net for Lq chosen as in Section \57\\ and Mq the net on Lq 
defined by the covering map 11: Lg ~^ Lq. Then Definition 16.11 of a transverse Cantor foliation 
extends verbatim to the context of a compact subset 55 C D^o of the foliated microbundle over Lq. 

Let K C Lq he a proper base. Chose a basepoint zq E K AIqi with lift zq E K O Lq. Let Vzg C Iq 
be a clopen subset such that ^{K, Vzg) C O^o is defined by (|2T|). We consider the special properties 
of a transverse Cantor foliation on 05 = Vl{K, Vzg ) which is modeled on Vs in the chart ii~' as 
defined in pj)) . That is, for y £ U~' the projection of the equivalence class Jiy C ^{K, Vzo) to T^ 
is a homeomorphism onto. Let $2 be the map defined by (J6.1I 3) for the chart il-' and then define 

(23) m,Vz,)^ U^ %([-!,!]" xFj). 

zGKnMo 

LEMMA 6.2. The set il(K ,Vzg) is a bi-foliated neighborhood of I'C in the foliated microbundle '\Rq 
for which there exists a bi-foliated homeomorphism 

(24) ^■.^{k,Vz,)^kxV, 



zo- 



Proof. Condition 16.11 1 implies that the Cantor foliation H. on ii{K,VzQ) defines a projection map 
p^ : il(-ftr, Vzq) — >■ K. Given x E K and y G Hx the leaf Ly intersects the transversal T-Lzq — Vzg in a 
unique point Wy. We then set ^{y) — (x, Wy) E K x Vzo. □ 

DEFINITION 6.3. A transverse Cantor foliation % for a compact subset S C DTq is said to 
holonomy cquivariant if it defines a transverse Cantor foliation % on the image S = 11(58) C 9H. 
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If the restriction 11: 03 —>■ 971 is injective, then this is always the case. For example, if Vzg is K- 
disjoint then any transverse Cantor foliation H on il{K, Vzg) will be holonomy equivariant. On the 
other hand, if Vz^ is X-admissible but not ii'-disjoint, then "H is holonomy equivariant if the images 
of the equivalence classes Hi^-y) agree on the overlap of any two coordinate charts on ii{K,Vzg). 
This condition will be satisfied, for example, if the equivalence classes fis for x £ K are defined in 
terms of a transverse Cantor foliation % on the image 11 {id{K, Vza)\ C 9JI. 

DEFINITION 6.4. A pair {K.Vza} ^■^ "- complete model for 9Jt, ifVza '^ K -admissible, and the 
map 11: '^{K, Vz„) -t> 971 is surjective. 

The basic observation is that if {K, Vza} is a complete model for 971, and ?^ is a holonomy equivariant 
transverse Cantor foliation for *B — 9^(if , Vzq), then Ti. defines a transverse Cantor foliation on 971. 

LEMMA 6.5. Let 971 he an equicontinuous matchbox manifold. Then there exists {K^Vz^} which 
is a complete model for 971. 

Proof. The foliation J^ of 971 is minimal by Theorem 14.71 Choose a tjjr-invariant clopen subset 
Wo G 1^ C T* as in Section [Ol Then for any leaf Lq C 97T, the set V is iiT-admissible for all K C Lq. 
As the leaf Lq is dense, and V is clopen, for R sufficiently large we can take K = Dj^ (zq, R) and 
obtain a complete model {Dr (zq, R), V}. D 



Part II - Foliated Voronoi and Delaunay structures 

The concept of a Voronoi cell decomposition (or tessellation) of the plane, or of a Euclidean space 
more generally, is extraordinarily useful for applications of geometry to a variety of problems, and 
is very well-studied. For a nice historical discussion of this concept, and a good description of such 
applications, see the Introduction of the book |3S]. In the following Sections [7] and [51 we develop the 
basic concepts of Voronoi tessellations and Delaunay triangulations, especially in a form applicable 
to metric spaces derived from the leaves of matchbox manifolds. Section [9] applies these techniques 
to construct transverse Cantor foliations for closed sets *B in 971. 

Recall we assume there is a fixed regular covering {Ui | 1 < i < i^} of 971 by foliation charts, as in 
Proposition mni with charts 9?^ : [/^ -^ [— 1, 1]" x Ti where each T^ C X is a clopen subset. 

7. Voronoi tessellations 

Let 9Jl be a matchbox manifold, and L C 971 a leaf with induced leafwise Riemannian metric d^- 
Let X G L he a, closed connected set which is a union of plaques. The typical examples we consider 
are for X = L, 01 for X a compact subset of L which contains a proper base K in its interior. 



Recall that Ajr > is the leafwise constant defined in Lemma [2?51 such that for all x £ L, the closed 
disk Dl{x, Xjr) c L is strongly convex. 

Let A/jf be a given {di,d2)-n.et for X. Recall from Definition 15. 1[ that this means that there are 
constants < di < ^2, such that for all y y^ z G Nx, di < dL{y, z), i.e. Nx is di -separated, and for 
all a; e A, there exists some z E JVx such that ^^(x, z) < ^2, i-C Afx is d2-dense in A. 

Note that the {di,d2)-net Mx is defined independently of the choice of the net M.q chosen in 
Section [5. II We always assume that d2 < Xj^/5, though as chosen later in this work, d2 is typically 
much smaller than the density constant 62 = eJ/4 for Mo from Section [STT] 

Associated to the net Afx is the Voronoi tessellation, which is a partition of the space into compact 
star-like regions, called cells. The cells can be thought of as a tiling of A, although there is no 
assumption that there is only a finite number of isometry types of cells. Thus, we are considering 
the most general form of a tiling. 
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7.1. Voronoi cells. Introduce the "leafwise nearest-neighbor distance" function, where for y E L, 

(25) Kx{y)=ini{dL{x,y)\x£Ux}- 

Note that kx (y) = if and only if y G Afx ■ 

DEFINITION 7.1. For x e J\fx, define its Dirichlet region, or Voronoi cell, in L by 

(26) C{x)={yeL\dLix,y)^^x{y)}- 

That is, for x £ Mx the Voronoi cell C{x) consists of the points y £ L which are closer to x in the 
leafwise metric than to any other point oiAfx- Thus, for each y £ L there exists some x € Mx with 
y e C{x). In particular, for Cx{x) = C{x) n X, then the collection of closed subsets 

(27) {Cx{x) \ X (^ Mx] 

forms a closed covering of X, and we obtain the Voronoi decomposition of X 

(28) ^ = U ^^(^) 

kGA/x 

Introduce the subset oi Nx consisting of net points whose Voronoi cells lie in X, 

(29) N*x^{xC,Nx\C{x)cX} 

We develop some of the properties of the cells C{x) for x G Nx and Nx- In particular. Lemma [7751 
below and the assumptions that X is a union of plaques and that ^2 < 62 implies Nx is not empty. 

LEMMA 7.2. For each x&Af^r, 

(30) DL{x,di/2)ciC{x)ciDLix,d2) 
In particular, C{x) has diameter at most 2d2. 

Proof. Note that for all y E X, we have Kx{y) < ^2 as there exists z E Mx such that di(y, z) < ^2- 
Hence, for x £ A/"^, we are given that C{x) C X, so C{x) C Dl{x, d2)- 

On the other hand, for all a; 7^ y G Nx we have x ^ BL{y, di) and thus Bl{x, di/2)r\BL{y, di/2) = 0. 
The inclusion Dl(x, di/2) C Cx{x) follows as a result. D 

The upper bound estimate in ([30| need not hold ii C{x) (t X, for then the set Afx is not (i2-dense 
in all of L. However, we always have: 

LEMMA 7.3. For x e Afx, Cx{x) C DL{x,d2). 

Proof. Let y G C{x) n X. As Afx is (i2-dense in X, there exists z £ Afx with dL{y,z) < d2. As 
y £ C{x), X £ Afx is the closest net point, thus d^ly^x) < d^ly^z) < ^2- CH 

A set Y <Z L IS star-like with respect to x £ Y if for all y £ Y , each geodesic ray from a; to y is 
contained in Y . 

LEMMA 7.4. For each x £ Afx, the set Y — C{x) fl Dl{x, Ajf) is star-like with respect to x. In 
particular, for all x £ Afx the set C{x) is star-like with respect to x. 

Proof. For y £ C{x) n Dl{x, Xjr) there is a unique geodesic segment ax.y ■ [0, 1] — > Dl{x, Xjr) C L 
with cra;_j,(0) = X and ffx^yil) — y. Let z — ax.y{s) for < s < 1, then we show that z £ C{x). 

Let u £ Afx with u ^ x, then dL{y,x) < dL{y,u). The strong convexity of Dl{x, Ajf) implies that 
dL{x, z) — s ■ d^^x, y) and dL{z, y) = {1 ~ s) ■ dL{x, y). Then the triangle inequality implies that 

dL{z,u) > dL{y,u) ~dL{z,y) = dL{y,u) - (1 - s) ■ dL{x,y) > dL{y,x) - (1 - s) ■ dL{x,y) 

so dL{x,z) < dL{u,z). Thus, z £ C{x). D 

The strong convexity of disks Dl{x, Ajt) also yields the following. 
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LEMMA 7.5. If x e Nx and there exists r > 6.2 for which Bl{x, r) C X, then x e Afx- 

Proof. Suppose that y e C{x) but y ^ X. Let ax,y ■ [0, 1] — > L be a geodesic segment with ax.y{0) — x 
and ax,y{l) — y, and the length equal to d^ix^y). Let < s < 1 be the greatest value for which 
y' = crx,y{s) e Cx{x), then d2{x,y') > r > ^2 by assumption. As y' £ X, there exists z G Mx with 
dL{y', z) < d2- Then 

dL{y,z) < dL(y,y') + dL{y',z) < dL{y,y') + ^2 < dL{y,y') +r < dL{y,y') +dL{y',x) = dL{y,x) 

which contradicts that y e C{x). Thus, C{x) C X hence x G Afx- D 

Next, we introduce the star-neighborhoods of Voronoi cells. Given x e Mx, introduce the vertex-sets 

(31) Vx{x) = {ye Nx I Cx{y) n Cx{x) ^ 0} ; V*x{x) ^{y^Vx{x)\y^ x}. 

Note that Vx{x) is a finite set by the net condition on Nxi and y G Vx{x) if and only if a; G Vx{y)- 
DEFINITION 7.6. For x e Afx the "star-neighborhood" of the Voronoi cellCx{x) is the set 

(32) Sx{x)^ U Cx{y). 

yeVx{x) 

LEMMA 7.7. Assume that ^2 < Ajr/5. For each x G Nx, Sx{x) C Bl{x,M2) C BL{x,Xjr), 
hence Sx{x) is contained in a strongly convex subset of L. 

Proof. Suppose that Cx{x) n Cx{y) 7^ 0- As Cx{z) has diameter at most 2^2 for all z G Nx by 
Lemma FOl we obtain Sx{x) C Bl{x, 3^2)- As (i2 < Ajr/5, the claim follows. D 

For y G V^(a;) set 

(33) ii'(x,2/) = {z G Dl{x,X^) I di(x,z) < dL(y,z)}. 

Thus H{x^ y) contains the set of points in the closed disk Dl{x, Xjr) which are closer to x than to y. 
Clearly, each H{x, y) is closed, and the strong convexity of Dl{x, Ajt) implies that for x G Nx, 

(34) C(x)= fl H{x,y). 

yeVxix) 

Conversely, C{x) nC{y) 7^ implies that the intersection 

(35) L{x,y)^Hix,y) n Hiy,x) + 0. 

For example, if L is isometric to Euclidean space M^, then H{x,y) is the intersection of the disk 
Dl{x, Ajt) with the half-plane in R^ consisting of the points which are closer to x than to y. Thus, 
L{x, y) is a line segment. In the more general case, where L is a complete Riemannian manifold, 
then the local picture of L{x,y) is similar to the Euclidean case, as seen below. However, unless L 
has a global convexity property, L may have focal points and the global structure of L{x, y) is not 
so easily described. Thus, we restrict consideration to convex neighborhoods. 

LEMMA 7.8. For x G Nx and y G Vxix), L{x,y) n DL{x,Xjr) is a codimension-one closed 
submanifold. 



Proof. We have x,y £ Dl{x, Xj^) by Lemma l7.7l As the metric d^ is strongly convex when restricted 
to Dl{x, Ajt), the functions fx{z) = dL{x, z)^ and fy{z) — dL{y, zY are both regular on Dl{x, Ajt), 
which implies that L{x,y) n Dl{x, Xjr) is a codimension-one closed submanifold. D 

Now restrict attention to x G Nx so that C{x) C X. Let Vx{x) C Vx{x) be the subset corresponding 
to the codimension-one faces of the boundary of C(x). That is, y G Vxix) if and only if dyCx{x) = 
C{x) n L{x,y) has non-trivial interior as a subset of the submanifold L{x,y). Then the topological 
boundary dCx{x) is the finite union 

(36) dCx{x)= \J dyCxix). 

yeV],{x) 
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We summarize the results of this section. 

PROPOSITION 7.9. Let Mx be an {di,d2)-net in X, such that d2 < Ajr/5. Then there exists a 
subset Afx C Afx and a collection of closed sets {Cx (y) | 2/ G A/x } satisfying: 

(1) Cx {x) C X for each x G Nx ; 

(2) Cx{x) C DL{x,d2) for each x G Afx; 

(3) int{Cx{x)) n int{Cx{y)) = for each pair x ^ y £ Afx; 

(4) The collection {Cx{y) \ y G J^x} is a closed covering of X. 

In addition, for x G Af^ we have: 

(5) Cx{x)=C{x); 

(6) DL{x,di/2)cCx{x); 

(7) Cx{x) is star-like with respect to x; 

(8) dCx{x) is a union of codimension-one submanifolds with boundary. 

The collection {Cx{y) \ y G Afx} is called the Voronoi tessellation of X associated to Afx- 

8. DELAUNAY SIMPLICIAL COMPLEX 

We next introduce the Delaunay simplicial complex obtained from a (di, (i2)-net Afx for X C £, 
using the "inscribed sphere" characterization of the simplices. We assume that d2 < Ajr/5 as always. 

Let < r < Ajr. Then the leafwise sphere of radius r centered at z is 

Sbiz^r) = {y<EL\ dL{z,y) = r} = DL{z,r) - BL{z,r). 

Note that if Bl{x, r) n J\fx = for x G X, then r < d2 hy the definition of ^2- 

8.1. Definition of a simplicial complex. The Delaunay complex A{Afx) of L derived from the 
net Afx is defined by specifying the subsets oiAfx which form the vertices of the simplices in A{Afx)- 
For fc > 0, denote by A^'^^Afx) the collection of fc-simplices, defined as follows: 

DEFINITION 8.1. For each zq G Afx, the set A(zo) = {zq} is a 0-simplex in A^°\Afx)- 

For k > 0, a {k + l)-tuple {zq, . . . , Zk] C Afx forms a k-simplex A(zo, . . . , Zk) G A'-'^'(A/'x) if there 
exists X Cz L and < r < d2 such that Bl{x, r) D Afx — 0, cind {zq, . . . , Zk} C Sl{z, r) D Afx ■ Then 
Sl{x, r) is called the inscribed sphere of the simplex {zq, . . . , Zk}- 

If A(zo, ■ ■ ■ ,Zk) G A'-'^^Afx), then every subset of {£ + l)-points, {zig, . . . ,Zi^} C {zq, . . . , Zk} yields 
an ^-simplex A{zig, . . . , Zig) G A^^'>{Afx), as the inscribed sphere condition holds for all subsets. In 
particular, we have well-defined face and boundary operators defined on A{Afx)- 

8.2. Realization of a Delaunay simplex. If the manifold L is Euclidean, then given a fc-simplex 
A(zo, . . . , Zk) G A^'^^ i-^x), the convex hull of the vertices defines a geometric fc-simplex in L, which 
is its geometric realization. For a non-Euclidean manifold, this elementary and intuitive approach 
need not work, as the convex span of a fc-simplex need not be a fc-dimensional subset if the leaves 
have curvature. Rather, one must choose a procedure for "filling in" the geometric simplex spanned 
by a set of vertices, in order to obtain a geometric realization. 

For a 1-simplex A(2;o,2;i), there is a canonical "filling in" using the geodesic between Zi and Zq, 
which is unique due to the strong convexity of Bl{zq, Ajf). For higher-dimensional simplices, we use 
an inductive procedure to fill in the faces using the geodesic cone from each successive vertex. 

Define the standard fc-simplex A'^ in ]R'^+^ by the barycentric coordinate approach, 

A'^ = {(io,...,ife) |i^>0, to + ---+ife = l}. 

The vertices of A'^ are the coordinate vectors e^ — (0, . . . , 1, . . . , 0) where the unique non-zero entry 
is in the {i + l)-coordinate position. 



22 ALEX CLARK, STEVEN HURDER, AND OLGA LUKINA 

LEMMA 8.2. Let A(zo,.--,^fc) e A('=)(7Vx) be given, so that {zo,...,Zfc} C Bl{zq,\j^). Then 
there exists a diffeomorphism (Jk ■ A*^ — >■ L such that ak{ei) — zg, and the maps {ctj | < z < fc} are 
natural with respect to the face operators. 

Proof. The map Cfc is defined by induction on the dimensions of the faces of A'^. Set ak{ei) = zi. 

Given a string I — io < ii < ■ ■ ■ < i^, with < iq and ii, < k, define the /-face djA'' to be the subset 
consisting of points where the only non-zero entries are in the coordinates appearing in the string. 
For z^ > 0, let /' = io < ii < • • • < iu-i- By induction, we may assume that the map cTk : dj'A'^ — > L 
has been defined. 

Note that each point v E diA^ can be written v ^ (1 — s) • u' + s • Ci^ where v' E dpA^ and 
< s < 1. The point z' — <Tk{v') G L is defined by the inductive hypothesis, and so there exists 
a unique geodesic segment r: [0,1] — ?> BL{zo,Xjr) such that r(0) = z' and t(1) = Zi^. Then set 
Ckiv) = ■''(s). The resulting map defined on A*"' satisfies the conclusions of Lemma [8.21 D 

DEFINITION 8.3. Let A(zo, . . . , z^) e A^'^^Afx), then the geometric realization is the set 

(37) |A(zo,...,2fc)|=cTfc(A'=) 

LEMMA 8.4. For allO<£<k, we have |A(zo, . . . , Zfe)| C Sl(z<?,A^). 

Proof. Let x E L and < r < ^2 such that {zq, . . . , z^} C Sl{z, r) OAfx- Thus, dL{ze, z^) < 2d2 for 
all < £' < k, and so the set of vertices {zq, . . . , Zk} C D{ze, 2^2) C BL{ze, Xjr). As B^izt, Ajr) is 
strongly convex, the geodesic segment between any two vertices of A(zo, . . . , Zfe) is also contained in 
Bl{zi, Ajt). Then proceed inductively, following the construction of ak in the proof of Lemma l8.2[ 
and it follows that the image of the map ak is also contained in Bl{z£, Ajf). D 

REMARK 8.5. As was already mentioned, if the manifold L is not fiat, the map cr/c may depend 
on the ordering of the set of vertices {zq, . . . , Zk} for fc > 1, except on the edges of a simplex A*^. 
Indeed, the ordering of vertices in the string I = iq < ii < ■ ■ ■ < ii, defines a choice of geodesic spray 
from the vertex with the largest index ii, to the vertices ig with I < v. As the points of ak{diA*') are 
obtained by fiowing along geodesic curves, a different ordering of vertices defines a different choice of 
spanning geodesic rays. In case when L is a surface, this simply results in different parametrizations 
of the set |A(zo, zi, Z2)|, as the boundary is 1-dimensional and so well-defined. If L is not flat and 
has dimension n > 2, the image of a point v E A^ need not be the same under the maps defined 
by these choices. In our applications, there will be given a "local ordering" of the points in Nx, 
which defines an ordering of the set of vertices of a given simplex, so that the geometric realization 
|A(zo, . . . , Zfe)| will be well-defined. 

The Voronoi cell decomposition and Delaunay triangulation of L are closely related. For Euclidean 
space, one says that A{Mx) is dual to the Voronoi tessellation. For the general case of a Riemannian 
manifold with bounded geometry, we have the following results. 

PROPOSITION 8.6. For zq E TV^, let {zi, . . . , Zfe} C V\{za). Then 

(38) L(zo,zi)n---nL(zo,Zfc)nC(zo)y^0 ^^ A(zo,...,Zfe)e A('='(A6f). 

Proof. Recall that for z E Afx, C(z) C Dl(z, Ajr). RecaU also that for z E Afx and y E V^(z), 
L{z,y) n Dl{z, Ajt) is a smooth submanifold formed by the intersecting boundaries of the Voronoi 
cells C{z) and C{y), and Vx{z) C V^(z) is the subset corresponding to the codimension-one faces of 
the boundary of Cx(z). 

Let X E L{zq, Zi) n • • • n L{zq, Zk) C(zo) and set r = dL{x, zq). Then dL{x,Zi) = dL{x, zq) = r for 
each 1 < i < fc, and thus {zq, . . . , z^} C 5*^(2:, r). As each Zi E V^(zo), we have (ii,(2o, Zi) < 2d2 and 
hence r < d2. By the definition of the Voronoi cells, B^ix^r) O Afx = 0- Suppose not, then there 
exists y E BL{x,r) n A/jc with dL{y,x) < r = dL{zi,x) ior < i < k, and so a; ^ C(zo) C X. This 
implies A(zo,..., Zfe) eAW(A'jf). 
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Conversely, for {zi, . . . , Zk} C Vj^ (zo) with {zq, • • • , Zk} C Sl^x, r), then x is equidistant from each 
point Zi and so a; G L{zo,Zj) for all 1 < i < fc. Moreover, for all < i < fc, x S C(zi) as 
Bl{x, r) n A/x = implies there is no z € J\fx with (iL(2;, z) < ^^(a;, z^). 

Thus, L{zo, zi) n • • • n i(zo, zfe) n c{z,) 7^ 0. n 

A point X G 9C(zo) is called extremal if the distance function dL{zo,y) has a local maximum on 
C(zo) at y = x. Let zq G A/'^J, so that Cx(zo) — C(zo). For Zj G Vj(-(zo), the boundary component 
5z;C(zo) — C(zo) nL(zo, Zi) has codimension one. Thus, for zq G A/"^, a point x G 9C(zo) is extremal 
exactly when there is {zi, . . . , z„} C Vj^ (zq) with 

a; = w(zo,...,z„) = L(zo,zi) n •• -n L(zo,z„) nC(zo), 

and u}{zq, . . . , z„) is the center of an inscribed sphere containing {zq, . . . , z„} with radius 

r(zo,...,z„) = djr(z<?,a;(zo,. . .,z„)) , < £ < n. 

Now introduce the simplicial cone of zq G A/^- 

(39) Ca(;2) = U{|A(zo,...,z„)| | A(zo, zi, . . . ,z„) g A(")(A6f)} C B(z, A^) 

PROPOSITION 8.7. For a/Z z G A/'_J, C(2:) C Ca{z). 

Proof. Let {xi, . . . , Xk} C 9C(z) denote the set of extremal points for the distance function dL{z, y). 

For each 1 < i < /c, let A(z, zj, . . . , z^) G /S}'^\Mx) denote the n-simplex defined by the center 
Xi, so that {z\, . . . , z'j} C Vx{z). The claim is that the intersection |A(z, zj, . . . , z^)| n dC{z) is a 
topological ball with "center" Xi, and the union of all these boundary regions for 1 < i < fc is a 
closed covering of 9C(z). Thus, 

k 

C(z)cU |A(z,zi,...,z;)| 
1=1 

Each vertex z\ corresponds to a face of dCx{z) as in (|36)) and an associated hyperplane, denoted by 

dlCx{z)^C{z) n L(z,z*) 

The geodesic segment from z to z\ intersects the face d^Cxiz) in an interior point, denoted by z^. 
This geodesic segment is a boundary 1-simplex of each n-simplex that intersects this face. These 
n-simplices correspond to the extreme points for the distance function ^^(z, y) restricted to dlCx{z), 
which we denote by {xi^, . . . ,Xi^}. Each such point Xi- then corresponds to an n-simplex, which 
contains both points {z,z\} as vertices by Proposition 18.61 Thus, the face dlCx{z) is partitioned 
into closed regions corresponding to its intersection with the n-simplices determined by the extreme 
points Xi- for 1 < j < rn. Thus, each face d^Cxiz) is contained in the union of the realizations of 
the simplices satisfying A(z, zi, . . . , z„) G A^"' (A^f)- The inclusion C{x) C Ca{z) follows. D 

8.3. Regular Delaunay simplicial complex. The simplicial complex A{Afx) may have non- 
trivial (n + l)-simplices, where some collection of (n -I- l)-hyperplanes satisfy 

L{zq, zi) n • • • n L(zo, z„+i) n Djr{zo, A^) 7^ . 

This is a degenerate condition, as typically every collection of {n + l)-hyperplanes in £)i(zo, Ajr) 
should have empty intersection. This motivates the following definition. 

DEFINITION 8.8. The simplicial complex A{Afx) is regular i/ A("+i)(7Vx) = 0. We say that 
the net Mx is regular if A(J\fx) is regular. 

Much of the technical work in later sections where extensions of Afx to a net JVxr contained in a 
leaf L' near to L are constructed, is to give conditions on a regular net A/x such that for a net Afxi 
sufhciently close to A/x, the Delaunay simplicial complex A{Afx') is also regular. 
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9. Foliated Voronoi structure 

In this section, we introduce transversally parametrized versions of the Voronoi ceU decomposition 
and the corresponding Delaunay triangulation associated to a (di,d2)-net Mk C K C L. The key 
idea is extend the constructions above to a net in a subset oi K C L C VIq, then introduce a 
parametrized set of vertices in an open neighborhood of K in 9to- Such an extension gives rise to 
a collection of transversals to J^ which satisfy regularity conditions with respect to the net and the 
construction of the Voronoi cells and the Delaunay triangulation. This culminates in the definition 
of a nice stable transversal X in Definition 19.71 

We assume a leaf Lq C 971 is given, with basepoint xq e Lq and holonomy covering Lq. In particular, 
recall from Section [STTj that A^q is the given (ei,e2)-net for Lq with 62 — eJ/4, such that for each 
z G A^o there is an index 1 < iz < ^^ so that D<3yi{z,eii) C Ui^. Let A^o = II~^(A^o) be the lifted 
(ei, e2)-net for Lq. The points of Mq are denoted by z, where z is a lift of z e A^o, and xq G A^o 
is the lift of the basepoint xq Cz Lq. 



Let 9To be the foliated microbundle associated to the net A^o, with notations as in Section [5T] For 
each z € Mo, we then have that Uz = Ui^ x {z} is the corresponding foliation chart for OTq- The 
Riemannian metric on leaves in D^o is induced by the local covering maps to leaves in COT. 

For z £ Mo and y ~ {x,z) E Uz, let Vz{y) — Vi^{x) x {z} denote the plaque of Uz containing y. 
Note that by choice, D-j^ {z, ej) C Vziz) for each z G Mo, and as Mo is e2-dense, the collection 
{Vz^z) I z e A/q} is an open covering of Lq. 

Let K d Lo he a connected compact subset which is a union of plaques, such that the composition 
Lo- K C Lo ^ Lo C dJl is injective with image K. Assume there is given a {di,d2)-net Nk for K, 
which lifts to a ((ii,(i2)-net Mk for K. 

We next introduce a sequence of basic concepts used in our constructions. First is the notion of 
transversals which are in "standard form" with respect to the chosen foliation covering of 9Jt. 

DEFINITION 9.1. A closed subset X C M is a standard transversal if X ^ XiU ■■■ U Xp is a 
disjoint union, where for each 1 < i < p, there exists a foliation chart ipi^ , clopen subset Xi C T^^ 
and basepoint v^ G (~1, 1)" such that X^ = ip^ (u^,Xf). 

DEFINITION 9.2. A closed subset X d ^o is a standard transversal if X = XiU ■ ■ ■ U Xp is 
a disjoint union, where for each 1 < i < p, there exists zi Cz Mo so that for the foliation chart 
ipzf : Uzf — > [—1, 1]" X Tz, there is a clopen subset Xi C l-z^ and basepoint V( G (—1, 1)" such that 
^t = ^F/ {vi,Xi). 

Note that this definition just ensures that the sets Xi have a standard form in local coordinates, but 
does not assert that the sets form a complete transversal for *Tto- We consider next the standard 
transversals which are "holonomy invariant" in OTq- 

DEFINITION 9.3. A standard transversal with X = XiU ■ ■ ■ U Xp C 9^o is invariant if for each 
1 < i < p, there exists a leafwise path ji: [0, 1] — > Lq with 7^(0) = 2i and ji{l) — zi such that 
Xi C D{h^i,) and Xi — h:yg{Xi). 

Recall that the induced foliation J-' on D^o is without germinal holonomy, so this notion is independent 
of the chosen paths 7^, as long as the domain conditions are satisfied. The next conditions are 
concerned with the extensions of the notions of Sections [7] and [8] Recall that ii x,y E 9Jl and are 
not on the same leaf, then djr[x, y) = cx), and similarly for x,y E *Jto- 

DEFINITION 9.4. Let d\ C *Jto be a given closed subset, and suppose that X d ^i is a standard 
transversal, defined as above. Then X is (di, ^2) ^uniform on 91 if there exists < di < d2 < Ajr/5 
such that for each x =/= y E X we have djr{x,y) > di, and for each y E d\ there exists x E X with 
dj^{x,y) < d2- 
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The (di, (i2)^uniforin assumption above implies that A" is a complete transversal for *H, as every 
point lies within leafwise distance ^2 of a point of X . 

Now assume there is given a ((ii,(i2)-uniform transversal X for d\. The nearest-neighbor distance 
function k^ extends to a leafwise function, 

(40) Kj,{y) = inf |d^(x, y) I ^ e -?| , 

Then we extend the definition of the Voronoi cells to holonomy coverings by setting, for y (£ X^ 

(41) C^^iy)^[i;em\d^iI,y)^K^iI)}. 

In other words, C^{x) is the Voronoi cell in L^nCH defined by the net X{x) = ATllH, which consists 
of y € Lj n fH which are closer to x in the leafwise metric d^ than to any other point of X. By the 
definition of the (di, ci2)-uniform transversal X for *H, each y G 91 belongs to at least one such cell. 

The leafwise Voronoi cells C^{x) can be organized into Voronoi cylinders using the decomposition 
X — XiU ■ ■ ■ U Xp. For 1 < £ < p define the Voronoi cylinder by 

(42) 4 - U C«(2?) 

xGXt 

We thus obtain the Voronoi decomposition 9^ = £~ U • • • U £^ associated to X. 

The notion of the star-neighborhood of a Voronoi cell, given in Definition I7.6[ extends immediately 
to the Voronoi cells in each leaf. First, for x € X introduce the vertex-set 

(43) V^ix)^{yeSf\C^{y)nC^ix)^i!}}- 

The star- neighborhood of the Voronoi cell C^{x) is the set S^{x) — M C^{y). Then for each 

xev^ix) 
1 < i < p, define the star-neighborhood of the cylinder £~ by 

(44) ©1,= U S^ix). 

xeXe 

Lemma [7.71 shows that for a point x £ Mk, the star-neighborhood Sk{x) C Bl (2^,3^2) so that 
^2 < Ajr/5 implies Sk{x) is contained in some coordinate chart Uz for z £ A^o- For the star- 
neighborhood ©^ of the cylinder £~ , the conclusion that it is contained in some foliation chart for 
Wl is not a priori satisfied, and this condition is imposed as one of our assumptions. It will later be 
checked that it is satisfied for the transversals constructed. 

DEFINITION 9.5. Let £H C 9to be a given closed subset, and suppose that X — Xi U ■ ■ ■ U Xp is 
a uniform standard transversal. Then we say that X is centered if for each 1 < £ < p there is a 
coordinate chart U^^ for vg = i^ for some x € M.q such that © - C Vv,, . 

A standard transversal X for 5H is said to be nice if it is (di, d2)-uniform, invariant and centered. 

Next, define the leafwise simplicial complex Ajf(A') associated to a nice transversal X for 9i. The 
method of inscribed spheres adapts immediately, as follows. 

DEFINITION 9.6. Let X be a nice transversal for d\. The collection of points {zo, • ■ • , 2/c} C X 
defines a k-simplex A(z'o, . . . , ife) G Ajr(<%') if there exists z € Lj^ and r < d2 such that 

(45) {Io,---,Zk}ciS^{I,r)nX , %(z,r)n<? = 

Again, note that dp{x, y) = 00 ii x and y lie on distinct leaves, so A(zo, • ■ • , 2^) € Ajr[X) implies 
that {zq, . . . ,'zk} C Lzg. Consequently, A(zo, . . . ,Zk) can also be considered as a fc-simplex for 
X n Lzo, so that Ajr(A') consists of a union of simplices contained in the leaves of J^. The key 
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question is then, given A(2o, . . . ,Zk) G Ajr[X), is it contained in a transverse family of simplices? 
We make this property precise, as it is fundamental. 

Let 1 < joi • • ■ 1 Jfc l£ P be indices such that z^ € Xj^, for < £ < k. In particular, zq e Xj^ C Ui- 
and thus zq CzVi- (zq)- As X is centered, we can assume zg CzVi- (zq) for 1 < £ < k and Xj^ d Ui- . 

Note that for £ ^ £' the sets Xj^ are A'j^, are disjoint by the {di,d2)-net hypothesis. 

Let Zq E Aji-, . Let Vi (zq) denote the plaque of Ui- containing Zq. For each 1 < £ < n, let 
Z| = Xi^ n Vi- {Ca) be the unique point of A^^ contained in the plaque defined by Zg. Observe that 
the points z^ depend continuously on Zq G A^^ . 

DEFINITION 9.7. Let X be a nice transversal for *H. Then X is stable if for each k-simplex 
A(z'o, . . . ,Zfc) £ Ajr{X) and z'q e Xj^, we have A(zg, . . . ,z^) € Ajf-(A'). 

At first inspection, stability of simplices for a Delaunay triangulation associated to a <¥ seems to 
be intuitively clear, and in fact this is basically correct for dimension n < 2. The difficulty is that 
for ri > 2, as the transverse coordinate z'q S Xj^ varies, "small variations" of the spacings of the net 
points of A" n Lz' may result in an abrupt change in the Delaunay simplicial structure, if some face 
of a Voronoi cell has too small of a diameter relative to the size of the variation. Consequently, the 
existence of a nice stable transversal for n > 2 requires delicate estimates in its construction. 



10. Constructions of transverse Cantor foliations 

In this section, we show how the existence of a nice stable transversal is used to construct a transverse 
Cantor foliation H for a subset *B C D^o as given in ((50|) below. This is a key step in the proofs of 
Theorems 11.11 and II. 3[ which are given in Section [19] 

Let X G dJl and L^ C dJl he the leaf through x, with holonomy covering 11: L^ ^ L^. 

For X € 971, assume there is given a connected compact subset K^ C Lx such that there is Kx C Lx 
such that Lx '■ Kx C L^; — >■ Lj; C 9Jt is injective with image Kx ■ In order to construct a transverse 
Cantor foliation for Kx, we introduce a sequence of modifications of the set Kx, first to expand the 
set, then translate it to a leaf Lq without holonomy, resulting in a set Kq C Lq for which we assume 
there is a nice stable transversal X , from which the construction proceeds. 

Without loss of generality, we may assume that x E Kx, and then let x E Kx be the lift of x. Let 
Ui^ be a foliation chart as in (j2.3|) such that B<}yi{x,eu) C Ui.^, and set Wx = T:i^{x) e T^^. Assume 
that the transverse models for J- are Cantor sets, and thus Wx is not an isolated point. 

The germinal holonomy of the leaf Lx is given by the isotropy subgroup F^'" in ()14p . which is 
represented by the elements of the pseudogroup Q*jr which fix Wx ■ Then for every clopen neighborhood 
Wx & Vx (Z %i^ , Theorem 13.61 implies there exists wo G Vx such that the leaf corresponding to wq is 
without holonomy. If Lx is without holonomy, then we may take wq = Wx- 

Given complete separable metric space {X,dx), a proper subset Y (Z X and e > 0, introduce the 
notion of the e -penumbra oiY in X , 

(46) PenxiY,e)^{xeX\dx{x,Y)<e}. 

That is, Penx{Y,e) is the closed subset of X consisting of all points within distance e of Y. We 
apply this construction toY = Kx G X = Lx for e = A^. Then by definition, for every point y S Kx 
there is a "large enough" neighborhood Djr{y,Xjr) c Penjr{Kx, Xj^)- Finally, let Kx be the plaque 
saturation of Pcnjr^Kx, Ajr) in Lx, so 

(47) Kx ^ \J [V^{I) \IeLx , Vi(J) n Pen^(i^„ A^) ^ 0} 
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Let Rk denote the diameter of the set Kx in Lx- It follows that Kx C D^{x, Rk)- Then recall from 
Proposition 14.91 that given e > 0, there exists < (5(e, Rk) < e so that for any clopen neighborhood 
Vx with diameter at most (5(e, Rk) in Ti^, the set Vx is Kx-a-Axmssible, as defined by Definition 15.81 

The choice of e > and the clopen neighborhood Vx will be specified in later sections, based on 
the radius Rk and estimates derived from the leafwise Riemannian geometry. For now, we assume 
they are given. Then choose Wq € Vx to he & point whose leaf Lq C 371 is without holonomy. Let 
H: Lo ^" -^0 be the holonomy cover, which is a diffeomorphism. 

Let A^o be an (ei,e2)-net for Lq as in Section [5Tl where 62 = ^ul^^ ^'^'^ ^'^^ -^o be the projection 
of the net to Lq. Select the collection of coordinate charts {Ui^ \ z e A^o} for 9Jt as in the proof of 
Lemma [5.21 Then for each z S AJoj there is an index 1 < iz < i^ such that for U^ — Ui^ x {z}, as 
discussed in Section [521 we have B^{z,eu) C Ui^ where z = n(z). Form the Reeb neighborhood 
^{Kx.Vx) C OIo as in Definition [EH 

Let Kq be the connected compact subset of the holonomy cover Lq obtained by taking the union of 
the plaques in Lq which are contained in "^{Kx, 14), so Kq is a "translation" of Kx to the leaf Lq. 

THEOREM 10.1. For Q < di < 6,2 < Ajf-/5, assume there is given a nice stable [di, 6,2) -uniform 
transversal X for 9T(ii"a;, Vx). Then there exists a foliated homeomorphism into, 

(48) ^-.KxXVx^miKx^Vx) 

such that the images $ {{y} x Vx), for y € Kx define a continuous family of Cantor transversals for 
T\''yi{Kx, Vx) which extend the transversals in X . 

Thus, the assumption there is a nice stable transversal for Kq C '^{Kx^Vx) implies there is a 
transverse Cantor foliation H defined on some open neighborhood of Kx in '^(Kx, Kr)- The proof 
of Theorem 110. II occupies the rest of this section. Then in subsequent sections, we establish criteria 
for when the hypotheses of Theorem 110.11 are satisfied. 

Assume there is given a nice stable (di, (i2)-uniform transversal X — A'lU- • •UA'p for Kt^ C '^(Kx^ Vx)- 
We continue with the notations of Sections [5] and [HI 

Let A(zo, . . . ,Zfc) e Ajr(A') be given, with i^ S Xi^. Then {zq, . . . ,Zfc} C Ui^^ so we have t ^ P 
implies that ii ^ ii' . Without loss of generality, we may re-index the vertices so that £ < £' implies 
ii < ii' . That is, the indexing of the sets Xi yields an ordering of the vertices of A(zo, . . . , ife). This 
is the "local ordering" referred to in Remark 18.51 

The transversal X defines the leaves of the Cantor foliation H through each vertex {zq, . . . , zj.}- We 
next show how to extend this finite collection of leaves to a foliation through the faces and interior 
of the simplex A(2o, . . . , Zfe). 

For each Zg G Xig and 1 < ^ < /c, let z^ = 'Pio(^'o) ^ '^ii- The stable hypothesis then implies that 
A(2'^,...,z^)eA^(A=). 

By Lemma [121 for each Zg g Xi^ there exists a geodesic filling map CTfcjj : A*^ — >• Vig(zQ) C L^'^ 
associated to A(zg, . . . , z^) which is natural with respect to the face maps. It follows that the map 

(49) S,„ : A'' X X,^ ^ D\ : {v, z^) >-^ a^^r, (v) , z'^ e X,, , v e A'' 

is continuous. Then for each v G A^ and Zq,Zq G Xi^ define akj' {v) ~ ak^z"{v)- The equivalence 
class of Ufc^jo (w) defines a Cantor transversal through the point, which is a leaf of T-L. 

The foliation "H is defined by the equivalence classes of points in the interiors of the geometric 
realizations of the simplices in Ajr{X). On the faces of adjacent simplices, the local orderings are 
compatible, so the geodesic filling maps agree, and thus so does the equivalence relation «. 

We underline some points of this construction. First, for each 1 < £ < p and z, z' G Xg then z ^ ^'. 
That is, each transversal X^ is a leaf of the foliation H. 
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Second, for each 1-simplex A(2o,?i) € Ajr[X) the equivalence relation « identifies points with 
the same barycentric coordinate on the unique geodesic ray joining z[ to z'q where A(z'q,z[) is the 
transverse transport of the given l-simplex. Thus, sa is independent of the ordering when restricted 
to the 1-skeleton of the leafwise triangulation Ajr(A'). If J^ is an orientable foliation by l-dimensional 
leaves, that is, it is defined by a fiow, then we are done, and the equivalence relation « depends 
canonically on the choice of the uniform transversal X, but is independent of its ordering. 

If the leaves of J^ have dimension n > 1, then the "spanning geodesic procedure" in the proof of 
Lemma |8. 21 mav well depend upon the ordering of the vertices in each simplex. However, the "local 
ordering" of the vertices in simplices is determined by the choice of the transversal X — A"! U • • -UXp. 
Thus sa is well-defined, assuming the choice of the transversal X with its ordering. 

It remains to make precise the set of points in ^{Kj., V^) which are in the domain of the equivalence 
relation sa, and show that K^ is contained in this domain. 

For each y E X, with leaf Ly containing it, the intersection Afy = X D Ly is a {di,d2)-net for 
Vt{Kx, Vx) <^ Ly by Definition 19.41 Define the function k^ as in (HDl) and the Voronoi cell, as in (HI]), 

C{y) = {ze Ly\ djr{z, y) = K_^(F)} 

Let J\f~ C Ny be the subset of points for which C{y) C '^{Kx^ Vx), and for the special case of Lq set 
Mq = XnljQ with A/q* C A/'o. 

Let Ci\{y) be the simplicial cone of y G A" in the complex Ajr(A') as defined leafwise by (|39|) . Then 
the stability assumption on X implies the simplicial complex /S.{J\fy) is stable, and we define 

(50) *» = U U ^A(y) 

?.eA^o' ye A", 
Then the equivalence relation w is defined on S by definition, so *8 admits a Cantor foliation %. 
The proof of Theorem 110.11 then follows from 

LEMMA 10.2. Assume that X is given a nice stable (di, d2)-uniform transversal X for ^(K^, Vx). 
Then K^CiS. 

Proof. By Definition 19.41 and the construction of n{Kx,Vx), for each y E K^ there exists 'z E Xi 
such that d^{y, z) < d2. We may assume in addition that z is a closest point in X , so that y E C{z). 
Then note that 

Dj^{y, A^) C Pcn^(^^, A^) C Kx 

by construction, and ^2 < Ajr/5 implies that Z?^(z, 4^2) C D^{z,4:Xjr/5) C Kx as well. 

In particular, D^(z, 4^2) C Kx, so for each y' E V^(z) as defined in (^5]) . we have D^(jj', 2^2) C Kx- 
This implies y' E N~ by the extension of Lemma 17.51 Consequently, the star-neighborhood, as 
defined in (04]) for ^ = "niKx, T4), satisfies &'^^{'S) C Bi^{I, 8^2) C Kx- 

By Proposition 18. 7[ for z E Nq we have C{z) C Ca(^, where Ca(?) is the simplicial cone of z in the 
complex Ajr(A') as defined by ([5^ . Thus we have 

(51) yeC(i)cCA(20c'B 

which completes the proof of Lemma 110.21 and so also Theorem 110.11 D 

It remains to show the existence of a nice stable transversals X . Our approach is to develop effective 
estimates on the process of defining the Voronoi tessellation for a net and its associated Delaunay 
triangulation, and will be given in Parts III and IV that follow. 
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Part III - Euclidean structures 

In Part III, we consider the special case of K" with the standard Euclidean metric d^n and associated 
norm || • ||. The definition of the Delaunay simplicial complex in Definition 18 . 1 1 can then be expressed 
in terms of linear equations and estimates. We establish several key technical estimates on the center 
and radius of an inscribed sphere, in terms of the defining points in a net, which are fundamental 
for estimating stability of the Delaunay complex. 

11. Delaunay simplices in Euclidean geometry 

Given a collection of vectors {yo, ■ • • ,2/n} C M" which admit an inscribed sphere with center 
uj{yo, . . . ,yn) and radius r{yoi ■ ■ ■ tVu), we determine conditions for which a small displacement 
{zq, . . . , z„} of {j/o, ■ • • , Vn} still uniquely defines an inscribed sphere. 

11.1. Preliminaries. We consider each x e M" as a column vector, and let x • y — x* ■ y denote 
the "dot-product" of two vectors, where x* denotes the matrix transpose of y, and x* ■ y denotes the 
standard matrix product. 

Given a collection of n vectors, {ai, . . . , a„} C M", let A denote the nx n matrix with these vectors 
as rows. Denote the operator norm for A by 

||A|| = max{||A-f|| | f e R" , ||f|| =1}. 

If A is a diagonal matrix with entries {Ai, . . . , A„}, then the norm is calculated by 

(52) ||A|| = max{|Ai|,...,|A„|} 

and in general, the Cauchy-Schwartz inequality yields the estimate 



2 ^ II;? I|2 



(53) ||A||^ < llai 



Gr, 



We recall an elementary result of linear algebra: 

LEMMA 11.1. Let {i/q, ...,?/«} C M" and form their convex hull 

A{yo, ■ • • , J/n) = {to yb H \-tn yn \to ^ h t,i = 1 , t^ > 0} 

Fix < i < n, and let D^ijjQ, . . . ,yn) be the n x n-matrix whose rows are the transposes of the 
vectors yi — yi for i ^ £. Then 

(54) I det Deiyo, . . . , y„)| = n\ ■ Vol(A(yo, . . . , y„)) 

Proof. The volume of A(?7o, ■ ■ ■ ,yn) is unchanged by translation of the vertex vg to the origin, and 
the result then follows by the multilinear and alternating properties of the determinant function on 
n-tuples of vectors in R" . D 

Now assume we are given a collection {j/o, • ■ • , J/n} C R" which admit an inscribed sphere with center 
a;(?/o, ■ • ■ 5 Vn) and radius r{yQ, . . . , y„). To derive the equations for the center and radius, we pick one 
of the vectors vi as a "base point" . Clearly, the solutions do not depend on which vertex is chosen. 
It is most convenient when constructing leafwise nets in later sections to use the last vertex, so let 
i = n. Then for each 1 < k < n, set Uk = {yk-i — lln)- Then ||ufc|| < 2 r{yo, . . . , yn) as all vectors yi 
are contained in a set with diameter 2 r{yo, ...,{/„). Let U denote the n x n matrix whose rows are 
the transposes of the vectors Uk. Let |U| = | detU| denote the absolute value of the determinant of 
U. Then |U| = n! • Vol{A{yo, . . . , ?/„)) by Lemma [11.11 In particular, as will later utilize, U can be 
calculated using vectors based at any of the vectors yi . 

Suppose there exists constants < ei < 62 and e,S > such that 

(1) ei < lly^ - y-jW for all < i ^ j < n, 

(2) ei/2 < r{yo, ■ ■ ■,yn) < 62 and hence \\y, - yj\\ < 2e2, 

(3) |U| > 5. 
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Our goal is to obtain effective estimates for the inscribed sphere for a smah perturbation of a given 
net, so assume we are given vectors {zq, . . . , z„} C M" such that 

(4) Wiji - fill < e for all < i < n. 

We determine values of the constants e, 5 > such that the points {io,...,i'„} admit a unique 
inscribed sphere with center a;(zo, . . . , z„) and radius r[zo, . . . , z„), and obtain estimates for 

\\uj{zo,...,Zn) -a;(z7o,...,27„)|| and |r(zo, • ■ • , ^„) - r{y(i, . . . ,yn)\. 

11.2. Centers and radii of inscribed spheres. The hyperplanes L{yk-i,ifn), for I < k < n, are 
described by the equations 

L{yk-i,yn) = {f eM" I (yfc_i -?;„)• (f-(yfc-i+y„)/2) = 0} 

= {f e M" I Ufc • f = 1/2 -Uk^Uk + Uk^ Vn} 

(55) = {e + y„|«/c»e = l/2-||Mfe||2}, 

where ^ — x — yn represents the coordinates for L[yk,yn) with ?/„ translated to the origin. The 
center uj{yo, . . . ,yn) E M" is thus the solution of the system of equations 

(56) U-e - i-A(U) so c^(yo,...,y„) = ^ • {u-^ • A(U)} + y„, 

where A(U) = (||ui|p, . . . , ||u„||^)* is the column vector with entries Hw/clP- 

Similarly, let V denote the nxn matrix whose rows are the transposes of the vectors Vk = Zk-i — Zn 
for 1 < i < n, and set A(V) = (Hwilp, . . . , HvnlP)*- Assuming that V^-'^ exists, then for (^ — x ~ 2„, 
the solution of the matrix equation 

(57) V-C - i-A(V) , cJ(zo,...,z„) = i.{v-i.A(V)} 

is the center for a unique inscribed sphere containing the points {2*0, . . . , i*„}. Our first goal is to 
determine when V is invertible. 

11.3. Existence of the inverses. We obtain a condition under which V is invertible, and estimate 
the matrix norms ||U||^'- and ||V^-'-||. 

Let W = V - U so V = U + W, and set Q = WU-^. 

LEMMA 11.2. Assume that ||Q|| < 1/2, then\-^ exists, and ||V"^|| < 2||U"^||. 

Proof. Since V = (/ + Q)U, and we assume that U^^ exists and ||Q|| < 1, its inverse is given by 

(58) V-i = \J-\I + Q)-i = U-i(/ - Q + Q2 - q3 ± . . . ). 

Hence, estimating the norm of the infinite sum using the triangle inequality inductively, we obtain 

(59) ||V-i|| < ||U-1||.||(/-Q + Q2-Q3±...)|| < ||U-i||/(l - ||Q||). 

As 1/(1 — IIQII) < 2 this completes the proof. D 

Next, the triangle inequality and our given data yield the following estimates, where 63 = 62 + £, 

(60) \\Vk-Uk\\ < 114-1 - J/fc-lll + ll^n - J/nll < 2e, 

(61) ei-2£ < \\uk\\ - \\vk - UkW < 11411 < \\uk\\ + \\vk - Uk\\ < 2e2 + 2e = 2e3, 
then by assumption (2) and ([5T|) 

(62) |||4||'-Nfe||'| - \{vk ~ Uk) ' {vk + Uk)\ < l|4-^fc||-(||4|| + Nfc||) < 4£(e2 + e3). 

We then have the matrix norm estimate, that is, (j53p and (j6ip imply 



+ 2:71 



(63) ||W|| = ||V-U|| < v/||4-4|P + --- + ||4-w„P < 2eV^. 
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We next estimate the norm ||U ^||. Our colleague Shmuel Friedland suggested the use of the 
Hadamard determinantal inequality in the proof of the following general estimate: 

LEMMA 11.3. Let A be an n x n-matrix whose determinant has absolute value |A| > 0, and such 
that each column of A has norm at most C. Then 



(64) 



lA" 



< n-C" 



lAI. 



Proof. For an invertible n x n-matrix C, let < |ct„(C)| < • • • < |cri(C)| denote the singular values 
of C, ordered by their norms. Recall that ||C||2 == ||C* • C|| = |o-i(C)|2. 

Let adj(A) denote the adjoint of A. Since A^^ = pij • adj(A) it follows that the singular values of 
adj(A) are all the [n — 1) products of the n singular values of A. Hence the largest singular value 
for adj(A) is 

cri(adj(A)) = cri(A) • • • cr„_i(A). 

Each entry of adj(A) is an {n — 1) minor of A, and thus its absolute value is less or equal to C"~^ 
by the Hadamard determinantal inequality. 

Now if B = [bij] E R"^" is such that the absolute value of each entry is bounded above by a > 0, 
then ||B|| < na, since each L^-norm of the column of B is bounded by a^/n and we apply (|53|) . 

Thus |cri(adj(A))| = |cri(A)...cr„_i(A)| < n ■ C"^\ and the claim §^ follows. D 



COROLLARY 11.4. Let {ui, . . . , u„} C M" satisfy \\uk\\ < 2e2 for 1 < k < n, and |U| > S. Then 

(65) ||U-i|| < n(2e2)"-V|U| < n • (2e2)"^V(5. 

The estimates (|M)) and (|55)) yield 

IIQII = llW.U-i|l < ||W||.||U-l||<{2e^^}•||U-l|| 

(66) < {2eV^}.{n(2e2)"-V(5}-e-2"n3/2(g2)"-V5. 

COROLLARY 11.5. Assume that e < S/2''+^n^/'^{e2)'^^\ then ||Q|| < 1/2 and so V^i exists. 
Moreover, we have the estimate ||V^"'^|| < n ■ 2"(e2)"~^/(5. 



Proof. This follows from Lemma 111.21 and Corollary 111.41 



n 



11.4. Estimate on perturbation of the center of an inscribed sphere. Our next goal is to 
obtain an effective estimate on ||a;(io, . . . , i'n) — i^iya, ■ • ■ , J/n)|| ■ For that we estimate the remaining 
terms in the equations (|56l) and (|571) . By (J6T|) and (|62|). 

(67) 



||A(V)|| < (2e3)2V^ , ||A(V) - A(U)|1 < 4£(e2 + 63)^/^. 



We now return to the task of estimating ||cD(ioj • ■ • 7 Zn) ~ ^{yo, ■ • ■ , J/ri)||- Consider: 
2 \\uJ{zQ,...,Zn) ~ uJ{yo, . . . ,yn)\\ 

{v-i.A(V)}+2z„ - {u-i.A(U)}-2zJ„ 

2(z;-y„) + {u-i(/ + Q)-i.A(V)} - {u-i.A(U)}| 

< 2||z„-y„|| + ||U-i||.||(/-Q + Q2-Q3±...).A(V) - A(U)| 

< 2||z„-y„|| + ||U-i||.{||A(V)-A(U)|| + ||(-Q + Q^ - Q^ ± . . . ) . A(V)||} 
(68) < 2||z„-y„|| + ||U-i||.{|jA(V)-A(U)|| + ||A(V)|| • ||Q||/(1 - ||Q||)} . 
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Assume that e < (5/2"+in3/2(e2)"-\ hence |iQ|| < 1/2 by Corollary El] and so ||Q||/(1 - ||Q||) < 1 
and thus V~^ exists. We use the more accurate estimate ||Q|| < e2"n'^/^(e2)"^^/(5 from (l66l) which, 
combined with the previous estimates \\yn — Zn\\ < e, ([65)) and (l67t . then (|68l) becomes 

2 \\u{za,...,Zn)~iS{yo,...,y.n)\\ 

< 2||z„-y„|| + ||U-i||.{||A(V)-A(U)|| + ||A(V)||.||Q||/(1-||Q||)} 



< 



2e+{n- (262)"- V'5} • {^^2 + 63)^^ + (263)' • 2e • Tn\e2)"'^/6} 



Then using that 63 = 62 + £ > 62 we have 

(69) ||w(zo,...,z„)-^(yo,...,y„)|l < £-{l + n-V2 2"+i(e3)7<^ + 2 n^ 2^^ {e^fy S'} . 

It is important to note that the ratios (63)"/^ and (e3)^"/(5^ are "dimensionless" , so the estimate 
(|69p is scale invariant, in that the expression in brackets on the right hand side is unchanged by 
scalar multiplication on M". 

11.5. Robustness of simplices. We next give an estimate for S, the constant in (|69l) which is a 
lower bound on |U|, or cquivalently on the volume of the simplex A(yo, ...,?/„). Since the edges of 
the simplex have lengths bounded by 2e2, this condition guarantees that the vertex y^ in a simplex 
is not too close to a fc — 1-dimensional subspace defined by {j/o, . . . , ijk-i}, and so ensures that a 
small perturbation of vertices does not change drastically the geometry of the simplicial complex. 

DEFINITION 11.6. Let p > and I <m <n. A collection of vectors {yo, . . ■,ym} C K" is said 
to be p-robust if for each < k < m, the distance from the point yk+i to the affine subspace spanned 
by the vertices {yo, . . . , j/^} is at least p. 

The significance of this definition is seen from an elementary estimation, whose proof follows by 
induction and standard Euclidean geometry. Let P{yo, . . . , y„) denote the parallelepiped with edges 
Vi — Wo for 1 < ■* < n, and note that its volume is equal to n\ ■ Vol(A(j/o, . . . , yn))- 

LEMMA 11.7. Let {yo, . . . , j/n} C K" be a p-robust collection, then P{yo, ■ ■ ■ ,yn) has volume at 
least p"-^-\\yi-yo\\. D 

This volume estimate can be improved when the vertices are lattice points on an inscribed sphere: 

LEMMA 11.8. For < ei < 62, there exists V2(ei,e2) > such that given {yo, . . . ,yn} C K", and 
< r < 62 satisfying: 

(1) ei<\\yk-yj\\forQ<j^k<n, 

(2) \\yk\\ =r for allO<k< n, 

(3) {yo, . . . , yn} is p-robust. 

Then P{yo,yi, . . . , j7„) has volume at least V2(ei,e2) • p"~^ . 

Proof. First, note that the vectors {^0,^1,^2} C M" cannot be collinear, as they lie on a sphere of 
radius r < 62- Also, the vectors <ti = yi — yo and (T2 = 2/2 — J/o have lengths greater than ei by 
(|11.8I 1). and thus define a non-degenerate parallelogram P{'yo,yi,y2)- The minimum for the area 
over all such parallelograms must be positive, as these conditions define a compact set of such, all 
of which have positive area. Let V2(ei, 62) > denote this minimum. 

Next, the vector y^ lies at distance at least p from the plane spanned by {yo, 2/1,2/2} by the p-robust 
assumption. As yo lies on this plane, (73 — y3 — yo must also lie distance at least p from it. Thus, 
P{yo, 2/1: J/2, 2/3) with edges by {di, (72, 173} has 3- volume bounded below by V2(ei, 62) • p. 

Continuing by induction, one has that the parallelepiped P{yQ, 2/1, ... , yk) with edges {cti, . . . , dk} 
has A;- volume bounded below by ^2(61, 62) • p''~^ for all 2 < fc < n. D 
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Lemma 111.81 hints at a fundamental difference between the study of Delaunay triangulations in 
dimension 2, and the theory for dimensions greater than two. The volume estimate for simphccs in 
dimension two admits a uniform lower positive bound depending only on the constants < ei < 62 . 
For higher dimensions, there is an additional restriction required to obtain an estimate, the robustness 
of the vertices, or some equivalent version of this condition. For example, if bounds are given on the 
interior angles of the simplex, then this observation is surely well known. 

We combine the above results to obtain the final form (TfOl) of the desired estimate: 



PROPOSITION 11.9. Let {yo, . . . , {/„} C M" be p > robust, and admit an inscribed sphere with 
center u;(?/b, . . . , y„) and radius r(jjQ, . . . , y„). Given < ei < 62, set 5 — V2(ei, 62) • p""^; and let 
e > 0. Suppose that, in addition, we have: 

(1) ei < \\yi - VjW for all < i ^ j < n, 

(2) ei/2<r(yo,...,y„)<e2, 

(S) e < S/r-^ny^e.r-^ < ^^^0^- 

Let {zq, . . . , z„} C M" satisfy 

(4) WVi ~ Zi\\ < e for all < i < n, 
then {zq, . . . , z„} has an inscribed sphere with center lj{zo, . . . , 2„) so that for 63 = 62 + e , 
(70) ||w(zo,...,^„)-^(yo,...,y„)ll < s-[l + n^/-'T^+'ie,r/6 + 2n3 2^" (ea)^"/^'} ■ 

12. Inscribed spheres via inequalities 

There is an alternative approach to showing the existence of an inscribed sphere for points {zq, . . . , z„}, 
based on being given an "approximate solution" to the problem defined by a system of inequalities. 
This approach is advantageous when considering perturbations of a given triangulation, and we 
develop some key estimates which are used later. 

12.1. Approximating centers of inscribed spheres. Given vectors {zq, . . . ,Zn} C M", let V 
denote the n x n matrix whose rows are the transposes of the vectors Vk = z^-i — z^ for 1 < £ < n, 
and A(V) = (|Ki|Pj • ■ • , ll'S'niP)*- Assuming that V is invertible, the first result gives an estimate on 
the distance between an approximate center for the points and the actual center. 

PROPOSITION 12.1. Suppose that we are given vectors {zq, . . . , Zn} C M", w G R" and constants 
< Ci < r and C2 > such that 



(1) r-Ci<\\zk-oj\\<r + Ci for all < k < 

(2) ||V-i||<C2. 



n. 



Then {zq, . . . , Zn\ has an inscribed sphere with center a;(zo, . . . , z„) such that 
(71) ||a;-a;(2o,...,2„)|| <2V7^tCiC2 

Proof. The existence of the inscribed sphere follows as before, given that V is invertible. The center 
w{zo,...,Zn) lies in the common intersection of the hyperplanes 

L{zk^X,Zn) = {.f eM" I (4-1 -2n)» (:?- (4-1 +2n)/2) =0} 
= {C + ^n I 4»C =1/2-11411'} 

where C^ = x ~ Zn- Thus, the solution of the matrix equation (j57|) . 



(72) V-C = i-A(V) , w(zo,...,z„) = i-{v-i.A(V)}+4 
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is the center for an inscribed sphere containing the points {ib, • • • , •?«}• We must estimate ||lj'| 
where w' = w — lu{zo, . . . , z„). 

As 1 — Ci > 0, the vector uj satisfies the inequaUties 

(73) {r - Cif < \\zk - Lo\\^ < {r + Cif 

Make the change of variables Vk = i^-i ~ 2„ and C = cj — z„, then expand to obtain 

(74) r" - 2rCi + Cf < \\vk ~ C\\^ < r^ + 2rCi + Cf 

Note that Vn+i = Zn — Zn =0. Subtracting the inequahties (j73p for fc = n + 1 from those for 
1 < k < n and expanding and cancehng terms then yields 

-4rCi < {vk-0<{vk-0-{vn+i-0»{vn+i-0 < 4rCi 
-4rCi < (4 • i/fe - 2vfe • C + C • C) - C • C < 4rCi 

-4rCi < Vk • Vk - 2wfe • C < 4rCi 

Condition (|12.1I 1) and the above implies that C = cj — z„ is a solution of the matrix inequality 

(75) V-C-^A(V)eS(0,2V^-rCi) 

The equation (j72p implies that a;(io, . . . , z„) — £„ is a solution to the equation 

(76) V . C - ^A(V) = 

Thus, uj' = UJ — i^izo, . . . , Zn) is a solution of the matrix inequality 

(77) V-w'e S(0,2v^-rCi) 

We are given that |jV^^|| < C2 hence we obtain the estimate (JTT]) . D 



12.2. Stability of Delaunay triangulations. The stability of the Delaunay triangulation associ- 
ated to a net J\f C M" under perturbation of J\f is equivalent to the stability of the inscribed spheres 
for the vertices of a simplex. The following result shows the existence of inscribed spheres based on 
estimates which are almost "stable under sufficiently small" perturbation. 

PROPOSITION 12.2. Let {zq, . . . , z„} C K" be p-robust, for p > 0. Assume there are constants 
< ei < 62 and < Ci < r < ei, and that there exists uj G R" such that 

(1) ei < ||ii — Zjll < 2e2 for all < i ^ j < n 

(2) r - Ci < 114 - w|| < r + Ci for all < k < n, 

Then {zq, . . . , Zn} has an inscribed sphere with center lj{zq, . . . , Zn) so that for 
(78) \\uj~cj{z„,...,z„)\\ < Ci-n3/2(2e2)"-Vp""' 



Proof. Lemma fl 1 . 7l implies that the volume of the parallelepiped P{zo, . . . , Zn) with edges {vi, . . . , Vn} 
is bounded below by eip"^^, and hence |V| > eip"^^. Thus by Corollary II 1.41 we have 

(79) ||V-ij| < n(2e2)"-V|V| < n ■ (2e2)"'VeiP"'' 

Then (175)) follows from estimate ([7T|) of Proposition 112. II and the hypotheses r < ei. D 

Propositions 111.91 and 112.21 show the importance of the robustness condition in Definition 111.61 for 
estimating the stability of solutions for the equations (|56|) . Our next result shows that a small 
perturbation of a robust simplex is also robust. 

PROPOSITION 12.3. Let 1 < m < n, and assume that {yo,...,ym} C M" is p-robust. Let 
{zq, . . . , Zm} C M" be also given, along with the constants < ei < 62 and < e < ei/4 such that 

(1) ei < \\yi — yj\\ < 2e2 for all < i ^ j < m 

(2) \\yi — Zi\\ < e for all < i < m. 
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Then {zq, . . . , Zm} is pm-rohust, for pm = Pm{p, £, ei, 62) as defined below. Moreover, Pmip, £, ei, 62) 
is monotone increasing in 62 and p, and monotone decreasing in ei and e, and is scale-invariant. 
That is, for s > 0, pm{s • p, s • e, s • ei, s • 62) = s • /3„(p, e, ei, 62). 

Proof. Set e[ = ei — 2e, 63 = 62 + e and 64 = 4(e2 + ei). Then for all < i 7^ j < m, 

ei/2 < e'l < \\zi — ZjW < 2e2 < 64 

For each < k < m, let Span(2/b, • • ■ , Vk) C M" denote the affine subspace spanned by the vectors, 
and let ^fc £ Span(j7o, • • ■ , Vk-i) be the point closest to yk- Then p < \\yk - ^k\\ < Wvk - yo\\ < 2e2. 

Similarly, let Span(zo, . . . , Zfe_i) C M" denote the affine subspace spanned by the vectors, and 
Cfe G Span(zo, . . . , Zk-i) be the point closest to Zk. Then \\zk — Ck\\ < ll^fc ^ ^j\\ < '^^2 f'^r j < k — 1. 

The triangle inequality yields a lower bound 

dR™ (zfe,Span(zo,...,Zfc_i)) = llzfc -Cfell > WVk - ik\\ - \\zk - VkW - li&-Cfe|| 

(80) > p - e - Uk-Qk\\ 

We develop an upper bound estimate for ||^fe — Cfell- 

For the case k = \, note that Span(zo) — {zo} is just the single point, so ^1 = j/o and ^1 — z^, and 
II Ci ~ 'Cill = 11-^0 — ybll < £7 so in terms of the estimate ([80|) we have d^^ (zi, Span(zo)) > p — 2e. 
Set (5i = 2, then pi = p — e ■ 5i. This completes the proof of Proposition 1 1 2 . 31 for the case m — 1. 

When TO > 1 and 2 < k < m, an upper bound estimate on H^/j — Cfcll requires more delicate arguments. 

We are given that yj, Zj £ -DR"(27fe, 2e2 + e) for each < j < m. Since the distance from y^ to ^k 
is at most that from yk to yo we also have S,k G ^K"(?7fc, 2e2). The analogous estimate is true for 
(^R"(^fc, Ck), and since ||?/fc — Zfe|| < e we have that Ck G -Dri. (j/fe, 262). It follows that all of the points 
in consideration, i/j, Zj,^j, Cj, 1 ^ J ^ ^! lie iii t^ie closed disk Dg^nijjk, 64) with radius e4 = 4(e2 + ei). 
This compactness estimate is fundamental. 

Let Spanj,(yo, • • ■ , Vk-i) = Span(yo, • • ■ , Vk-i) H D-Rn [y^, 263), the restricted subdisk of radius 2e2. 
Note that we showed above that {j/o, ■ • • , yk-1,^1, . . . , Cfc} C Spanj,(yo, . . . , yk-i)- 

For the case k — 2, note that ||yi — yo|| > ^i and \\zl — zqII > e'j^ > ei/2, and using that the disk 
-DR"(y2j 262) has diameter at most 64, we have 

(81) Span2(2;o, Vi) C {j/o + tiivi - Vo) I -64/61 < ti < 64/61} 

(82) Span2(zo, zi) C {^o + si(zl - zq) | -64/61 < si < 64/64} 

LEMMA 12.4. Given z d Span2(io, zi), there exists yd Span(j7o, ?7i) so that 

(83) llz-yll <e-(l+ 464/61) 

Proof. The point z G Span2(zo, zi) can be written as z = zq + si ■ {zi — zq) G Span2(zo, zi). 
Then for y^ya + si- (yl - ya) e Span2(27o- 2/1) we have 

\\z-y\\ = \\{zo + si ■ {zl - zo)} - {yo + si ■ {yl - yo)}\\ 

< \\Z0 -2/0II + |si|||(zi - Zq) - (jTl -2/0)11 

< e+|si|(e + e) < e • (1 + 64/6^ • 2) < e • (1 + 464/61) 

Thus, every point of Span2(zo7 ^1) has distance at most £-(1+464/61) from a point of Span(j/o, ?/i)- D 

Lemma fl 2 . 41 implies that ||^2 — C2II < e • (1 + 464/61), hence ||z2 — C2II > P2 by ([80]) . where 

(84) p2 = P - e • (2 + 464/61) = p-e ■ 52{p, 61, 62) 

Note that S2{p, 61, 62) = (2 + 464/61) depends only on the constants 61 and 62, and as the ratio 64/61 
is scale invariant, thus p2 is also scale invariant, li m — 2 then we are done. 
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Next, consider the case k = 3. The estimate ps in this case is obtained from (|80l) by subtracting 
from p a term which involves hnear combinations of y2 with points of the hne Span(yo7 2/1)1 and the 
closer that 1/2 lies to this line, the larger the possible error, and likewise for Span3(zo5 ^i, Z2). 

As seen before for k = 2, the strategy is to estimate the parameters used to describe the planar 
region Spaug (j/o , J/i , 2/2 ) as in ([8T|). and similarly for Span^{zo , Zi , Z2) as in ([82]). 

Recall that ^2 G Span(yo,2/i) is the point on the line closest to 2/2, and p < \\y2 — ^2!! < 2e2 < 64. 

Likewise, the point ^2 G Span(zoj ^1) closest to 2*2 satisfies p2 < ||-?2 ~ C2II < 2e2 < 64. 

Now let S_2 £ Span(27o, J/i) be the point closest to (2- Then 112/2 — ^211 — Il2/^ ^ ^2!! > P > P2- 

Furthermore, from the case fc = 2, we have that ||^2 — C2II < £ • <^2(p, ei, 62). 

The key idea is to bound the space Spang (yb, 2717 2/2) using linear combinations with (^"2 — ^2) and 
parameter bounds invoking p and p2'. 

Span^{yQ,yi,y2) C {yo + ti{y1 - yb) + ^2(2/! - C2) I -64/61 < h < 64/61, -64/ p < ^2 < 64/p} 
Span3(zo, zi, Z2) C {ib + si(zl - ib) + 52(2^ - C2) I -64/6'^ < si < 64/6'^, -64/ p2 < S2 < 64/^2} 

As in the proof of Lemma ll2.4i every point of Spang (zb, zi, Z2) thus lies a distance at most 

e • {1 + 2e4/ei • (1 + 1) + 264/^2 • (1 + S2)} 

from a point of Span3(j/o, 2/I7 2/2)1 and in particular this estimate holds for ||^3 — Call- Set 

(85) <53 = Ssip, ei, 62) = 2 + 4e4/ei + (1 + S2) ■ ^64/ P2 

Note that the ratio 64/ p2 is scale-invariant, as is 82, and thus 5^ is scale-invariant. 
Then for pg = p — e • iJs by ([80| we have Ijzb — Call ^ Pa- 
Continuing in the way, given pk and 5k for 2 < k < m, define inductively 

(86) 4+1 = l + {l + 2-2e4/ei + (l + ,52)-2e4/p2 + --- + (l + 4)-2e4/pfe} 

(87) pfc+i = p- e ■ 4+1 

Then we have ||ifc+i — Cfc+ill ^ Pfc+i- Continuing until k + I = m, we obtain 

™-i /I I r ^ 

(88) <5™(p, 61,62) - 2 + 464/61 + 2.^ U + Ofc2e4 

fc=2 ^'= 

(89) p„(p,£, 61,62) = p-£ -(Jmlp, 61,62) 

for which dR„^ (z„, Span(ib, • • ■ , ^m-i)) = ||^m - Cm|| > Pm(p,£, 61, 62). 

Observe that by the inductive definition (|87p . the values p > pi > • • • > pm are monotone decreasing. 
Furthermore, by an inductive argument, for each 1 < k < m the value of pfe is a monotone increasing 
function of 62 and p, and monotone decreasing for ei, and thus each term (1 + 4)64/pfe in the sum 
([55)1 is also monotone increasing, hence the same holds for pm(p, e, ei, 62). Also note that each 
additional term (1 + 4) ' 264 /p^ in ((86|) is scale- invariant, so the sum (|89)) is scale- invariant. D 

The results of Part III give technical estimates on the construction of the Delaunay triangulation of 
an (61, e2)-net in the Euclidean space R", as developed in Part II, and also develop stability criteria 
for small perturbations of such a net. As such, the results should be compared to those in [35]. Our 
interest is in extending the results of Part III from Euclidean flat space, to coordinate charts on a 
Riemannian manifold which are sufficiently small so that they appear "almost flat" . This will be 
done in the next sections, in Part IV. 
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Part IV - Micro-local Riemannian geometry 

In Part IV, we discuss the "micro-local Riemannian geometry" of a matchbox manifold 9Jt. The goal 
is to extend several key concepts of Parts II and III to the leaves of SOT. This requires a sequence 
of estimates, the result of which is that the leafwise disks of a fixed radius can be assumed to be 
"e- approximately Euclidean", and vary in the transverse direction by a controlled amount. We 
begin the development in Section [131 then pause to set a series of constants in Section [14] which 
are fundamental for the estimates. Finally, Section 1151 gives the two main approximation results. 
Propositions 115. fl and [T5T71 required for the constructions in Part V. 



13. Micro-local foliation geometry 

We are given, for each 1 <i < v, the coordinate chart ipi: Ui — > [—1,1]" x Ti, with notations as in 
Part II. Then for x G t/i, let Vi{x) be the plaque for the chart ipi containing x. Moreover, we define 
Xi: Ui —?' [—1,1]" by setting 1^9^(2;) = {Xi{x),Wx) G [—1,1]" x T^. The map Xi defines the smooth 
structure on each plaque Vi{x). Also, recall that Xjr > was chosen in Lemma [2.51 so that for all 
X E 971, the closed leafwise disk Djr(^x, Ajr) is strongly convex, and 26^ < Ajr/2 bounds the diameter 
of the plaques in the foliation covering. 

For X E Ui define the transversal section, for it C Ti 

(90) 3(x,z,il) = ^ri (A,(a:),U) ; 3(x,i) = ip-^ {X,{x),%) =. X^' o X,{x) 
As a special case, for r > 0, define the compact "disk section" 

(91) 5{x, i, r) = ifT^ {X,{x),Dxiw,,r) n %) C 17, 

The local coordinate charts ipi: Ui ^ [—1, 1]" x Ti are used to define a local "vertical translation" 
between plaques, which will be fundamental in the following. For x' g 3(a;, «), define 

(92) Mx,x'):r,{x)^r^ix') , e' = 0(x,x')(O-3(C,*)nn(a:') 

When expressed in coordinates, 

(93) (fii o (j>i{x,x')(p:r^(Xi{x),Wx) = (Ai(x),u)^') 

which is just the constant map in the first coordinate. Thus (j)i{x' ,x") o (j)i{x,x') = 4'i{x,x"), and 
the maps (j)i{x,x') are homeomorphisms which depend continuously on x' G 1^ in the C°-topology. 

13.1. Metric distortions in coordinate charts. The construction of a stable nice transversal for 
or is based on the construction of nice Delaunay triangulations of a compact subset of families of 
leaves, which have strong invariance properties with respect to the maps (f>i{x, x') for the coordinate 
charts of 971. To obtain the stability of these triangulations, as used in Section [TUl the construction 
we give in the Section [TCj requires very fine control on the metric distortions of the transverse 
translations (f>i{x,x'). We make these requirements precise. 

13.1.1. Leafwise metric distortions. We introduce estimates on the leafwise metric distortions of the 
maps (f>i{x,x'). First, compare the Riemannian distance functions induced on differing plaques in 
the same chart Ui by defining: 

var{i,r) = uia^{\djr{x,y) - djr{x' ,y')\ \ x E Ui, x' e 5{x,i,r), yEVi{x), y' ^ cj){x,x'){y)} 

(94) = ui&yi{{\djr[y,z) - dr{(j)i{x,x){y),(l)i{x,x'){z))\} \y,z EVi{x), x' E'i{x,i,r)} 

Note that var{i,r) depends continuously on r, that var{i,0) — 0, and var{i,r) < 28j^ as Vi{x) is 
contained in a disk in Lj; of radius 8^. 
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13.1.2. Variation of chart coordinate systems. There is another measure of the metric distortion 
between plaques, this time in terms of the variation due to differing coordinate systems. For z G 
Ui n Uj we obtain two standard transversals 3(^,1, r) and 3(-2,J, '') in St through z. Define the 
divergence between these two transversals by 

(95) dw(z,i,j, r) = max{djr(x',2/') I x' e 3(z,i,r) , y' e ^{z,j,r) , Vi{x') CiVjiy') ^ 9} 

The assumption S^ < Ajr/4 imphes that div{z,i,j,r) < Xjr. Note that div{z,i,i,r) — and that 
div{z,i,j,0) — 0. Define 

(96) div{z,r) — max {div{z,i,j,r) | z e C/^ n C/j} 

The condition Vi{x') D 'Pj{y') 7^ is closed in x\ y' , and hence div{z, r) is an upper semi-continuous 
function of both z and r. In terms of the transverse translation maps (j)i, for e = div{z,r), the 
condition (j96]) implies that the compositions (t>i{x' , z) o 4>j{z, y') are e-close to the identity. 

13.1.3. Geodesic coordinate systems adapted to the Riemannian metric. The inductive construction 
of a Delaunay triangulation for a manifold of non-zero curvature is based on having locally linear 
approximations to "small disks" in the Riemannian manifold, as provided by selected local geodesic 
coordinate systems. A basic issue then, is to estimate the distortion in sufficiently small leafwise 
disks for geodesic coordinates, due to the variation of the Riemannian metric between leaves. 

Let e = {ei, . . . , e„} denote the standard orthonormal basis of M". A point x E R" is then written 
in coordinates as a = (ai, . . . , a„), where x ^ e ■ a = aici + • • • + a„e„. Recall that the closed ball 
of radius A about the origin in the standard metric is denoted by -D(A), or Djj" (A) when it is better 
to emphasize that the disk is defined using the standard norm || • || = || • Hrh. 

For X e 2Jl, and coordinate system tpi with x d Ui the basis e of M" defines a framing e^, of 
Tg(— 1, 1)" X {w} for each w G 1i. For each x G Ui, the differential of the coordinate map (pi at x 
defines a linear isomorphism d^ipi : T^J^ = M", by which e^ induces a framing Cx for T^J^. If the 
curvature of leaves is non-zero, then the tangent map dx^fi is typically not an isometry, and thus 
the framing Cx is typically not orthonormal for the leafwise Riemannian metric. 

The leafwise Riemannian metric on TJ^ induces on each plaque Vi{w) ~ ip^^{{—l, 1)" x {w}) of Ui 
a family of inner products on its tangent space, which in terms of the framing e,; at a; € Vi(w) is 
denoted by the matrix gjk{x). By Theorem 12.31 the tensor gjk{x) varies continuously in u; G T^ for 
the C°°-topology on fmictions on Vi{'w). 

Given an arbitrary orthonormal frame u = {ui, . . . , u„} C TxJ- for the leafwise Riemannian metric, 
define a linear isomorphism 

(97) Fe : M" ^ TxF ^ R" , Fs(ai, . . . , a„) =u-a 

where we adopt the "matrix notation" u ■ a = aiHi + ■ ■ ■ + OnUn G TxJ^. Via the coordinate 
isomorphism dx^i, the tangent vectors Uk form an orthonormal set u C R" for the inner product 
gjk{x), and in this sense, m • a is precisely a matrix product. To simplify notation, we let u = u also 
denote this framing, as it is clear from context whether we consider the framing as in TxJ- or in R". 
Then F^ is a linear isometry between {R", || • ||} and {R", || • H^}, where || • \\q denotes the norm on 
TxJ^ = R" induced by the inner product gij{x). 

Recall that exp;^ : TxJ^ — > Lx is the leafwise geodesic map at x. Given an orthonormal framing u of 
TxJ^ and < A < Ajr, the leafwise geodesic coordinates at x are defined by 

(98) Vis : ^R" (A) ^ DAx, A) C L, , Vle(a) = expf (w • a) 

Assume that Dj^{x, A) C Ui, and let x = \i{x) e (—1, 1)" C R". Then we have a second coordinate 
system on the neighborhood Djr{x, A) of x, which is also "adapted" to the leafwise Riemannian 
metric on the disk Djr(x,X). Define T^: R" — > R" by Tx{y) = x + y, and compose T^ with the 
framing map -Fa to obtain: 

(99) i;l^ = ipi\TxoFti,Wx): 7^r.(A) -> 7',(x) , yjl^{y) ^ ipr\x + u ■ y,Wx) 
Then ip^. - is the geodesic coordinate system for the flat metric on Viix) associated to || • ||u. 
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13.2. Comparison of geodesic coordinate systems. We compare the affine geometries defined 
by these two sets of coordinates, ip^ ~ and ipl. -, using the coordinate system (pi to convert the 
comparison to a local problem on R" involving differential equations on R". 

Recall that -D(A) — Dr^{X) is the Euclidean disk centered at the origin, x = Xi{x), and Dg{x,s) 
denotes the closed disk of radius s about x for the metric g. 

Let Di{x, A) — ipi{Djr{x, A)) C (—1, 1)" x {wx} denote the image of the disk in the leafwise metric. 

Let d denote the distance function on Di{x,X) defined by the leafwise metric djr. That is, for 
y,zeDi{x,X),d{y,z) = djr{(p-^{y^Wx),(p~^iz,Wx))- 

Let g denote the metric tensor on Di(x, A) in the coordinates (/?j. Note that the image under ipi of a 
geodesic segment for g is a geodesic segment for g, and as Djr(x, A) is strongly convex for A < Ajr, 
the same holds for the region Di (x, A) with the metric g. 

Let expjr denote the geodesic map associated to g, centered at x. Then for the orthonormal basis 
u C TxJ^ considered as a frame for TjrR", we set 

(100) expj^a: D{X) -^ D^{x,X) , exp^^^ia) ^expj:{u-d) 

Recall that we also have a linear map T^ o F^, which is a linear isometry between {R", || • ||} and 
{R", II • lis}, and satisfies Tj o Fs(0) = x = exp^^CO)- Let g" = (T^ o FQ)*{g) denote the metric g 
near x pulled back to D{X) via the isometry T^ o Fq. Then g\{d) — Sjk ioi a — by definition of u. 
The metric 5" is in Gauss normal form [131 125) , and its metric tensor 5"^, consequently has further 
special properties in a neighborhood of 0. 

DEFINITION 13.1. Let x e M and < X < Xjr/2. Assume that Djr{x, A) C 'P^{x), and let u be 
an orthonormal frame for T^T . For e > 0, we say that ■0^ -: -D(A) — >■ Djr{x, A) is e-approximately 
Euclidean if the following hold (in the coordinate system tpi): 

(1) For allae D{X), 

(101) \\9fk{a)-S,k\\ < sir? 

(2) For allde D{X), 

(102) di^xMia):TxoFsia)) < e ■ \\d\\ 

(3) For a geodesic a: [0,1] -^ Di{x,X) in the d metric, with a{0) = j/o and a{l) = j/i, set 
^(t) =t- {yi- yo) + yo, then 

(103) d{a{t),T{t)) < e ■ d{yo,yi) , for all < t < 1 

(4) For s < X, the Riemannian volume of leafwise disks satisfies 

(104) Wo\{D{s)) - V0I3 {Drj{x, s))\ < e • s" 

where Vol denotes the Euclidean volume and Volg is the volume form for the metric g. More 
generally, given an open set U C D{s), for s < X, we require that 

(105) I Vol(t/) - Vo\g (Sj)j,s(;7)) I < e • s" 

Conditions (|13.1I 1) and (113.11 4) concern the continuity of the metric tensor g, while conditions 
(|13. 11 2-3) concern the behavior of geodesies for the metric g, so also require control on the first and 
second order derivatives of g. The condition (|13.1I 3) is simply that the geodesies for the metric g 
and the flat metric defined by u "stay close". The conditions (|13. 11 1-5) are closely related, but are 
formulated separately in the form they will be used later. 

LEMMA 13.2. Assume that "0^ s- ^W ^ Djr{x,X) is e-approximately Euclidean. Then 

(106) \d{z,y)~\\z-y\\u\ < e-||z-y||e for all y,zeDi{x,X) 
Thus, conditions il3.1\ l) and \13.1\ 2) yield, for all a G D{X), 

(107) ||S$2s(a)-r£oi^s(a)|k < 2eA 
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Proof. Condition (|13.1I 1) and the estimate (|53|) imply the bound II5" — ^||e < £ on the matrix norm, 
from which (|106p foUows. Condition (|107|) then foUows, as || a || < A. D 

13.3. Existence of approximately Euclidean charts. Here is the key technical result about 
coordinate charts in Gauss normal form, which is the basis for constructing nice stable transversals 
when the leafwise Riemannian metric for J^ has non-zero curvature tensor. 

PROPOSITION 13.3. For all e > 0, there exists A^ > such that for all x e M with Djr{x, A^) C 
Ui and orthonormal frame u of T^J^ , the chart -0^ -: D{\^) — > L^ is e- approximately Euclidean. 

Proof. The claim is that expj ~ is well-approximated by the affine map Tj o Fji for \ sufficiently 
small. This follows from standard facts about the geodesic charts for smooth metrics. (For example, 
see [ini Chapter 5].) The only novelty is that we use the continuity of the Riemannian metric and 
its derivatives as functions of x e 971 to obtain uniform estimates, for all x e 971. We briefly sketch 
the arguments. 

Let h = hjkiO denote the Riemannian tensor on D{X) induced from g by the geodesic map exp^jj. 
Note that geodesic coordinates have the property that hjk{0) = Sjk, the Dirac 5- function. Moreover, 
the Riemannian Christoffel symbols r^j,(^) of the metric h also vanish at the origin. 

The tensor r^j,(f) is C^~^-continuous as a function of the metric tensor in the C^ topology, for 
£> 1, so the first derivatives of F^ (^) vary continuously with the metric in the C^ topology, hence 
its curvature tensor R{^) varies continuously in the C^-topology as well. Thus, by choosing A > 
sufficiently small, we can assume the quantities \\hjk{£,) — Sjk\\ and |F^^(^)| are arbitrarily small on 
the disk -D(A), and moreover the norm of the curvature tensor |i?(^)| is uniformly bounded. 

Standard results of Riemannian geometry show that the second derivatives of the geodesic map 
exp^ s ^t the origin are bounded by the norms of the Christoffel symbols F^j.(^), of their derivatives, 

and of the curvature terms R{^). (For example, see [25l Chapter 5, Remark 2.11].) Thus, given 
e' > 0, there exists Xx,e' > such that exp^^ is e'-close to its linear approximation T^ o F^ in the 
Euclidean norm on R". This yields the estimate (|102p of Definition 113. 11 2. 

The condition (I103P of Definition 113.11 3 follows, as the local expressions of the Christoffel symbols 
F^j^, are sufficiently small on D{\) and the quantities |F^j,| are uniformly bounded. Conditions 
(|13.1I 1) and (|13. 11 4-5) follow from the continuity of the metric tensor g, as noted above. 

For each e > 0, choose Ae > so that the conditions of Definition 1 1 3 . 1 1 holds for all x e 9H, and any 
choice of orthonormal frame u for TxJ^ . 

There is one further subtlety, which is that the error estimates in formulas (|102p and (I103P arc in 
terms of the leafwise distance function djr, while the error e' above is in terms of the Euclidean norm 
II • II on -D(A). Introduce the constant 

MtW — max < , a;e9Jc, m, a ^ £ F>(Xt) > 

I Wb-aW dAr^ruibUUs)) J 

Given e, let e' = e/||(ijF|| and choose Ae for as above for the error e' . Thus, by the compactness of 
9Jl and the continuity of the metric in the C^-norm, given e > there exists an A^ > 0, so that for 
all X G 9Jt, for all < A < Ae, and for all coordinate chart indices 1 < i < v with Djr{x, A) C Vi{x), 
the estimates (|102p to p04p of Definition 113.11 are satisfied. D 

REMARK 13.4. If the leaves of F are isometric to Euclidean space R", such as when F is defined 
by a free action of R", then A^ may be chosen arbitrarily large. Otherwise, if the leaves of F have 
large sectional curvatures and e is small, then A^ may be quite small. One consequence of Ag ^ \jr 
is that it forces the points in the leafwise nets constructed in section [16] to be very closely spaced. 
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14. Setting the constants 

Our ultimate "affine approximation" results are given by Propositions 115.41 and 115.71 in the next 
section, which extend Proposition 113.31 above. However, in order to state and prove these resuhs, it 
is necessary to specify the "universal scale constant" eo > for which these results are valid. It is 
absolutely fundamental that these estimates provided by these propositions are independent of the 
choices made in their applications. That is, we must a priori define the constant eg as well as error 
bounds El, £2, £3 and £4 which arise. For this reason, in this section we prescribe these geometric 
constraints, and then make our construction using these fixed choices. The word "arcane" describes 
perfectly the process for choosing these constants. This section can be skipped at first reading if 
desired, and then consulted later, though the process of making these choices, and some of their 
implications as pointed out below, are a key part of the construction. 

14.1. Number of inscribed spheres. The first constant to define is a very large number, based 
on the combinatorics of nets in regions of R" , which is the reason for role of the dimension number 
n in the following. It may be possible to give a much more refined value to the constant, but for our 
purposes, the following suffices. Set: 

10"! 10"! 10"! 10"! 

^ ' " " 1!(10"-1)! ^ 2! (10" -2)! + ' ' ' + ^^r(l(F~^ ^ (n + 1)! (10" - n - 1)! 

Given a finite subset D, C Djr(^, X^) with cardinality bounded above by 10", then C„ is an upper 
bound for the number of distinct subsets of fl consisting of at most {n + l)-distinct points. In 
particular, C„ is an upper bound on the number of distinct n-simplices, defined by (n + l)-vertices 
in fl. Thus, C„ is an upper bound on the number of inscribed spheres for the set ft. 

14.2. Geometric constants. Next, introduce four additional "geometric constants". The purpose 
of these choices is briefly indicated, and their precise roles will be apparent later. The constants 
are defined now, as it is fundamental that these can be chosen independent of later choices. The 
constants are "scale-invariant" , and in their applications are multiplied by the scale AJr which is 
defined by (|117p below. 

The width of the annular regions appearing in Lemma 117.31 will be chosen bounded above by 

(109) £1 = l/(C„-1000n-100"). 

The thickness of the rectangular regions appearing in the robustness condition (jl53p will be chosen 
bounded above by 

(110) £2 = l/{Cn ■ 2000 • 2"). 

The translation distance of the centers of inscribed spheres for perturbed vertices is bounded by 

(111) £3 =£1/10. 

The constant £3 first appears in the statement and proof of Proposition ll8.ll We repeatedly use the 
implication of this choice that £3 < £i/4. Set 

The error of the affine approximation in Proposition 115.41 is bounded by a constant £4. The value 
of this constant determines the recursive decrease in the robustness estimates in Propositions 112. 3[ 
115.71 and 118.11 The value of £4 is defined by a recursive process, depending on the dimension n, 
which we recall from the proof of Proposition 112.31 

Proposition ll2.3l gives a recursive definition for the functions pmip, £, ei, 62) for 1 < m < n. As noted 
there, the function pmip,s, 61,62) is monotone increasing in 62 and p, and monotone decreasing in 
ei and £, and satisfies pmis ■ p,s ■ e,s ■ ei,s ■ 62) = s ■ pm{p, 6,61,62) for s > 0. Moreover, for all 
1 < m < n, Pm{p, 0, ei, 62) = p. For the normalized values ei = 1, 62 = 2, 64 = 4(e2 + ei) = 12, and 
p = Po, define functions Pm{po,£) recursively by 

Po(po, e)= po , (5i = 2 , pi{po, e) = po-2£ , (52 = 50 , p2(po, e) = P - 50£ 
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and for 1 < to < n, by 

(112) Prn{po,e) ^ pQ-e-5m , ^™ = 50 + 24 -V ^ — -^ 

Note that each Pmi^) is a continuous function of e. Also, for fixed initial data (po,e), the sequence 
of values is monotone decreasing in m: 

Pq = Po(po,e) > Pi{po,£) > P2{pQ,e) > ■■■ > Pn{po,£) > 

At a key stage of the induction process, we introduce the following constants, for each < k < n: 

Pk = (18 - 2k/3n) ■ £2 

p'^: = (18-(2fc + l)/3n)-e2 
Then we have 

(113) 18e2 ^ Pq > p'o > Pl > p'l > ■ ■ ■ > Pn > P'n > Pn+l > p'n+1 > 15£2 

Finally, choose £4 > sufficiently small so that the following 2n+2 inequalities hold, for 1 < fc < n+1: 

(114) pk>Pn{pk,We4)>p'k +82/100 

(115) p'k > Pnip'k, 10£4) > Pk+1 + £2/100 

The full set of these inequalities are used in the proofs of Propositions ll7.6l and ll8.Tl where they are 
multiplied by the scale s — A3r/10. 

14.3. Error of transverse computations. Finally, £0 is the "basic error" appearing in almost 
every transverse translation calculation and estimate, so is restricted by multiple conditions. The 
following restrictions are informally summarized by saying "it is intuitively clear that there exists 
£0 sufficiently small so that all of these conditions are satisfied" . We make this intuition precise: 

(116) Choose £0 > which satisfies the following conditions: 

(1) £0 < 1/2000 - used in equations (fT54)) and p55)) 

(2) £0 < 50n(2/5)"£i - used in equation ([T46l) 

(3) £0 < £2/2000 - used in equations ()15ip and ()152p and in proof of Proposition 117.61 

(4) £0 < £3/4 - used in equations (fTSS]) . (fT79l)). (fTSe]) ) and in proof of Proposition [TO 

(5) £0 < £1/2 < £1 - 2£3 - used in p^ ) 

(6) £0 < £3/2(1 + 35n3/2 . (4/i5£2)"-i} - used in equation (ITTHll 

(7) £0 < £4/20 - used in Proposition 115.41 

(8) £0 < Sn{s4)/100 for 6n defined in Lemma [15.51 

Note that the function (5„ in estimate (8) above, as defined in Lemma 115.51 is derived from linear 
algebra, and is independent of all other choices, so that £0 is well-defined. 

14.4. Leafwise constants. Recall that X^^ was defined in the proof of Proposition [1331 Introduce 
the fundamental "leafwise" constant: 

(117) A> = min{<5^J,A^/5,A,„,l} 

which is the basic distance scale for all of our subsequent constructions, chosen so that the leafwise 
balls Djr(^^^ A^r) are "£9- approximately Euclidean". For example, if the leaves of T are isometric to 
Euclidean space R", then AJr = min{S^, Ajr/5, 1}. Otherwise, if the leaves of J" have large sectional 
curvatures, then AJr may be quite small. 

14.5. Variations of the metric in charts. Recall the definitions of the functions var in (JMl) ) 
and div in (|M)) . and choose the "transverse" scale constant r* > so that div{z,r^,) < £oA5r for all 
z G 971, and also var{i, r^,) < £oA5r for all 1 < « < :^. 
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15. AfFINE DISTORTION ESTIMATES 

We next give several applications of the choices in Section [U for the "micro-local geometry" of a 
matchbox manifold, culminating in the proofs of Propositions 115.41 and 115.71 

The following notion and estimates will be used frequently. 

DEFINITION 15.1. Let {X^dx} and {Yjdy} be metric spaces, and e > 0. ^ homeomorphism 
into (j): X -^Y is said to be an e-isometry if 

(118) dxix,x')-e < (iy((/)(a;),0(a;')) < dx{x,x') + e for aUx,x' e X 

LEMMA 15.2. For x G SOT and orthonormal frame u for T^J-^ , the geodesic normal coordinate map 
■0^ -: D{X*jr/2) — > Djr{x, X*-p/2) is an Eq X'^-isometry from the metric \\ ■ \\ to the metric djr. 

Proof. As the Euclidean disk D{X*jr/2) has diameter AJr, the claim then follows from the estimate 
ll?" ~ <5||s < ^0 as in the proof of Lemma [13.21 D 

Recall that the disk section 3(y, «,''*) of radius r* > was defined by formula (pijl V 

LEMMA 15.3. Let x £ Ui and y € Vi{x) n Uj for some 1 < i, j < ly. Assume that x' e 3(a^, *,''*) 
andy' = '5{y,j,r^,)r\Vi{x'). Then 

(119) dAx,y) -2eoX*p < d^{x',y') < d^{x,y) + 2eoX*F 
If either i — j or x — y, then a more strict estimate holds: 

(120) d^(x,2/)-eoA> < d^(x',y') < d^(x,2;)+£oA> 

Proof Let y" = 3{y, i, r^)nVi{x'). Then djr{y', y") < eq X*jr by the definition of the divergence ^ 
and of r*. Thus, \djr[x' , y") — djr{x' , y')\ < Eq AJt by the triangle inequality. 

Then by the definition of the variation (j94| and r* we also have \djr[x' , y") — djr{x, y)\ < Eq AJt. The 
estimates (fTTOl) and (fT20l) then follow. D 

15.1. Estimates for variations of afRne geometries. We next derive estimates comparing the 
local affine geometry of geodesic coordinates in nearby plaques. 

Let X e Djr{x, X*jr) C C/j and y G Djr{x, X*jr/2) so that Djr{y, X*jr/2) C Djr{x, X*jr). 

Let x' e 3(a;, i, r*) and set y' — (j)i{x, x'){y). Choose orthonormal frames u for T^J- and v' for TyiJ-, 
with corresponding geodesic coordinates ^^ ^ and ip^ , -, . Consider the composition 

(121) %,y- ^ {ry,y)-^ o Mx, x') o 4,1^ o Tj : D{X},) ^ M" 

where S, = {ip^ u)^^iy)^ ^^^ -^C • ^" ^ ^" denotes the afRne transformation T^{d) = a + ^. Then 

*;,'(0) - iry,,^,)-' o Ux, x') o ^^ -(0 = (V^,,^,)"' o Hx, x'){y) = {ry.,^,)-\y') = 

The map $^ , compares two coordinate systems about the point y': one is the translate of the 
geodesic coordinates ■0^ - centered at x but restricted to a neighborhood of y in its domain, and the 
other is centered at the translated point y' . Each coordinate system defines an "affine structure" in 
a neighborhood of y' . The next result shows that ^^.y' can be made "almost the identity" by the 
proper choice of the framing v' , so that these affine structures are arbitrarily close. 

PROPOSITION 15.4. There exists a choice of orthonormal frame v for TyiJ- so that 

(122) M/,,,, ^ {ry,.^)-'oU^,x')oi^l^oT^: i?(A>/2) ^M" 
is £4^X*jr-close to the identity, for £4 chosen to satisfy (|114p and (|115p . 
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Proof. We are given x e Djr{x, X*jr) CUi, y e Djr{x, \*jr/2) so that Dj^iy, A5r/2) C Djr(x, AJr), and 
x' € 3(a^, «,''*) and set y' = (j)i{x,x'){y). Also given are frames u for TxJ^ and v' for Ty'J^. 

The idea of the proof is simple, in that we express both geodesic coordinate maps ip^ ~ and tp^, -, in 
the local coordinates ipi, as in the proof of Proposition ll3.3l The key point of the proof follows from 
some delicate linear algebra, used to choose the new framing v, and then estimating the distortion 
of the geodesic coordinates for this frame. 

Let (pi{ x)^ (^,Wj;), ipi{y) = {y^w^) and ip^iy') = (y'.Wy,) for w^.Wy, G T^, where as before in 
Section 113.21 x — \i{x) and y — Xi{y). By definition, (j)i{x,x') is the identity map when expressed 
in the coordinate system (^i, so the assumption y' — 4>i{x, x'){y) implies y' — y. 

We mention a point of notation established in Section [13] and used repeatedly below. The "tilde" 
notation, a; g (—1, 1)" for example, denotes the horizontal coordinates of a point or set; the "prime" 
notation denotes a point or set in the translated plaque Pi{y'); while u* S R" denotes a vector in the 
vector space R", typically obtained from the inverse of the geodesic coordinates tp^. 

Set ^2 = Xjr/5. The restriction 0i(a;, a;'): Djr[x,X*jr/2) — >• Vi{wyi) is an SnA^-- isometrv bv Lemma ll5.3i 
and thus (j)i[x,x'){Djr{y,2d2)) C Djr{y' , X*j,/2)). Indeed, 

M^, x'){Dr{y, 2d2)) C D^[y', 2A>/5 + £oA», 

and since by assumption Eq < 1/2000 we have 

2A>/5 + 2eoA5r < 401/1000A> < A3r/2. 

This implies that the composition (|122p is well-defined. Recall from Section fl 3. 21 that we denoted 

A(5?,A>/2) = ^,(i?^(a;,A>/2))c(-l,l)"x {«;,}, 

D[{y', A>/2) = ^,{D^{y', X*^/2)) C (-1, 1)" x {wy,}. 

Recall from Section [l3.2l that d denotes the distance function on Di{x, X*jr/2) defined by the leafwise 
metric djr via the coordinates ipi, and g denotes the induced Riemannian metric on Di{x,X*jr/2). 
The geodesic coordinates about a neighborhood of a; G M" associated to g and u, are denoted by 
^s,u- D{X*^/2) ^ A(J, A^/2). So for ^ = (^^,s)~'(y)' then y = S^jj^^CO by definition. 

Similarly, d' denotes the distance function induced on D[{y\X*jr/2), and g' denotes the induced 
metric tensor on D'^iy' , X*jr/2). The geodesic coordinates associated to g' and w', centered at y' , are 
denoted by expj'^p' : £'(A3r/2) -^ D[{y' , A3r/2). Then the map '^x,y' from (|122p can be expressed by 

and there is the diagram of maps: 

T,J- ^ M" D D{X*p/2) ""^1^°^^ D,{x, A>/2) c (-1, 1)" x {w^} ^ ^K) 

(123) ^x,v'i =; i(p^{x,x') 

Ty,J- = M"Di?(A>/2) '"^"' b[{y',X*^/2)(z{-\,lYx{wy,} ^ V^{wy,) 

Set 7 = ir + u • ^ so that T^ o Fu{a) — T^ o F{i(d + ^). 

By condition (|102p of Definition 113.11 and using that AJr < Aeo, for all a G D{X*jr/2) we have 

(124) d(S5j^s(a + 0,T^ ° F^ia)) < eoA> , d' (S$^,,p,(a),Tjy, o Fff,(a)) < £oA> 
Set a = in the first estimate of (|124[) , then by Lemma 113.21 we obtain 

(125) ||y-7lls < rf(y,7) + £oA> = d(5S5~^s(e), ^^(0)) + £oA> < 2£oA> 

The "obvious" next step is to replace the orthonormal framing v' for R" for the norm || • \\g' with 
the new framing v = u, and then the claim of Proposition 1 1 5 . 41 would follow. However, u need not 
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be an orthonormal framing the norm || • |jp', so it is necessary to adjust the framing u using the 
Gram-Schmidt orthogonalization process. This introduces additional errors, which depend on the 
"distance" from u to v' in the Lie group GL(R"). We formulate this error as follows, using estimates 
derived from the Gram-Schmidt orthogonalization process. This derivation of the following result is 
straightforward, and we omit the proof. 

LEMMA 15.5. Let M" have the standard Euclidean inner product with norm \\ ■ \\. There exists 
e„ > and a monotone continuous function Sn'- [0,en] — >■ [0,e„] with (5„(0) ~ 0, such that given 
< e < e„ set S ^ <5„(e) > 0, then for any basis {f[, . . . , /,'j} C M", whose vectors satisfy 

(1) l-5<\\fr\\<l + 5,forl<3<n, 

(2) \n»f'j\<5,forl<i^j<n, 

then there exists orthonormal vectors {/i, . . . , /„} such that ||/j — /'|| < £• D 

Recall that e = {ei, . . . , e„} is the standard orthogonal basis for M". Scale these unit vectors by a 
factor of d2 = AJr/S so they lie in the domain of 'ix,y', and set Zj — Fu{d2ej). Note that ||z*,||g = ^2- 

RecaU that ^ = ('/'lK)"^(y)- Then ^26^+^ e D{x, \*jr/2) so that Zj = exp^ a(d2ej+$) e D^{x, X*jr/2) 
is well-defined. Then by Lemma [15.21 

(126) \d{zj,y)-d2\ = \d{zj,y)-\\zj\\u\^\d{zj,y)-\\u- {d2ej+£)-u-S^\\q\ < eoAJr 

(127) \d{zj,Zk)-V2d2\^\d(zj,Zk)~\\u-{d2ej+£_)-u-{d2ek+0\\u\ < eoA> 

The estimates (|126p and (I127P imply that the set {(zi — y)/d2, ■ ■ ■ ,{zn — y)/d2} is an "almost 
orthonormal" collection for the metric d. 

By Lemma |15.3[ the map (j)i[x^x') is an eoA^r-isometry, and as (j)i{x,x') is the identity map in the 
coordinates ipi, we obtain estimates corresponding to (11261) and (|127l) for the metric d', 

(128) |d'(z„y)-rf2| < 2eoA^ =^ \\\I, -y\\^. - d2\ < 3£oA> 

(129) \d'{zj,Ik)-V2d2\ < 2eoA> =^ | || z^- - Zfe ||ff- - ^2^2 | < SeqA^ 
which follow from estimate (|106p of Lemma 113.21 

Define Zj = exp~, yi{zj). Then by estimate (jl07p of Lemma ll3.2l and noting that zj € Di{y', X^/2), 

(130) ||z,-Tj;,oFff,(z;')|k' = \\^y,^^,{z^)-Ty,oF^,{z^)y < SoX*^ 

Then by (|128p and (|129p . and using that the map T^' o Fg' is an isometry from the norm || • || to the 
norm || • \\yi , we obtain for the Euclidean norm on M", for 1 < j ^ k < n, 

(131) Ill^;i|-rf2| < 3eoA> 

(132) ||lz;-4'||-\/2d2| < 3eoA> 

Set fj ~ Zj/d2, and observe that (|13ip implies the collection {/{,..., //j} satisfies hypothesis (1) of 
Lemma [15.51 for 6 — IdsQ. 

It remains to estimate |/' • /(.I for 1 < j 7^ fc < n. Write /^ = fj k ^ fk k where /' j. is collinear with 

4 ^^d /j . 4, = 0. Then l/j . i^l = 1/^ . /j_,| = ||/>||||/;,,||. 

Note also that ||/;'||2 = ||4,||2 + H/j jp hence \\fl,r = (ll/i'lP - ll/j.^lP)- By ^^ we have 

(133) V2-15eo < Wf^ - flW ^ Wif; - flk) - flkW < V2 + Ibso 
After squaring and using the orthogonality of the vectors, we obtain 

2 - 30V2eo + 225e2 < \\{f; - fl^W + Wflj^ < 2 + 30V2eo + 225£2 
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Note that /;' and /j, are coUinear, hence H/j' - /j .f = \\f^\\^ - 2\\f;^\\ ■ H/j J| + \\flj\ Then using 
that 2 - lOOeo < 2 - 30V2£o + 225e§, we have 



2-ioo£o < ii/;'ip-2ii/;'Mi/;',,ii + ii/;',fcip+ii/^f < 2+100^0 

From the identity ||/1,||2 = (H/jf _ Wf^J'^) one derives H/j . iX|| = ||/;'^,|| < lOOeo- 



Thus, the the collection {/{, . . . , //j} satisfies both hypotheses of Lemma [15.51 for 6 — lOOeo- We 
assume that Eq < £4/20 in (|116p so that £4 < £5 = 2e4 — 20£o- By choice of £0 hi (|116p . we have 
100£o < Snie^) so we obtain the orthonormal framing / = {/i, . . . , /„} of R" satisfying ||/fc — /^|| < £5 

Define Vj = Fg>(fj), then v — {vi, . . . , u„} is an orthonormal frame for the norm || • H^' so defines 
an orthonormal framing of TyiF. Note that Fis = Fp/ o Ft and calculate: 

\\T^ o Fq{d2ej) - Ty, o Fff(d2ej)||ff' 

< II (r^; o Fz{d2ej) - ZjW^, + \\zj - Tyf o F^{d2ej)\\^, 
= \\T^ ° Fu{d2ej) ~ IjW^, + \\z, - Ty, o ^^^(da/jOlk' 

< ||r^ o i^s(d2ej) - ^jh' + P, ~ Ty. o Fff,(d2/J')lk' + IITV' o Fff,(d2/;') - Tjy, o F^,{d2fj)h' 

< 3£oA> + £oA> + 2d2e5 = 4£oA> + 2£5A>/5 

where we use successively the definitions of the quantities involved, Lemmas 113.21 and 115.21 the 
estimate (|124p . the estimate (|130p . and Lemma [15.51 Then by the approximations (|124p and Lem- 
mas [1321 and [1521 we have for ah a G L'(2A5r/5) that 

(134) d(S$2,K(a + C),S$y,,p,(a)) < 7£oA> + 2£5A>/5 
Hence by Lemma [15.21 and our choice £5 — 2£4 — 20£o, we obtain 

(135) ||*x,y (a) - a|| = \\^y',v' ° ^s.u ° T^ia)\\ < 8£oA> + 2£5A>/5 < £4A> 
completing the proof of Proposition [1531 D 

15.2. Robustness criteria. The fine control of the affine structure of geodesic coordinates provided 
by Proposition 115.41 is used in establishing robustness criteria for leafwise Delaunay triangulations 
in the next section. In preparation, we define a "non-linear" form of the robustness criteria in 
Definition 111.61 and Proposition 112.31 

Recall that Span(i/o, ■ ■ • , Vk) C M" is the affine span of the vectors {vq, . . . , Vk}- 

DEFINITION 15.6. Let p > and x e Ui such that Djr{x,\*jr) C Vi{x). Let 1 < m < n. A 
set {yoi ■ ■ ■ ^yrn} C Djr[x, X'^/2) is p-robust if for each I < k < m, the following leafwise metric 
conditions hold: 

(1) Fix an orthonormal frame u — {ui, . . . , m„} C Ty^T with geodesic coordinates ip^ ~; 

(2) for each < j < k, set u, = (■(/'^^ K)"Hyj); 

(3) Set Hiyo, . . .^yklVk) = ^^^^^ {Span(«o, • • • ,4) n i^(A^)}. 

Then the point yk+i lies at distance at least p from the suhmanifold H{yo, . . . , yk', J/fc) 

We show that the robustness condition for points in Definition 115.61 implies the robustness condition 
Definition 111.61 holds for their vector coordinates in geodesic normal coordinates. 

PROPOSITION 15.7. Given constants 

(136) A>-/10 = di<di+ 2eoX*jr < d < ej < ^2 - 2£oA5r < ^2 = 2A>/10 
and < pq < di, let x £ dJl and suppose {j/o, ■ • ■ , J/m} C Djr(x, A^/2) satisfy 

(1) ei < dj^[yj,yk) < 2e2 for < j ^ k < m 

(2) {2/0, ■ • • , 2/m} is po-robust. 
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Given an orthonormal frame u of TxJ^, set Wj — ("i/;^ s)~^(yi) ^ ^(-^j^/^) for < j < m. Then 
{wq, . . . , Wm} C M" is pm-robust, where pg — pi{po,£iX*jr, ^1,^2) is defined by (|112p /or 1 < I <m. 

Proof. We proceed by induction. By assumption, djr{yo,yi) > ei > di + eoA^r, so by Lemma Fl5. 21 
we have \\wi — wo\\ > di > po — 2e4Xyr — pi- 

Now assume that the collection {wq,. . . ^wg] is pf-robust, for each 1 < i < ra. We show that 
{wq, . .., wg+i} is p<?+i-robust. 

Let Ui be a coordinate chart such that Djr{x, AJr) C Ui. 

Let T^j : M" — > M", T^g{x) = x + wg be translation by W£. Define the composition 

*^ ^ ii'L^r' ° €.a ° T;.-. ■■ D{2d2) -^ i?(A>/2) 

for an orthonormal frame v — vg oiTyi,F as provided by Proposition ll5.4l so that ||$£(x)— x|| < £4 AJr, 
where £4 is defined by (|114ll and (I115|) . This is possible by our choice of Eq in (|116p . (In this 
application of Proposition II 5 .41 we take y' — ye (z Vi{x) which is on the same plaque as x.) 

For < j < TO, define Zj — (-i/;^ 5j)^^(2/j)i and also set Wj = Wj — wg. Then ^^ (wj) — Zj. Using that 
'^g is e4A^ close to the identity, we have that each \\zj — Wj\\ < e4X*p. 

Note that {wq, . . . ^wg} is p£-robust if and only if the collection {w'q, . . . ,w'^} is p^-robust. 

By the definition that {yo, . . . ,ym} is po-robust, the point yg+i lies at distance at least po from 
the submanifold ip^ p(Span(zo, . . . , z^)). So by Lemma I15.2| the vector zg-^^i lies at distance at 
least Po — EqAJt > pe from the linear span Span(zo5 • ■ • , zg). Thus, we also have that the collection 
{zq, . . . , zg+i} is p£-robust. 

It is given that ei < djr[yj, y^) < 62 for < j ^ k < m, so hy Lemma 115.21 we have 

di <ei- 2£oA3r < \\zj ~ 411 < 2e2 + 2eoX*jr < 2^2 

for all < j y^ k < m. We can thus apply Proposition 112.31 for e = £4A5r to the collection 
{zb, . . . , 4+1} to conclude that Span(zZ;o, . . . , wg+i) is p^+i-robust. D 

Part V - Nice stable transversals 

Given a proper base Kq along with a iCo-admissible transverse set Vq which satisfies prescribed 
metric restrictions, we give the construction of a nice stable transversal X for an open neighborhood 
of Kq- The procedure is inductive, in that we assume that a collection of transversals are given, 
which satisfy a set of regularity conditions, and then prove that it is possible to extend the collection 
by adding another transversal so the regularity conditions are again satisfies. This process continues 
until we obtain a (di, d2)-uniform transversal for the Reeb neighborhood ^{Koi Vo) defined by (pij) . 
This will complete the proof of Theorem 110.11 

16. Regular partial transversals 

We recall the given data, and fix notations convenient for the proofs below. Let Lq C 2t be a leaf 
without holonomy. Since the holonomy covering map II: Lq ^ Lq is a diffeomorphism, we work 
with points and sets in DJl instead of the holonomy covering, unless it is necessary to emphasize that 
the construction is taking place in a subset of the foliated microbundle D^o over Lq. This simplifies 
the notation throughout. 

Let A^o be an (ei,e2)-net for Lq as in Section IS.l) where 62 = ejJ/4, There is a corresponding net 
Mo = n^^(A^o) in Lq, where z e Mq corresponds to z = n(z) e A^o- 

Assume there is given the covering of 93T by coordinate charts {Ui^ | z € A/q}, as in the proof of 
Lemma [5.21 where 1 < iz < i^, and such that Brffi[z,eu) C Ui^. Correspondingly, for each z e A^o, 
there is a foliation chart C/y = Ui^ x {z} for DTo as discussed in Section [ 
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Let Ko C Lo be a connected compact subset which is a union of the plaques in Lq ■ We may assume 
there is a subset 7W^^^ C Mko = Mko so that Kq = U {Vt^iz) | z e M'j^J. Set Kq = n~i(i^o) 
and Mk„ = TI-^{Mko) C Lq- 
Let Rq denote the diameter of Kq in the leafwise metric, so for any x G Kq we have Kq C Djr[x, Rq). 

Fix a basepoint zq £ Mko- Without loss of generality, we may assume that i^^ — 1, and let wq £ Ti 
be the projection of zq to the transverse space for Ui . 

For z E Mq let hz denote the holonomy along some nice path 7 from zq to z. This is well defined 
as Lq is without holonomy. 

Recall that the constant e^ is the "leafwise Lebesgue number" defined in equation ^, so that for 
all y e 971, Djrijj,^^) C D<xa{y,£u/'2)- The constants Eq, £1, £2, £3, £4, and AJr are as chosen in 
Section [m Also, r* was determined by the choice of AJr in Section ri4. 51 

For r = Rq + S^, let (Jq" = (5(r*/2,r) < e be the constant defined in Proposition I4.9i so that 
Dxiwo^Sj) C olh^) for all z e A^^o- Moreover, h^iDxiwQ,Sj)) C D3;(/i2(wo), e)- 

Let Vo C £^36(^0,50 ) be a clopen subset with wq G Vq. Then Vq is /Cq- admissible, so we can 
form the Reeb neighborhood 9t(ii'o,Vb) C D^o as in Definition 15.81 Note that even though the 
map Lq ^ Lq d Wl is assumed to be injective, the same is not necessarily true for the map 
^{Kq,Vq) — ?► dJl. For this reason, constructions using subsets of the coordinate neighborhoods are 
formed in the space O^o- Notations involving the "tilde" indicate that the construction is considered 
in 9To as opposed to 5H. 

For all z e Mkq, set Vz — hz{Vo) C Ti^ and Wz — hz{wo). Then by the definition of the function 
5{e, r) and the choice of Vq C Dx{wq^ (5o"), we have 

VzCBx(wz,r,/2)c%^ 

Hence, for any w S Vz we have Vz C Bx{w^r^:). Also, define the compact sets 

(137) ii^-^;i(v;)cc/., , ill' = ill' X {?} c [/,, c % 

For X £ iiY" , define a standard sections by 

(138) ^{x,iz,Vz) = v-\Kix),Vz)ciiiY , ^{x,i2,Vz) = 3ix,iz,Vz)x{I}cimo 

The construction of a nice stable transversal X proceeds by induction from a given "partial net" in 
Kq by choosing points which complete it to a (di, d2)-uniform net. The net points ^fe € Ko chosen 
must satisfy appropriate net and general position conditions. Ultimately, we let X be the union 
of the standard transversals Xk = 3(^fc,i{fc, Vb) through these points. The procedure for making 
these choices utilizes the constants and estimates from previous sections. In addition, introduce a 
sequence of constants based on the scale A^ri 

^ 10 \* 

(139) 

Note that ^2 — Sdi and 

AJ-/10 = di < d[ < d'l < 4' < 4 < d2 = A>/5 

DEFINITION 16.1. Let Vq C Dxiwo,SQ) be a clopen subset which is Kq- admissible, and assume 
that the leaf Lq determined by wq G Vq has no germinal holonomy. Then Xp — Xi U ■ ■ ■ U Xp is a 
regular partial Vo-transversal for Kq if there are given: 

(i) points Sp = {^1, . . . , ^p} C Kq; 

(a) points Ap = {zi, . . . , Zp} C Mkq such that £^j e Bjr{zj, eJ/2); 
(Hi) indices 0j = izj for I < j < p for zq. e Mxa 



di = 


.10 -A^, 


d[^ 


.11- A>, 


< = 


.12- A3r 


d2 = 


.20 • A>, 


4 = 


.19 -A^, 


4' = 


.18 -A^ 
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such that Xj = 3(Cj, ^j? ^) for ^ l£ j l£ P- That is, Xj is a standard section through S,j. 
Moreover, for a; € St define Mp{x) — XpH L^- Then we require 

(iv) for all y ^ z £ Afp{x), then djr{y, z) > d'^. 
Define Mp — Xp (1 Lq for the case where x (Iz Lq. 

Note that if p = 1 in Definition 1 16.11 then condition (iv) is always satisfied: given f 7^ ^' G JVi, then 
^,C G Xi implies they are contained in distinct plaques of Lq, hence djr{^,£^') > 25^. 

For p > 2, we impose two additional stability conditions crtieria on the nets Afp{x). 

Let A'jr{Xp) denote the leafwise simplicial complex for Xp defined using the constants {d[,d2) in 
P39p above. That is, a (fc + l)-tuple {yo, . . . , yt} C Xp defines a fc-simplex A{yo, . . . , y^) g A^(A'p) 
if there exists w € Ly^ and < r < dj such that Bjr{u), r){^Xp = and {yo, ■ • ■ , Vk\ C Sjr{ijo, r)r]Xp. 

Let A(yo, • • • , Vn) G ^j^'i'^p) be an n-simplex, then by Proposition l8.6[ the collection of hyperplanes 
{L{yQ, j/i) I 1 < i < n} in DjrijjQ, \jr) have non-trivial intersection: 

(140) uj{yo, . . . ,yn) = L{yQ,yi) D ■ ■ ■ D L{yo,yr,) nCiyo) 

where C{yo) is the cell determined by yo in the Voronoi tessellation of Kq associated to the net 
Afp{yo). The point uj(yQ, . . . ,y„) G Ly^ is the center of the associated inscribed closed disk with 
radius r(yo, . . . , y„) = djf (y^ , w(yo, . . . , y„)) for ah < ^ < n. 

DEFINITION 16.2. The transversal Xp for Kq is ei-regular if for all A(yo, . . . ,y„) G A^(A'p), 
and for all ^ € Afpiyo) ~ {vo, ■■■, Vn}, 

(141) djc-(^,cj(yo,...,y„)) > r(yo, . . . ,y„) + eiAJr 

Given a simplex A(yo, . . . , y^) G A^(A'p), we say that the vertices are properly ordered if there exists 
1 < io <h < ■■ ■ <'ik < P and points ^i^ e Xp C Ly^ such that y^ = X^^ n T'e;^ (Vk)- 

DEFINITION 16.3. Let p = 3e2X*jr/2. A regular partial Vo-transversal Xp for Kq is p-robust if for 
all A(a;o, ■ • ■ , Xn) G A'jr{Afp), the collection {xq, . . . , a;„} is p-robust, in the sense of Definition \15.6\. 
where we assume the vertices {xq, . . . , a;„} are properly ordered. 

17. Construction of a complete regular Vq-transversal 

In the following, we assume there is given a regular partial Vo-transversal Xp for Kq with p > 1, 
which satisfies the conditions of Definitions ll6.2l and [T6T3l Without loss of generality, we also assume 
that Xi is defined by 

(142) a = 20 e Ko , Si = {fi} , Ai = {zi} , 01 = i,^ = 1 , A-i = 3(a, ^1, Va) 

DEFINITION 17.1. A regular partial Vo-transversal Xp for Kq is (5-complete if 

Ko C Pcn^iMp,6) - y D^{z,S) 
zeAfp 

We formulate the inductive construction for transversals. 

PROPOSITION 17.2. Let Xp forp > 1 be a regular partial Vo-transversal satisfies the conditions 
of Definitions \T6^ and \16.S\ . If Xp is not d2 -complete for Kq then there exists (^p-^-i G Kq so that for 

• 2p+i = {<^i, . . . ,^p+i} C Lq 

• Ap+i = {zi, ...,Zp, Zp+i} C Mko such that ^j G Bjr(zj,e^/2) 

• 9 J ~ izj for 1 < j < p+ I with zg^ G Mko 

• '^p+i = 3('^p+i, 6p+ii Vb) , Xp^i = A'l U • • • U A'p U A'p+i 

• A/p+i = A'p+i n Lo 



50 ALEX CLARK, STEVEN HURDER, AND OLGA LUKINA 

then Xp+1 satisfies the conditions of Definitions [TK7[ \16.^ and \7673[ 

Proof. The set Kq is a union of plaques of J^, which are convex subsets in the leafwise metric. The 
assumption that Kq — Penjr{Afp,d2) 7^ then imphes that there exists Cp+i G Kq such that 

(143) B^(e;+i, A>/200) C ifo n [PenAXp, 4') - Fen^{Xp, <)} 

Then for all z £ Xp we have djr{^'p_^^^,z) > d'(. Choose Zp+i G Mq n _Bjr(^p^;^, ejJ/2), which is 
possible by the assumption that A^o is a net which is eJ/2-dense. Set ^p+i = iz +i- 

We next modify the choice of Cp+i to a point ^p+i G Bjr{^'^^, A3r/200) so that the conditions of the 
proposition for Xp^i are satisfied. 

Consider the disk Djr{^j^_^_^,4:d2) C Bjr{(p^-^,\*jr) C i?jr(^p^i, Ajr). Introduce the set 

(144) n{ep^,)^DAep+iAd2)nXp 

Since the points of A/^(j/o) are d'^-separated, and ^2 = 2di, the metric conditions (I102p . (llOSp and 
()104p and a standard volume estimate yields that the cardinality of il{^'^i) is at most 10". 

Let f2*^"-'(^'_|_]^) C A^^'{Xp) be the subset of all n-simplices whose vertices are contained in fl{£^'^-^). 
The cardinality of the set fl^"^Cp+i) is thus bounded above by the constant C„ defined in (|108p . 

For each n-simplex A(yo, ■ • • , Vn) & ^'""HCp+i) recall that w(yo, ■ • • , Vn) & ^J^(Cp+iJ 4(i2) denotes the 
center of the inscribed sphere for its vertices, so {j/q, . . . , t/„} C Sjr{uj{yQ, . . . , y„), r(yoi ■ • ■ : Vn))- 

For each n-simplex A(yo, • ■ • , J/n) G ^ (Cp+i) and constant k > 0, form the annular region 

At (yo, • ■ • ,2/n; k) = Penjr{Sjr{u{yo, ..., y„),r(yo, ■ • • ,?/«))> '«) 

LEMMA 17.3. Lei k = 2ei\*jr. Then for an n-simplex A{yo, ...,?/„)€ fl'^'^^Cp+i), 

(145) Vol^ A^ (2/0, • ■ • , yn; k) < 200 • 2" ei(A>/5)" 

Proof. Let $„ be the constant such that Vole Dh"(s) = 'I'ns"', where Vols denotes the volume with 
respect to the frame u. Note that {y/2)" < $„ < 2". 

By the condition (|104p for < s < AJr < Ae^ we have 

|$„s" - Vol^ D:^ i^iyo, ..., y„), s)| < £0 • s" < £0 • (A»" 

Hence, we have 

Vol^ Ajr{yo,...,yn;K) 

== iVoljr Djr {uj{yo, . . . ,yn),r{yo, . . . ,yn) + k) -Voljr D^ (w(yo, ■ .■,?/„), r(j/o, •••, yn) - k)\ 
< $„ • {(r(yo, . . . , y„) + ^)" - (r(yo, • • ■ , y«) - «:)"} + 2eo(A»" 

Given k = SeiAJr with 20n£i < 1, and AJr/lO < r < AJr/S, elementary estimates yield 

{{r + k)" - (r - k)"} = r" • {(1 + ^/r)" - (r - ^/r)"} 

< r" • {(exp(nK/r) — exp(— riK/r)} 

< (A>/5)" • {(exp(20n £1) - exp(-20n £1)} 

< 100n£i(A>/5)" 
Combining these estimates and condition 2 in (J116p . we obtain 

Vol^ Ajr (yo, . . . ,y„, k) < $„ • {(r(yo, . . . ,y„) + k)" - (r(2/o, • ■ • ,2/«) - «)"} + 2£o(A»" 

< {$„ • lOOn £1 + 2 • 5" £o}(A5r/5)" 

< {2" • lOOn £1 + 2 • 5" £o}(A3r/5)" 

(146) < 200n-2" £i(A>/5)" D 
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The total volume of all such annular regions mtersectmg £'jf(^' -^^ AJr/lOO) is bounded above by 

C„ -20071 -2" £i(A>/5)" 
We also have the estimate of the leafwise volume of the disk 

!$„ • (A>/200)" - Vol^ i?^(^;+i, A>/200)| < £0 • (A>/200)" = (eo/2") • (A>/100)" 
so that 

(147) Vol^i?^(e;+i,A>/200) > $„ • (A>/200)" - eo • (A>/200)" > (1/40)" • (A>/5)" 

Now, given si = 1/(C„ • lOOOn • 100") by ^09]) . it follows that 

(148) C„ • 200n • 2" ei • (A>/5)" < ^ • 1/40" • (A>/5)" 

Thus, the total volume of all annular regions intersecting _Djf(^'^j^, A5r/200) is less than 1/4 of its 
volume. Therefore, if we choose £,p+i € i?jr(^' j^, A5r/200) C Kq which lies outside of the union of 
these annular regions, then it will satisfy a stronger estimate than (|14ip . though only for Lq: 

ForanA(2/o,...,yn)GA^")(A/-p) 

(149) (i^(^p+i,w(yo, •■•,?/«)) > ''(yo,---,yn) + 2eiA3r 

The estimate (|149p for the leaf Lq implies that ()14ip holds for Mp+i{x) for all x G SEJl. This requires 
that we modify the choice of ^p+i to also satisfy the robustness condition Definition 115.61 as follows. 

The idea is to again use volume estimates, in this case for the sets of points for which the robustness 
condition fails, then chose Cp+i in the complement. The method is primitive, but it works. 

For 1 < fc < n, let {j/o, ■ • ■ lUk} C ^{Cp+i) be a collection of distinct points with yk G Xi^ where 
ia < ■ ■ ■ < ik < P- 

Let u — {ui, . . . , Un} C Ty^T be an orthonormal frame, and ip^ -~: D^X'^) — > Djr{yk, A^r) C £o the 
corresponding geodesic coordinates. Define j/j = {^j:^ u)~^(%) ^'^^ < j < fc + 1. Note that y^ = 0. 

Let Span(yo, . . . ,yk) C M" be the linear submanifold through the origin of dimension fc which they 
span. Then define a submanifold of Djr{^' _^_j^, A5r/200), 

(150) Hiyo, . . . ,2/fc;C;+i) - 7A^^^s{Span(yo, • • • ,yfc) n D{2d2)} n D^ep+i, A>/200) 

which has diameter at most AJr/lOO, and thus has (n — l)-volume bounded above by (AJr/lOO)"^"'^. 
Form the 2e2A5r-thickening of H{yo, ...,yk; Cp+i), 

(151) S{yo, . . . ,2/fc;^;+i,2£2A» = Pen^(7J(2/o, ■ • . ,2/fc;C;+i), 2e2A» n i?^(^;+i, A>/200) 

Then by the estimate (|105p and eo < £2, its volume is bounded above by 

(152) 4(£2A» • (A>/100)"-i + £o(A>/100)" < 5(£2A» • (A>/100)"-i 

The total number of such submanifolds H{yo, . . . , yt', Cp+i) in -C>jr(^p^^, 4^2) is bounded above by the 
constant C„ from (jlOSp . hence the total volume of all such sets which intersect Djr(^'_|_i, A3r/200) 
is thus bounded above by 

(153) C„ . 5(£2A» . (A>/100)"-i = ^" ' ^^^.^20^0^2°°^"' = i ' '/^°" ' ^^^Z^^" 

where we use the definition of £2 in (jllOp . 

Thus, the total volume of all slabs intersecting -Dj^(Cp+ii A5r/200) is less than 1/4 of its volume, so 
we may choose ^p+i S -Bjr(^' j^, A5r/200) which is disjoint from the union of all annular and slab 
regions introduced above. This completes the choice of the new point S.p+i- 

First, we note that ^Yp+i is d'j^-separated. 
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LEMMA 17.4. For all y ^ z e Xp+i we have djr{y^ z) > .114 • AJr > d[. 

Proof. If y, z lie on distinct leaves, there is nothing to show. Assume y j^ z Cz Mp+i [x) = A'p+i n Lx- 
Then by definition, there exists S,i,^j £ Xp+i ior 1 < i,j < p+1 such that y e 3i^i,di, Vq) n L^ and 
z € 3{£,j, &j, Vo) ri Lx- Without loss of generality we can assume that i > j. 

If z ^ V0-{y) then djr{y, z) > S^ > X'^ > d'{. Thus, we may assume that z £ Vei{y), so i > j. 

Set y' = 3(6, ^., Va) n VeM) = 6. and set z' = 3{Cj,e,,Vo) n VeM)- 

Then djr{y', z') > d'{ - A3r/200 = .115 • X}- by the choice of ^ satisfying (fH^l) and the choice of S.^■ 

Apply Lemma [15. 31 for the pairs {y, z} and {y', z'} and note that 2eo < 1/1000 to obtain 

(154) djr{y, Z) > djr{y', Z') - 2£o ■ X*jr > .115 • X*jr ~ .001 • X*jr = .114 • X*jr 

Thus, for aU a; G 931 the net J\fp+i{x) is (.114 • A3r)-separated. D 

A simple consequence of Lemma 117.41 is that if Xp is uniformly d'j^-separated, then the collection 
of leafwise disks {Djr{^£,d[/2) \ ^ G Sp} are pairwise disjoint. As the set Kq was assumed to be 
compact, this implies the cardinality of the set Sp has an a priori bound. That is, we can repeat the 
construction in Proposition 117.21 at most a finite number of times, until we obtain a regular partial 
Vb-transversal Xp^ for Kq which is d2"Complete, for some p* > 0. 

Set A" = <?p, , set TV = A" n Lo and ior x € M let Af{x) ^ X n L^. 

The set X is d'j^ -separated by Lemma [17.41 It is d'2-dense in ^{Kq, Vq) by the following: 

LEMMA 17.5. For y e ^{Kq, Vq) there exists z £ 7V(y) such that d^(y, z) < .181 • AJr < 4. 

Proof. Let y £ *Tt(ii'o, Vq). The by the constructions in Section [161 there exists z £ Mko for which 
y = 'P^^ (y) n 3(2;, J^, Vb). Choose C e il^° n Kq and set y' = r^^ (C) n 3(2/, iz, Vq) £ Kq. 

We are given that Kq C PenjF-(A/', rfj), so there exists ^ £ Af such that djr{y' , ^) < 1^2 = -18 • AJr. 

By definition of A/", there exists ^j £ E for some 1 < j < p* such that ^ = 'PeAC) ^ H^ji^^i: ^o)- 

Let z = 7^0i(?;)n3(^j, ^i, Vq) e J^{y), and apply Lemma [15. 31 for the pairs {j/, z} and {j/',^} to obtain 

(155) dAy,z) < d^(2/',C) + 2eoA><4' + .001-A> = .181-A> 

Thus X is .181 • A>-dense in 91(^^0, ^o)- □ 

We must show that X satisfies the remaining conditions of Definitions 116.21 and 116.31 We first 
establish Definition 116.31 for X, where it suffices to show that the robustness condition is stable. 
The proof uses an induction procedure which invokes Proposition 1 1 5 . 7l repeatedlv. and the constants 
defined by (|113p and the inequalities (|114p . (|115p defining £4. For I < i < n, recall the definitions 
pe = pf A>/10 and p'^ = p^A>/10. 

PROPOSITION 17.6. Let p = 3e2A>/2. Then for each A(2:o, . . . ,x„) £ A'jr{Xp+i), such that 
the vertices {xq, . . . , a;„} are properly ordered, then the collection {xq, . . . , a;„} is p-robust. 

Proof. We proceed via induction on 1 < 'ti < n. We recall some notation. Let (j/o, ■ • ■ ,yn) C Lq 
such that A(yo, ■ • ■ ,yn) £ ^'j^{^p+i)- By permuting the order of the vertices, we can assume that 
the vertices {xq, . . . , Xn\ are properly ordered. That is, there exists 1 < *o < *i < • • ■ < in < P + 1 
and points 6^. £ Sp+i C Lq such that yk = Xi^ n Ve- (yn)- For notational convenience, set 
Vn{z) = Ve^Jz). 

The subtlety of the proof lies in the fact that the robust condition in Definition 115.61 is with respect 
to the geodesic coordinates about the last vertex in the collection properly ordered points, but the 
inductive hypotheses are in terms of the geodesic coordinates about previous vertices. The change 
of coordinates from one vertex to another introduces an error in the robust condition. Consequently, 
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at each stage of the induction, the robust constants pi decrease to account for this error. This fact 
is behind the arcane definition in formula (|113|) . 

The first step of the induction, m — 1, is triviaL Note that po = 18e2A3r/10. Then given {a;o,a;i} C 
^i(Cn) ^s above, with Xi £ Xi^ and io ^ ii then djr[xi,XQ) > d'l by Lemma 117.41 Hence 

d'l > 262 A> > po > Pi 

and so {xo,xi} is pi-robust. 

Now assume that 1 < m < n. We make an inductive hypothesis which is uniform for ah simphces. 
That is, for fixed m < n, assume that for aU A(yo, ■ • • , Vn) & ^'j^i^p+i), then for all subsets of points 
{xq, . . . , Xm} defined for a;„ € Xi^ as above, the set {xq, . . . , Xm} is Pm-robust. We then show that 
each transverse translate {xq, . . . , Xm+i} of {j/Oj ■ ■ ■ , 2/m+i} is Pm+i-robust. 

Consider first the case z^+i — £,i^+i & ^i^+n and set Zk — Xi^ n 'Pn(^i„+i) for < j < n. By the 
inductive hypothesis, the set {zq, . . . , Zm} is pm-robust. We verify the conditions of Definition 115.61 
for the vertex, Zm+i- The point ■fim+i '^^s chosen to that it lies outside of all 2e2A5r-neighborhoods 
as defined in (|15ip of the images under the exponential map of affine subspaces spanned by local 
collections of at most n + 1 points. It follows, in particular, that the distance from (.i^^-^ to the 
submanifold H{zq, . . . , z.^] Zm) in Definition 115.61 3 is at least 2s2X^ > pm- Thus, {zq, . . . , Zm+i} is 
also p„i-robust. 

Note that d'l < djr{zj, Zk) ior < j ^ k < nhy Lemma [17.4l We are given A{yo, . . . ,yn) € A'jr{Xp+i) 
which implies that the vertices {yo, . . . ,yn} admit an inscribed sphere, which must have radius at 
most .181 • AJr by Lemma fl7. 51 Thus, dj^(yj,2/fc) < -362 • AJr. The map 0y„,2„ is an eoAJr-isometry 
bv Lemma II 5. 3i so djr{zj,Zk) < .362- A^t + eq • A^r < .380- AJr = 2^2- It follows that the set of points 
{zq, . . . , Zn} satisfy the hypotheses of Proposition 1 1 5 . 71 for ei = d'^, 62 = d'2, and p = /?„. 

For simplicity, set C = Zm+i, and choose an orthonormal frame u of T^J^. Then for < j < m., 
let Zj = ('0r u)~^(-^j) ^'^'^ ^^^ geodesic coordinates V'as- D{\*jr) — >■ Djr[C,^X*jr). Then the collection 
{zo, . . . , Zm+i] C M" is p J„-robust by Proposition 115.71 and the choice of £4 in (|114p and (|115p . 

The robustness for the set {zq, . . . , Zm+i} is used to show it for {xq, . . . , Xm^i}. Set Q' = a:„j+i, then 
by Proposition 115.41 there exists an orthonormal framing v of TqiJ- so that the composition 

is £4A^-close to the identity. Set Wj — {ipf, g)'^^{xk) — ^^,,;'(zj), then \\wj — Zj\\ < £4A^. 

The set {wi, . . . , Wm+i} satisfies the hypotheses of Proposition 112.31 for ei ~ di, 62 = d2, e ~ ^i^jr 
and p = p'^. Therefore, {wi, . . . , Wm+i} is (pm+i + £2A5r/1000)-robust. 

Finally, by Lemma ll5.2l the geodesic map ip% g ^^ ^^ EoAJr-isometry, hence the distance from Xm+i to 
the submanifold H{xq, . . . , Xm', Xm) in Definition ll5.6l 3 is at least p„i_|_i+£2A5r/1000 — £oA5r > Pm+i- 

This completes the inductive step. It remains to note that p„ > 3£2A5r/2 by definition pi3p . D 
Finally, the stability conditions of Definition 116.21 for X follow from the results of the next section. 



18. Stability 

It remains to show that the transversal X is regular and stable. At first inspection, stability of 
simplices for a Delaunay triangulation associated to a leafwise net Af{x) for a; G A" appears to be 
"intuitively clear", and in fact this is basically correct for dimension n < 2. The difficulty is that for 
n > 2, as a; varies, the "small variations" of the points of Af{x) may result in an abrupt change in 
the Delaunay simplicial structure, if any face of a Voronoi cell has too small of a diameter relative 
to the size of the variation. Proposition 117.61 along with Propositions 118.11 and 118.41 which follow, 
show this does not happen for the nets defined by the section X. 
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We first establish some notation used in the demonstrations. Let A{yo , . . . , yn) £ A^(A'). By 
permuting the order of the vertices, we can assume that there exists 1 < io < ii <•••<««< p* 
and points ^i^ e Sp. C Lq such that yk = Xi^ n Ve,^ (yn)- 

For Xn G Xi^ C ilg° let Vn{xn) — 'Poi (xn) dcuotc the plaque containing a;„ in the chart ipi^. 

Set Xk — Xii^ n Vn{xn) for < k < n. 

The next step towards showing that X is regular and stable is to show that {xq, . . . , x„) admits an 
inscribed sphere, satisfying certain restrictions, so that A(xo, . . . ,x„) € A^(A'). 

18.1. Constructing inscribed spheres. 

PROPOSITION 18.1. For Xn G Xi^^ with [xq-, ■ ■ ■ , x„) defined as above, there exists r(xo, . . . , Xn) 
and uj{xo, . . . , a;„) g Vnixn) such that 

(156) {xo,...,Xn} C Sjr{uj{xo, . . . ,Xn),r{xo, ■ . ■ ,Xn)) n J\f{Xn) 

Moreover, the center satisfies, for £3 defined by (jllip , 

(157) djr{uj{xo, . . . ,Xn),uj'{yQ, ■ ■ ■ ,yn)) < sz^r/"^ 

where Lu'{yo, . . . , y„) = 4>i^{yn, Xn){^{yo, ■ ■ ■ ,yn)) is the translate for the center of the inscribed sphere 
for the n-simplex A(yo, ■ • ■ , Vn) & A^ (A"). In particular, this implies 

(158) I r{xo, . . . , x„) - r(yo, . . . , y„) | < S3X*jr/2 + 2eo\*jr < e^X}: 

Proof. By rearranging the order of the vertices if necessary, we may assume that there are indices 
ia < ii < ■ ■ ■ < in < P* and points ^^^ € Sp^ C io such that yu — Xi^ n Vniyn) for < fc < n. 

Let Lu = uj{yo, . . . ,yn) € Vniyn) denote the center of the inscribed sphere for {j/o, ■•■,?/«}, and 
let r{yo, ■ ■ ■ ,yn) denote its radius. Then d[/2 < r{yQ, . . . , y„) < ^2 as A/'(j/„) is (i2-dense and d'l- 
separated. Note that this implies {yo, . . . , j/„, u>} C D{yn, X}r/5). 

By Proposition 117.61 the set {xq, . . . ,x„} C Vn{xn) is /0„-robust. 

Let (j)i^[yn,Xn)'- Vniyn) ^ 'Pn{xn) bc the trausvcrsc transport map for the chart ipi^. 

Let uj'iyo, . . . ,yn) = (t)i„{yn,Xn){uj) denote the translation of w (yo , • ■ • , 2/n ) to T'™ (a;„ ) . 

For < j < n, we have the radius equalities djr(yj,uj) — r{yQ, . . . ,yn), hence by Lemma 115.31 

(159) r(yo,---,yn) -2eoA3r < djr{xj,uj'{yo, ■ ■ ■ ,yn)) < r(yo, ■ • • ,2/n) + SeoAJr 

Indeed, note that xi is the transverse transport of yi for the coordinate system ipi^ , while uj'{y(), . . . , j/„) 
is the transport of loiyo, ■ ■ ■ , Un) for the coordinate system ipi^^ and ii 7^ i„. Thus, we must use (|119|l 
in place of the sharper estimate (|120p . Similarly, for < j 7^ fc < n, we have 

(160) d[ < djr{xj,Xk) < 2d2 + 2soX*jr < 2d2 
It follows that we also have {xq, . . . , Xn,uj'{yo, . . . , yn)} C D{xn, A3r/5). 

The first step is to construct an inscribed sphere with center uj{v(), . . . , w„) for the linearized problem 
in the tangent space T^^T , and then modify the construction to obtain an inscribed sphere with 
center uj{xt), . . . , x„) G Vn{xn) for the leafwise metric. 

Choose ^ e 7'„(a;„) so that {xq,. . . ,x„,a;'(yo, ■ • ■ ,2/n)} C i?jr(^, 2^2). Let u = {ui, . . . ,u„} C T^J" 
be an orthonormal frame, with corresponding geodesic coordinates ip? ^ about f . 

Set Vk = {'>Pfq)~^{xk) ioT < k < n, then {vq, ■ ■ ■ , Vn} C M" is p'j^;^-robust by Proposition ll5.7l 

Now set iu'{yo,- ■ ■ ,yn) — (^f s)^^('^'(yo, ■ • • ,2/n))- Then by Lemma 115.21 and (|159p we have 

(161) r{yo,...,yn)-3eoX*jr < \\v-i ~ iu'{yo, . . . ,yn)\\ < r{yo, . . . ,yn) +3eoX*jr 
while Lemma 115.21 and (|1601) implies, for < j 7^ fc < n, 

(162) di<d[-eoX*jr < \\vj - Vk\\ < 4 + 3eoA> < ^2 
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We can thus apply Proposition 112.21 for ei = di, €2 = d2 — 2di, p = p'j+i > 3e2A5r/2 and 
Ci = SeoAJr to conclude that there exists an inscribed sphere S{uj{vq, . . . , w„), r(wo, • • • , Vn)) C D{\*jr) 
such that 

|lc.(^o, ■.■A^)~ ^'(yo, . . . , y„)ll < 3eo • {n3/2(2d2)"-V(3e2A>/2)"-i} • A> 

(163) < 3eo • {^3/2 . (4/15£2)""' } • A^ 

That is, the vector uj{vq, . . . ,w„) is a solution of the linearized problem of finding the center of an 
inscribed sphere, and (|163p estimates the Euclidean distance to the translated center. 

The task now is to convert this approximate answer to a solution for the leafwise metric. As before, 
let d denote the distance function on D{\*jr) induced from djr by V"??!' ^(•^J'/-^) ^ ^i- Then by 
Lemma 115.21 

(164) |d(a,6)-||a-6|l| <eoA>- , for all a,6 e £'(A3r/2) 

Introduce the equidistant submanifolds for the metric d, 

(165) n{vj,Vk) = {z e i?(A>/2) I d{z,v,) = d(z,4)} 
and the "thickened" equidistant sets for the leafwise metric, for e > 0, 

(166) nivj,Vk;e) = {ze D{X*p/2) \ -e < d{z,v,) -d{z,Vk) < e} 

(167) B{vii,...,Vn;e) = 'H(wo,^„;e) n ••• n H(t/„-i, w„; e) 

Then (|159p implies the translation cj'(yoi • • ■ 7 Vn) G B(v{), . . . , w„; 4eoA3r), so this set is not empty. 
The key idea is to obtain a bound for its diameter, from which the proof of Proposition llS. II follows. 
To this end, define the set of approximate solutions of the linearized problem by 

(168) B(i;o,...,«„;e)-{2ei?(A>/2) | -e < ||2 - u,-|| - ||2 - t7„|| < e , < j < n} 
Note that the actual solution satisfies oj{vq, . . . , Vn) G B{vo, . . . , -?„; e) for all e > 0. 

LEMMA 18.2. B{vq, . . . , w„; e) C B{vo, . . . , w„; e + 4£oA» 

Proof. Using (|T64l) for z e D{X*jr/2), we have that 

(169) \{\\z~v,\\-\\z~Vk\\)\~2eoX*^ < \d{z,Vj)~d{z,Vk)\ < \{\\z- Vj\\ - \\z- Vk\\)\ +2eoX*^ 
and the claim follows. D 

Thus, we now have uJ'iyo, . . . , y,i) G B{vo, . . . , u„; 4£oA3r) C B{vo, . . . , «„; SeqA^t). 
LEMMA 18.3. Let z e S(wo, . . . ,u„; 8£oA», then 

(170) ||z-w(^o,.-.,t/«)|| < 32£o-{n'/'-(4/15£2)""'}-A> 

Proof. Using the notation of Propositions [12. II and 1 12.21 with Vj in place of Zj and z in place of a;, 
and ei = di, 62 = (^2 = 2di, p = p J^+i > 3£2A5r/2 and C'l — SeqX'^, then C = z — uj{vq, . . . , u„) is a 
solution of the matrix inequality 

(171) V•CeS(0,2^^•d2•8£oA» 

Then by dZH), we have the estimate ||V-i|| < n ■ {2d2)"-^ /di{3e2X*jr/2)"-'^ which yields 
\\z- io{vo, ...,vn)\\ < {n ■ (2d2)""V'^i(3e2A>/2)"-i} • {2^^ • d2 ■ 8£oA>} 
< £0- {32^3/2. (4/15£2)"-i}-A> 
where we use that di — AJr/lO and ^2 = 2A5r/10 to simphfy, yielding (|170p . D 
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It follows from Lemmas 118.21 and 118.31 that the closed set B{vo, . . . , w„; 4eoA5r) is bounded, and is 
non-empty as uj'{yo, • • • , Vn) G I3{vq, . . . , Vn', 4eoA5r). Thus, the intersection 

(172) w(uo,...,w„) = 'H{vQ,Vn) n •• • n'H{Vn-l,Vn) C B{vo, . . . , V„:ASoX*jr) 

is non-empty by transversality of the submanifolds 'H{vj,Vn). Moreover, (|170|) implies that 

(173) ||w(z/o,...,i/„)-w(z/o,...,i/„)|| < 32£o-{n'/'-(4/15e2)""'}-A^ 
Combine this with the estimate (|163p to obtain 

(174) \\u{vo,...,Vn)-L3'iyo,...,yn)\\ < 35eo • {ri'^' • (4/15£2)""'} • A> 
Then set 

(175) Uj{xQ,...,Xn) = lp^^~{u;{vQ,...,Vn)) , r{xo,...,Xn) = djr{xo,Uj{xo,...,Xn)) 

so we have {xq, . . . ,Xn} C Sjr{uj{xo, . . . ,x„), r(xo, . . . , Xn)) as desired. 

Recall that uj'{yo, ■ ■ . ,2/n)) = V"? s('^'(yo, • • ■ ^yn)), then by Lemma [15.21 we have 

(176) d^(c^(xo,...,x„),^'(yo,.-.,2/«)) < eo • {l + BSn^/^ . (4/i5e2)"-i| . A> < e3A>/2 
where the bound by £^\*jr/2 follows from (|116p . 

Finally, the estimate (I158P follows from 

|r(xo,...,a;„) - r{yo, . . . ,yn) \ = | djc-(a;„, w(xo, . . . , a;„)) - d^(y„, tj(2/o, ■ • ■ , J/n)) I 

< \djr{Xn,Uj{xn,...,Xn)) - djr{x.n, uj' {yo, ■ ■ ■ , yn)) I +2£oA3r 

< \ djr{uj{xo, . . . ,Xn),^' {yo, ■ ■ ■ ,yn)) \ +2£oA3r 

< e3A>/2 + 2eoA> < £3A> 

This completes the proof of Proposition [THITJ D 



18.2. Stability of the Delaunay simplicial complex. We have now established that for a sim- 
plex A(j/o, • • ■ 7 2/ti) G A^(A'), if {xo, . . . , Xn} is a transverse translate of the set {yo, . . . , ?/„}, then 
{xq, . . . ,x„} is pn > 3e2/2 robust and admits an inscribed sphere whose radius varies according to 
the estimate ()157p . It remains to show that X is stable, that is, A(a;o, . . . ,a;„) S A^(A'). The only 
ingredient left to show is that the inscribed sphere for the set {ccq, . . . ,a;„} does not contain other 
points of X in its interior. 

PROPOSITION 18.4. Let A(yo, ■ • ■ , yn) e aP{X). Assume given I < iq < H < ■ ■ ■ < in < P* 

and ^ij. e Sp^ C Lq such that yk = Xi^. n Vg-^^ (yn)- Then for all x„ G Xi^, A(a;o, . . . , Xn) G A^(A'). 

Proof. Let aj(2/o, ■ • • , yn) G Vniyn) be the center of the inscribed sphere of radius r{yo, . . . , 2/„). Then 
it is given that for ah ^ e 7V(y„) - {yo, . . . , y„} we have that (ijr(^, u>{yo, ..., y„)) > r(j/o, ■ • ■ , yn)- 

We must show that the inscribed sphere for the set {xq, . . . ,Xn} obtained in Proposition 118. 1[ with 
center ijj{xo, . . . ,x„) and radius r(xo, . . . ,x„), contains no points of X in its interior. That is, we 
must show that 

(177) djr{^\uj{xo,--.,Xn) > r{xo,-.-,Xn) for all ^' G A/'(x„) - {.tq, . . . ,a;„} 

Let n < m < p, be the largest m such that the condition (|177p holds for all A(yo, . . . , y„) G A'jr{X) 
with in < m. If TO = p, then we are done, so assume that rn < p^ and we show this leads to a 
contradiction. So we assume that we are given a simplex A(yo, ■ ■ ■ ,yn) with i„ = ?7i + 1, such that 
there is some x„ G Xi^ and ^' G N{xn) — {xq, . . . , a;„} for which (|177p fails. 

First, consider the case where there exists ^' G A/'(x„) — {xq, . . . , x„} such that 

(178) djr{^' , io{xQ, . . . , x„) < r(xo, . . . , x„) - 2e3A3r 
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Let 1 < g < p* be such that ^' e Xq and set ^ = 3(^', 6*1, , Vb) n 7'„(2/n) e 7V(2/„)- Then 
dj^{^,^{yQ,---,yn)) < djr{^',uj'{yo,...,yn)) + 2£oX*jr by Lemma l]A2j 

< d^(C',c^(xo,...,x„)) + 2eoA> + e3A^/2 by ((TS7D 

< r(a;o,...,x„) + 2eoA> + e3A>/2-2e3A> by dm]) 

< r(yo,...,2/«)-3e3A>/2 + 2£oA> + (2£o + e3/2)A> by CMl) 

< r{yo,...,yn) + i'2ea-e3)X*jr <r{yo,...,yn) by ([1114) 
which contradicts the hypothesis that A(yo, ■ • ■ ,2/n) G A^(A'). Thus, we may assume that 

(179) r{xQ,...,Xn) - 2£3A5r < djr{^\uj{xo, . . . ,Xn)) < r{xo,...,Xn) 

Let 1 < <7 < p* be the least such q such that there exists a;„ G ^Y^^ and (|179p holds for i^' G -Y^. Note 
that q ^ ik ior < k < n, and A", = 5{£.q,0i^ , Vq) for some £,q E S, so that <^' = 'i{£,q,Oi^ , Vb)n7'„(a;„). 

We now use that ^^ was chosen inductively to avoid the annular 2eiA^-thickening of the inscribed 
sphere for each n-simplex in il("^(A/'(^g)). 

First, we assume that q > i„. For this subcase, we transfer the problem to the plaque Vn{^q)- 
Set Zk = Ai^ n VniS.q) for < k < n. Note that that {zq, . . . , Zn} admits an inscribed sphere by 
Proposition ll8.ll with center Cij{zo, . . . , z„) which satisfies 

(180) djr{uj{zo, . . . ,z„),uj'{yo, . . . ,yn)) < e3A>/2 

where u}'{yo, . . . ,yn) = 4>i„ {y-n, Zn){uj{yo, . . . , y„)). Let r(zo, . . . , Zn) denote the radius of the sphere, 
which by (|158p satisfies 

(181) r{yo,...,yn)-e3X*jr < r{zo,...,zo) < r(yo, • • ■ , yn) + ^3 A> 

We claim that A{zo, . . . ,Zn) G A'jr{Xi j^). If not, then there exists rj' G Xi _^ C\ Vnizn) with 
dj:{r]' ,uj{zq, . . . , Zn)) < r{zQ, . . . , Zn) ■ This contradicts the minimality of the choice of q above. 
Thus, as £,q was chosen to satisfy the inequality (I149|) . we have the estimate 

(182) djr{S.q,uj{zo,. . . ,Zn)) > r{zo,. . .,zo) + 2eiX*jr 

On the other hand, Xn was chosen so that for the inscribed sphere with center uj{xo, ■ ■ ■ ,Xn) and 
radius r{xo, . . . , a;„) we have the inequality p79p above. 

Apply Proposition 1 1 8 . 1 1 to the cases x„ G Xi^ and also z„ G Xi^ to obtain the estimates (|158p for 
both. Together, they imply 

(183) r{xo,...,Xn) -2e3X*jr < r{zQ,...,Zn) < r{xo, . . . ,Xn) + 2e3X*jr 
Also, (fTfg)) and ^55]) imply 

(184) djr{^',uj{xo,...,Xn))-2e3X*jr <r{xo,-.-,Xn)-2e3X*jr < r(zo, . . . , 2;„) 
which for a;'(xo, . . . ,x„) = 0i„(a;„, Zn){uj{xQ, . . . ,x„)) yields 

(185) djr{^q^U!'{xo,...,Xn)) < r (zq , ■ • ■ , ^^n) + 2^3 A^r + Eq A^r 

and thus by (|180p and its corresponding version for a;„ yields 

^.^("^9,^(20, . . . , Zn)) < djr(£,q,Uj'{xo, ..., Xn)) + djr{uj'{xQ, ..., Xn), w(zo, . . . , Zn)) 

< (r(zo, ...,zn) + (2£3A> + eoA» + (e3A> + 2£oA» 

(186) < r(zo,...,z„) + 4e3A> 

which by the choice £3 < £i/2 in (|llip contradicts p82p . Thus, the case q > i„ is not possible. 

Finally, consider the case where q < in- That is, the smallest q such that there exists Xn G Xi^^ and 
P79|) holds for some £,' G Xq occurs for q < in- This means that in the process of constructing X, we 
have chosen a point ^q which has distance greater than 2£iA^ from all previously inscribed spheres 
for the net A/'q-i, but when we add the point ^i^ the Delaunay triangulation A'jr{Afi^) abruptly 
changes on some leaves. The translates of S.i^ are contained both inside and outside of inscribed 
spheres, as the translates of £,q also wander inside and outside. We show this is impossible, due to 



58 ALEX CLARK, STEVEN HURDER, AND OLGA LUKINA 

the choice of ei and of the constants £3 and £4 which control how much the centers of inscribed 
spheres "wander" for transverse variation at most r* . 

Recall, we assume there is given A(yo, • • ■ ,2/n) £ A^(A') and Xn G Xi^ such that the transverse 
translate {xo, . . . , Xn} of the set {yo, . . . , y„} is p„ > 3£2/2 robust. Thus by Proposition ll8.1[ there 
is an inscribed sphere with center w(xo, . . . , x„) and radius r(xo, . . . , Xn) which satisfy 

(187) djr{uj{xo,...,Xn),uj'{yo,...,yn)) < ez\*jr/2 

(188) |r(xo,...,x„)-r(?/o,---,yn) I < £3>kf 

where uj'{yo, . . . ,yn) — (/)i„(y„,x„)(aj(j/Oi ■ • ■ 1 J/n)) is the translate for the center of the inscribed 
sphere for the n-simplex A{yo, . . . ,yn) e A'jr{X). There is also given 1 < g < i„ so that the 
translate £_' — X^n 7^„(a;„) £ A/'(x„) satisfies (|179|) . 

(189) r{xQ,...,Xn) - 2£3A3r < djr{^' ^uj{xo, ■ ■ ■ ,Xn)) < r{xo,-.-,Xn) 

Let {xq, . . . , x'„} — {xq, . . . , a;„_i, ^'} denote a reordering of the set so that a:^. = Xi' n 'P„(a;„) for 
< k < n with 1 < ip < • • • < ij^ < P*- Then these points satisfy, for < fc < n, 

(190) r{xo,...,Xn) - 2£3A5r < djr{x'f.,Uj{xQ, . . . ,Xn)) < r{xQ,...,Xn) 

The proof of Proposition ll7.6l applied to the set {x'q, . . . , x'^} yields that the collection is p„-robust, so 
admits an inscribed sphere by Proposition ll8.11 with center uj{x'q, . . . , xJJ and radius r(a;g, . . . , x'^). 
From the proof of Proposition [1831 '^e have the estimates 

(191) djr{uj{x'o, . . . ,x'J,uj{xo, ■ ■ . ,Xn)) < e3.X*jr/2 

(192) I r(a;o, . . . , x^) - r{xo, . . . , a;„) | < £3A> 
Thus, combining (|19ip and (|192p . for (' = Xn, we obtain 

(193) d^C^i^'o, ■■■,<)) < r{x'„...,x'J + 3e3X*^/2 

Now let C = ^i„ G Xir,- The last step is to translate the points {x'q, . . . ,x^} to the plaque P„(C), to 
obtain points z^ = Xi> n VniO- Then {z'q, . . . , z^} is p^-robust by Proposition 117.61 and admits an 
inscribed sphere with center w(zq, . . . , z^) and radius r(zQ, . . . , z^) by Proposition 1 1 8 . fl Moreover, 
this center and radius satisfy 

(194) dAu^{zi...,z'„),uj'{x'„,...,x'J) < £3A>/2 

(195) I r{z'o, . . . , z^) - r{x'o, ...,<) | < £3A> 
Combining (fT93)) . (fT94| and p95)) . we obtain 

c^;^(C, w(z^, . . . , z^)) < d^(C,a;'(a;^, . . . , x'J) + djr{uj'{x'g, ..., x'J,uj{z'g, . . . , z'J) 

< dACi^ix'o, . . . , x'J) + 2£oA> + £3A>/2 

< r{x'o, ...,<) + 3£3A>/2 + 2£oA> + £3A>/2 

< r{zi ...,z'J + £3A^ + 3£3A>/2 + 2£oA> + £3A>/2 

(196) < r(z^,...,z;) + 4£3A> + 2£oA> 

By the choice of £3 in ()llip we have 4£3 + 2£o < 2£i, so that ()196|) contradicts the choice of C = ^^^ 
to satisfy 

d^(C, uj{zi . . . , z'J) > r{z'o, . . . , z;) + 2£iA> 
Thus, the case q < in again leads to a contraction. This completes the proof of Proposition ll8.4l D 

REMARK 18.5. The sequence of results above shows that X is a nice stable transversal. 
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19. Proofs of Main Theorems 
In this last section, we apply the results of the previous sections to prove our main theorems. 

19.1. Proof of Theorem ll.il Let 371 be an equicontinuous matchbox manifold. By Theorem 14. 7[ 
the dynamics of its holonomy pseudogroup is minimal. By Theorem 14. 8[ given any wq S T*, say 
with Wo € lig, there exists a descending chain of clopen subsets • • • C Ve+i C V^ C • • • Vo C lig 
such that for all £ > 0, wq & Vi and diam3e(V^) < S^ /2^. Here, S^ is the constant of equicontinuity 
defined in Proposition l4.4[ so that each set Ve is in the domain of the holonomy of any path starting 
at Xq where Xq — Ti„(u'o). Thus, we can form the associated Thomas tube OT(Vf) as defined by (^0]) . 

More is true. Choose wq corresponding to a leaf Lq without holonomy in $H, let Lq — > io be the 
holonomy cover, which is a diffeomorphism, and lift wq to a basepoint wo G Lq. Then let Mq be 
the net in Lq defined in Section [5T2l with wq S A^o- For z G Aio there is a holonomy transport 
map hz defined by choosing a path from wq to z, and we define the holonomy transport of Vi by 
y^ = hz{Vi) as defined by P^ . Then the collection of clopen sets {V~ \ z g A^o}: which covers 
the transverse space T*, is actually a finite set. Thus, for each i there exists a compact connected 
subset Ke C Lq so that Vi is K-admissible, and the Reeb neighborhood, ^{Ke, V~) as defined by 
nj, maps onto 9Jt. 



Let r, > be defined by (|9ip '). Apply Theorem 14.41 for e = r», to conclude that for Iq sufficiently 
large, all holonomy translates V~° of the set Vig have diameter less than r*. We can then apply the 
methods of Sections 1161 and [T71 to construct a complete regular V^q -transversal for Ki^. Then by 
Theorem 110.11 there exists a foliated homeomorphism into, $: K^g x V^g — > ^{Vig), whose image 
contains the Reeb neighborhood ^{Ke,V^). This defines the the transverse Cantor foliation Heg 
on a neighborhood of yi{Kg,V~) by the methods of Section [TUl The transversal Xp^ C 'JtiVig) is 
invariant, in the sense of Definition 19. 3[ and thus is the pull-back of a transversal in ^{Vig) C SOT. 
Thus, the transverse Cantor foliation Hgg is Il-equivariant, and descends to a transverse Cantor 
foliation Htg on OT. 

Note that the existence of H^g on 9JT is the result cited in [20l Theorem 8.3]. In order to complete the 
proof of Theorem ll.il note also that [20l Proposition 8.4] shows that the quotient space M = DJl/H 
is an n-dimensional topological manifold, and |20l Proposition 8.8] implies that the projection to 
the leaf space 9Jl — !• VJl/H = Af is a Cantor bundle. 

19.2. Proof of Theorem 11.31 Let 371 be a matchbox manifold, Lx C M the leaf through x E 371, 
and Lx the holonomy covering of L^- We are given a proper base K^ C L^ so that there is a 
connected compact subset K^ C L^ such that the composition l^ '■ K d L^ -^ L^ CI dJl is injective 
with image K^- 

Introduce the set K^ defined by (|T7)) with diameter Rj^. 

Let Wx = TTi^ (x) be the image of x in a transversal space T^^ 

Let r, > be defined by (|9T|) . Apply Proposition 14.9! for e — r^,/2, to conclude that there exists 
(5, — 5{i\/2/Rk), such that if x e 14 C 1^^. is a clopen neighborhood with T4 C i?3e(wx,<5*) then 
for any path with initial point x and length at most Rk the holonomy translate h~f{Vx) of the set 
Vx has diameter less than r,. Thus, Vx is iiTaj-admissible, in the sense of Definition 15.81 



Since Kx is compact and the map 11: Kx —^ 971 is injective by assumption, by restricting the 
diameter of the clopen neighborhood Vx further, we may assume that Vx is ii'^-disjoint, in the sense 
of Definition 15.81 In particular, the map 11: "yii^Kx, Vx) — >■ 371 is injective. 

Now apply the methods of Section [101 Choose a basepoint wq € Vx such that the leaf Lq it 
defines is without holonomy. Introduce the translated set Kq C Lq. Then by construction, each 
translate h^{Vx) has diameter less than r, so we can apply the methods of Sections [T5I and [T7I to 
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construct a complete regular Va;-transversal for Kq. Then by Theorem 110. ![ there exists a foliated 
homeomorphism into, $: Kq x 14 — ?> dJl, whose image contains the Reeb neighborhood '\ft{Ka:, Vx). 

There is now a subtle nuance, in that the map $ no longer need be injective. However, again using 
that 11: Kx ^- 9Jl is injective, we can chose a clopen sub-neighborhood x ^ V^ C Vx such that 
the restriction $ : K^ x 14' — ?► 9H is injective. This defines a transverse Cantor foliation H on a 
neighborhood of '\fl(Kx, Vx). This completes the proof of Theorem ll.3l 
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